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a b s t r a c t

In this work, we present a novel Panoramic Fringe Projection system (PFP) to retrieve the three-dimensional
topography of quasi-cylindrical objects along their full length and around the entire circumference.
The proposed procedure uses a 451 concave conical mirror to project a circular sinusoidal fringe pattern
onto a specimen placed coaxially to the mirror, and at the same time, to image the modulated fringe pattern
diffused from the object surface. In order to obtain the required sensitivity, an axicon is used to create a
divergent fringe pattern with constant pitch. By processing the phase map, information on the radius over
the full 3601 surface of the sample is obtained. To verify the feasibility of the PFP measurement, a target
sample with known shape-discontinuities has been tested. The proposed method demonstrated to be able to
retrieve the full topography of complex shaped samples for a large variety of applications in the industrial
and biomedical fields.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Fringe Projection (FP) is a well-known high-resolution non-
contact technique used to retrieve the 3D topography of an object
in a wide range of applications in industry, medicine, reverse
engineering, etc. [see [1,2] and reference therein]. Among others,
an application of particular interest is to reconstruct the object
surface along its entire length and around its full 3601 circumfer-
ence, i.e. to perform a ‘whole-body’ measurement. This task is
commonly accomplished by using either a single fixed FP system to
sequentially capture different portions of the object (e.g. adopting a
turntable arrangement) or multiple FP systems to perform mea-
surement simultaneously from different viewpoints [3]. The entire
object surface is then obtained by merging overlapping measured
point clouds from the different views in an unique global coordinate
system. This merging procedure is particularly critical and can affect
the overall accuracy of the measurement.

In this paper we present a novel Panoramic Fringe Projection
(PFP) system to retrieve simultaneously the 3601 shape of quasi-
axial-symmetrical objects from a single viewpoint by using a
conical mirror and a conical lens. In literature conical mirrors
have been already used for a large variety of radial-metrology
applications such as for measuring deformation of cylinders on the
inner and outer surfaces with Ligtenberg moiré [4] and white light
interferometry [5], respectively, for performing inner profile

measurement with a ring-shaped laser beam [6] and for retrieving
both shape and deformation of complex shaped objects with Video
Dimension Analyzer [7] and Panoramic–Digital Image Correlation
[8] systems.

In this work, the conical mirror is used to transform the single
camera view into a panoramic view, and, together with the axicon,
to project the fringe pattern over the 3601 lateral surface of the
object with a given angle at a constant pitch. The paper first
describes the rationale behind the measurement and the experi-
mental set-up, then presents and discuss the feasibility and
performance of the proposed technique by performing a shape
measurement on a quasi-axial-symmetrical target object with two
longitudinal slots.

2. Panoramic fringe projection (PFP)

The Panoramic fringe projection system here presented has been
developed starting from the most common FP scheme in which a
commercial liquid crystal display (LCD) projector is used to project a
computer-generated sinusoidal fringe pattern on the surface of
interest imaged by a camera. If the projector is positioned at a given
angle θ with respect to the viewing direction, the fringe pattern is
distorted by the shape of the object and, in the special case of
collimated projection and observation from infinity, it is possible to
relate the height hðx; yÞ of a given point Pðx; y; zÞ of the object surface
with respect to a reference plane (usually the x�y plane, i.e. h¼ z)
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and the phase ϕðx; yÞ through Eq. (1)

hðx; yÞ ¼ ϕðx; yÞ
2π

� p
sin θ

ð1Þ

where p is the period of the sinusoidal fringe pattern [see e.g. scheme
of standard FP system in Ref. [2]].

To commute a standard FP measurement to a Panoramic FP
system, either projection and observation need to be transposed
from a Cartesian-coordinate system to a cylindrical-coordinate
system. To realize a 3601 view of the lateral surface of a quasi-
symmetrical sample similarly as reported in [5,7,8], a concave 451
conical mirror can be positioned coaxial to a single camera by
making use of a beam-splitter as sketched in Fig. 1a. In this figure,
a video projector is also positioned coaxially to the camera and to
the conical mirror and it is used to project a sinusoidal circular
pattern that is reflected on the lateral surface of the object (here a
cylinder) placed inside the cone. Although the system depicted in
Fig. 1a possesses either a panoramic projection and observation, it
would be not able to measure the shape of the sample since θ¼ 0,
i.e. the system has no sensitivity. To introduce an angle θa0
between the projection and viewing directions, a convex axicon
[9,10] is here used to create a divergent conical fringe pattern with
a constant pitch (i.e. with a constant sensitivity) according to the
scheme sketched in Fig. 1b.

Fig. 2 shows a close-view picture of the experimental set-up
used in this study to obtain the optical scheme depicted in Fig. 1b.
To obtain a bright collimated source of light, a slides projector was
disassembled and its 240 W high performance lamp was mounted
separately similarly to the scheme reported in [11]. In particular,
an IR reflector and a heat absorber is used to reject the heat
produced by the lamp, then the light is condensed and collimated
and hence used to illuminate a transmissive Spatial Light Mod-
ulator (SLM) with a 800�600 pixel2 resolution (32 μm2 pixel size)
to create the sinusoidal circular fringe pattern to project onto the
sample. A couple of polarizers placed before and after the SLM
allows to use it in the amplitude modulation mode. Just after the
second polarizer, an axicon (50 mm diameter and 1301 aperture)
transforms the collimated circular pattern in a conical (divergent)
pattern of concentric circles of constant pitch. The light passes
through a 451 beam-splitter and hits the concave surface of the
conical mirror that reflects it back on the lateral surface of the
sample with an angle θ� 141 with respect to the viewing direc-
tion. Finally the fringe pattern on the lateral surface of the sample
is imaged through the beam splitter from a 1280�1024 pixel2

8-bit B/W CCD camera equipped with a 7000 macro NAVITAR
telecentric zoom objective (18–108 mm focal length).

3. PFP data processing

Fig. 3 reports the image formation scheme of a typical PFP
measurement with the virtual camera and the virtual projector
separated by an angular distance θ. Here, the position of a point P
on the object surface (in this case a cylinder) can be expressed in
the Cartesian-coordinate system x; y; z (with z axis coincident with
the cone axis and the origin in the cone vertex, see Fig. 3) as
PðxP ; yP ; zPÞ; ðmm;mm;mmÞ and in a cylindrical coordinate system
as PðαP ; rP ; zPÞ; ðrad;mm;mmÞ. The point P is imaged in PiðuP ; vPÞ;
ðpixel;pixelÞ and PiðβP ; ρPÞ; ðrad;pixelÞ in a 2D Cartesian and in a
polar-coordinate system of the camera sensor, respectively (with
the origin of the polar system located in the image centre
C uC ; vCð Þ; ðpixel;pixelÞ). If the system is correctly aligned and view-
ing from infinity is obtained (by using a telecentric lens), αP ¼ βP
and ρP ¼MF � zP where MF ðpixel=mmÞ is the magnification factor
of the camera lens. The cylinder in the figure is the analogous of the
reference plane for a standard FP system. In fact, the projected

circular fringe pattern remains unaltered when projected onto a
nominally perfect cylindrical sample (r¼ constant) placed coaxial to
the conical mirror. Analogously to standard FP, when a sample with
a r¼ f ðα; zÞ is placed in place of the cylinder, the observed fringe
pattern is distorted since PFP is sensitive along the radial direction,
i.e. it measures the departure of the radius of the sample from the
radius of the reference cylinder. Analogously to Eq. (1), the relation
between Δr and Δϕ for PFP can be written as:

Δrðα; zÞ ¼ k� Δϕðβ; ρÞ ð2Þ
where k is a constant that it is a function of the geometry of the
system and that can be evaluated through calibration [2].

In this work, the full-field phase map of the reference cylinder
and of the sample has been calculated with the Four-Frames Phase
Shifting (PS) algorithm [12,13]. The PS technique makes use of
multiple fringe patterns with a phase shifts between successive
frames. Accordingly, the registered sinusoidal fringe pattern inten-
sity In of the nth frame can be written as [1]

Inðβ; ρÞ ¼ aðβ; ρÞþbðβ; ρÞ cos ½ϕðβ; ρÞþðn�1Þδ� 8n A ½1;N� ð3Þ
where aðβ; ρÞ is the background intensity, bðβ; ρÞ is the fringe
amplitude, ϕðβ; ρÞ is the phase and δ is the phase step. For the
Four-Frames PS algorithm, δ¼ π

2 and N¼ 4. In this work, the
wrapped phase distribution has been calculated by solving for
ϕðβ; ρÞ the system of Eq. (3) and then unwrapping it with an
algorithm that uses a system of iso-phase contours for better
dealing with the circular fringe pattern [14].

4. PFP experiments and results

To prove the feasibility of the proposed PFP system and the
validity of the developed data processing routines, a series of tests
has been performed on (i) a highly accurate cylinder (2.4907
0.005 mm diameter), (ii) a step-wise sample (with three different
radii of 2–4 mm) and (iii) a quasi-axial-symmetrical sample with two
longitudinal slots. These three tests served to (i) obtain the reference
phase map, (ii) calibrate the system (i.e. calculating the k coefficient of
Eq. (2)), (iii) obtain the phase map of a generally shaped object.

Before running the test, the system has been aligned by using a
laser line (for the projection unit) and the Direct Linear Transfor-
mation method [15] for the camera. In particular, a dot-calibration
pattern glued on the outward 301 conical portion of the conical
mirror (see Fig. 3 and [8,15] for details) allowed to retrieve the
intrinsic parameters (and hence the MF of the lens) and the
extrinsic parameters of the camera (to locate the camera with
respect to the x; y; z coordinate system). The relative position of
camera and the conical mirror was adjusted by acting on the
gimbal mount of the mirror and the multiaxial stage where the
camera was fixed until a satisfactory alignment of the axes of
camera and the conical mirror was reached.

Fig. 4 shows the image data related to the measurement on the
sample pictured in Fig. 5a. In particular, from Fig. 4a to d, it is
possible to see the result of transforming the four original images
(Fig. 4a) into a single wrapped phase map (Fig. 4b), then unwrap-
ping it (Fig. 4c) and finally obtaining the Δϕðβ; ρÞ distribution
(Fig. 4d) by subtracting the unwrapped phase map with the
analogous phase distribution of the reference cylinder (not
reported). The Δrðα; zÞ distribution was obtained by multiplying
the Δϕðβ; ρÞ distribution for the coefficient k¼ 1:57 mm=rad
obtained from calibration. The z coordinate of the measured point
was obtained by dividing ρ for the magnification factor MF .

Fig. 5b and c show the results of the PFP measurement in terms
of radius and error on radius with respect to the theoretical radius
(5.8 mm external diameter, 3 mm internal diameter) for the sample
in Fig. 5b. The PFP system and data processing procedure was able
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to correctly measure the shape of the sample though with poor
resolution due to the low sensitivity (small θ angle between
projection and observation directions). Error on radius (calculated
as errr ¼ absðrnom�rcalÞ between nominal and calculated radius) is
0.1170.08 mm.

5. Concluding remarks

In this paper we presented a novel Panoramic Fringe Projection
system able to reconstruct the full 3601 shape of an object by using a
conical mirror and a conical lens to realize a panoramic observation
and projection, respectively. With respect to other FP applications to

whole-body measurements, the main strength point of the proposed
method is the capability to capture the entire surface of the sample
with a single camera from a single viewpoint, thus avoiding time

Fig. 1. Rationale of the PFP technique: (a) the set-up without the axicon; (b) the set-up with the axicon. Red rays indicate the projected pattern, green rays indicate the
observed pattern. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Partial close-view of the experimental set-up.

Fig. 3. Scheme for PFP data reduction.
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consuming merging procedures that could decrease the accuracy of
the measurement. Here, a Four Frames PS algorithm has been used
to retrieve the phase map of the object, however, if spatial PS
algorithms are used [2], a single shot would be sufficient, i.e. time-
resolved measurement could be performed. Moreover, imaging the
lateral surface of a sample through a conical mirror increases the
spatial resolution of one order of magnitude thus allowing to
perform measurement on small-sized samples with ordinary off-
the-shelf lenses [10,16].

The main limitation of the technique is the fact that the
sensitivity of the measurement is strictly related to the axicon
geometry that cannot be arbitrarily changed due to geometrical
constraints in the relative positioning of the components. The
results of this pilot study are however encouraging since the error
in shape reconstruction is relatively low (about 5% on radius)
notwithstanding a small sized sample was tested, no-high quality
optics were used and any kind of correction of the non-sinusoidal
projected and registered fringe patterns were applied. In view of the
arguments above, we can conclude that further development of the
proposed PFP method could be promising for either biomedical [16]
and industrial applications, such as for reverse engineering of free
form surfaces and online quality control.
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