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Abstract 

 

In this thesis we describe an optical technique that allows classifying liquid solutions by 

means of a single Gaublet
1
; specifically, the technique is based on measuring the semi-

width of a single Gaussian focused probe beam while profiling a calibrated reflective 

grating by means of a specially devised homodyne detector which is described in the 

following section.  

The probe beam consists of focusing a laser beam with a Gaussian intensity profile. To 

focus the beam a large working distance microscope objective is used as the focusing lens. 

The measurements are performed by placing the sample (solution under measurement) 

between the focusing lens and the detection plane.  Changes in the refractive index of the 

sample result in variations in the size of the focused beam under measurement.  An 

application of the technique for measuring glucose concentration in transparent and turbid 

media is presented. In the following sections we show how our proposal is applied for 

transparent samples as well as for turbid samples that simulate optical properties of 

biological tissues. 

For clarity the presentation of the thesis is divided in chapters. In the first chapter 

we present an introduction with the backgrounds and the state of the art on the subject. In 

chapter two an analytic model of our proposal is presented. For convenience in chapter two 

we also present the description of the experimental setup that is used to measure the size of 

the focused beam. In chapter three we apply our technique for measuring glucose in thin 

transparent samples. In chapter four the technique is applied to samples containing a turbid 

medium which simulates optical properties of biological tissues.  For convenience at the 

end of chapter four we discuss the accuracy of the technique and we give our error analysis. 

Finally, in chapter five we present our conclusions. 

 

1 A Gaußlet is a term which means Gaussian beamlet (a small beam of light) or “fat rays”, it was coined by Alan W. 

Greynolds (dx.doi.org/10.1364/IODC.2014.ITu1A.3). 
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Chapter 1 

Introduction  

 

From an optical point of view, the refractive index is one of the most important properties 

for characterizing an arbitrary material. This material, in general can be in solid, liquid or 

gaseous state. In particular, calculating the refractive index of a solution is of major 

importance. Even more, it is very significant to know the accurately dependence of the 

refractive index of a solution as a function of concentration. Due to this importance many 

techniques have been developed to accomplish this goal; for the best of our knowledge the 

techniques reported only described the methodology of the measurements and its 

correspond range of applicability and there is not an (optical) analytical model which may 

be used to predict physically the shape of the graph that exhibits the refractive index as a 

function of concentration of a solution. Furthermore, by reviewing the literature one can 

find discrepancies of the reported plots, specifically as in the case of our interest, if the 

solution concentration is composed of glucose [1-5]. The method that will we describe in 

the next sections can be applied to transparent samples and also to samples exhibiting 

turbid media. Our experiments were conducted with liquid solutions containing glucose and 

the samples were placed in thin containers 

The importance of glucose is understandable as glucose is a carbohydrate nutrient 

source. Additionally it is important in industry as it is involved in many applications and in 

almost all biological processes. Due to this, glucose monitoring plays an important role. 

Glucose monitoring can be divided in two ranges, high and low concentrations. For 

instance, high concentrations techniques are necessary to monitoring the satisfactory 

production of 2,3-BDO using DNS and GRAS methods [6, 7] between others. By the other 

hand, if we talk about low concentrations (less than 10%) elaborate techniques have been 

developed to accomplish this aim; for example surface-plasmon resonance (SPR) [8-11] 

and fiber optics techniques [12, 13]. Also, it is important to remark that the referred 

techniques require large samples and are focused in describing the measurements and its 
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range of applicability. The techniques referred before are mainly designed to be applied in 

some area of biomedicine, as it is the case of detecting and monitoring a disease as it can be 

diabetes. 

Glucose monitoring in biomedicine is based in obtaining blood of a living body and 

then process it as it can be by means of a plasma.  In a living tissue it is also possible to 

measure its glucose concentration by means of some kind of tomography. In these two 

cases, the samples represent a turbid media or equivalently these samples represent 

scattering media. As it is apparent measurement of glucose concentration in thin turbid 

media with optical scattering properties representing real biological tissue is of major 

importance. These kinds of samples are usually performed by preparing models that 

represent biological tissue and are called phantoms. These phantoms are prepared in 

general using Intralipid 
MR

 or nanospheres [14-18]. In particular, Intralipid 
MR

 is a fat 

emulsion made with soy bean oil, egg phospholipids and glycerin and it is mainly used for 

patients who has problems to get nutrients from food through via an oral diet. Solutions of 

appropriate concentrations of Intralipid 
MR

 can be prepared to closely mimic the response of 

human or animal tissue to light at wavelengths in the red and infrared ranges where tissue is 

highly scattering but has a rather low absorption coefficient. Phantoms made of 1% 

Intralipid 
MR

 solution are commonly used for experiments that simulate optical scattering 

properties of biological tissues [19-21]. In chapter four this concepts are clarified. 

Techniques to determine glucose concentrations in these samples can be classified 

mainly in two: by transmitted light and/or reflected light. When reflective light is used, the 

techniques are mainly of the type of optical coherence tomography (OCT), refractometric 

methods and Raman spectroscopy polarization [22-26]. These techniques generally exhibit 

low sensitivity (signal-to-noise-ratio), thus, requiring high glucose concentrations [24], 

resulting in imprecise values that require statistical algorithms to improve the estimation of 

the measurements. In contrast, techniques that use transmitted light are mainly based on the 

photo-acoustic effect (PA) [25, 27-32]. However, the PA signal can vary between 

measurements, meaning that differences of PA signal can be affected by other factors such 

as physiological change, temperature and mechanical stability of the sample [29].  
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In this research, we present a diffraction technique that permits calculate the general 

behavior of the refractive index of a solution as a function of concentration. We applied our 

technique when the concentration of the solution is based in glucose due to inherent 

importance as mentioned above; also, we apply our proposal to turbid samples that 

simulates optical properties of biological tissues. 
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Chapter 2  

Analytical description 

In this chapter we present our proposal, which is based in characterizing the main 

parameters of a Gaussian focused beam. We describe the theoretically basis to obtain 

the semi-width of the Gaussian probe beam at a plane of detection. In the next section 

we find an analytical relationship between the semi-width of the focused beam as a 

function of the refractive index of a sample, when this sample is placed between the 

lens and the plane of detection The experimental setup to perform the measurements 

is based in a homodyne knife-edge detector (KED) which is also described in this 

section.  The propagation of the beam in its overall path from the laser beam up to the 

plane of detection, through the focusing lens and through the sample is performed by 

means of the Fresnel diffraction integral.  

 

2.1 Gaussian beam propagation 

We will begin our description with the experimental setup depicted in Fig. 1. A Gaussian 

beam emerges of a commercially available He-Ne laser which has a length wave of  =632 

nm. The beam is directed to a focusing lens which, in the absence of the sample, focuses 

the beam in a plane of observation denominated as 6x  in the figure. As mentioned, the 

system is adjusted properly to obtain the best focusing conditions at the referred plane of 

detection. For simplicity our description is a one-dimensional without any lose of 

generality. The liquid sample is poured in a thin container specially made that consists of 

parallel walls of thin glass. The sample containing the medium under study is placed 

between the focusing lens and the plane of detection. In order to assure parallelism of the 

walls container, a laser beam carefully aligned was aimed to the walls of the container and 

the reflected beams were monitored. 
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Fig. 1 Schematic representation of the Gaussian beam propagation through the system. 

Fig. 1 will now be used to describe analytically the overall propagation as follows: 

1. The beam is propagated form the output of the laser up to the back surface of the lens a 

distance 0z  as shown in Fig.1 In the drawing the propagation is performed from plane with 

coordinates 0x  up to the plane with coordinates 1x . We will assume that the lens is placed 

in the plane with coordinates 1x . 

2. Next, we introduce the phase function introduced by the lens as the beam is transmitted 

through it. 

 3. Then the propagation from the output of the lens up to the left surface of the sample is 

calculated. This propagation is performed from the coordinate axes 1x to 2x , a distance 1z . 

3. Now, the beam is propagated a distance 2z  inside the first wall of the container which 

exhibits a refractive index of value n . This propagation is performed between the planes 

2x to 3x . 

4. The beam travels a distance 3z  inside a solution with a refractive index Sn . The 

propagation is now performed from the right face of the first surface of the container up to 

the left surface of the second wall of the container. This propagation is performed between 

the planes 3x to 4x . 

5. Next, the light propagates a distance 4z  inside the second wall of the container with a 

refractive index n . Thus, the propagation between planes 4x to 5x  is performed. 
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6. Finally, the beam propagates a distance 5z  from the right face of the second surface of 

the container up to the plane of detection. Thus, the propagation from planes 5x to 6x  is 

performed. 

The Gaussian beam distribution at the output of the laser at 0x is represented as, 

  ,exp
2

0

2

0
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where 0A is a constant amplitude that can be expressed in a closed form  and as it will be 

apparent form the results its value results unimportant. The exponential term represents the 

Gaussian shape; 0r  is the beam semi-width and 0x  represents the coordinate of the plane at 

the output of the laser. 

As mentioned, the Fresnel diffraction integral is used to calculate the field 

distribution at plane 1x  before reaching the lens. The corresponding equation is given as,  
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It will be seen that the last term in Eq. (3) is the Fourier transform of a well known complex 

function. Thus, performing the Fourier transform [33] allows to write Eq. (3) as, 
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Eq. (4) represents the field distribution of the Gaussian beam at the plane 1x , just 

before reaching the lens. We emphasize that the beam at this plane is again a Gaussian 

distribution where, 1A  represents its complex amplitude, 1r is the semi-width and 1  is a 

constant term which represents a divergent quadratic phase. 

Now, the transmittance phase of the lens is introduced. For simplicity we will 

consider only quadratic phase factor and without loss of generality a more complex 

function can be introduce. The simplest way to do this is by updating the value of 

1 as: f 1 , being f the focal length of the lens. With Eq. (4) updated now we 

proceed in propagating the beam form the plane 1x to the plane 2x .  The amplitude 

distribution of the beam at his plane is denoted as  22
x  and is given as, 
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solving Eq. (6) we obtain the following result, 
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The next propagation is in the first wall of the glass container with refractive index n . The 

Fresnel diffraction integral takes the following form, 
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Eq. (9) has the solution, 
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Now, we need to propagate the beam in a solution with refractive index Sn . The field 

distribution is represented by, 
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the solution of Eq. (12) is the next 
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after that, the next propagation is in the second wall of the glass container taking the 

refractive index as n . The field distribution takes the next form, 
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Eq. (15) has the following solution, 
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Finally, we calculate the propagation from the right face of the second wall of the 

container to the plane of observation, axis 6x . At this plane the field distribution is given as, 
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Performing the integral in Eq. (18) in a similar way as in the above calculations, we obtain,  
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Eq. (19) describes the field distribution at the plane of observation. The semi-width 

of the laser beam, which is the main parameter of our proposal is given in Eq. (20b). 

To proceed further we choose different values of Sn  and with the aid of Eq. (20b) 

we tabulate them against 6r . Table 1(below) shows the values obtained. 

 6r ( m )  Sn   6r ( m )    Sn  

1 1.33128 1.336 1.33788 

1.003 1.33188 1.391 1.33848 

1.012 1.33248 1.448 1.33908 

1.027 1.33308 1.507 1.33968 

1.049 1.33368 1.569 1.34028 

1.076 1.33428 1.632 1.34088 

1.109 1.33488 1.696 1.34148 

1.147 1.33548 1.762 1.34208 

1.189 1.33608 1.828 1.34268 

1.234 1.33668 1.896 1.34328 

1.283 1.33728  - -  

Table 1. Values of 6r  obtained with Eq. (20b) for different values of Sn . 

The values tabulated in Table 1 are plotted in Fig. 2 (dotted plot).  Additionally a curve 

fitted by a least square method is also shown in the figure (the solid plot). The fitted 

equation is given as, 
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  5881.06

6 10184.413313.1  rnS                                   (21) 

where Sn  is the refractive index of the solution and 
6r  is the semi-width in the axis 6x . 
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Fig. 2. Theoretical dependence of the refractive index of the solution as a function of the semi-width 

6r . Dots correspond to calculations obtained by diffraction. The solid line is the fitted curve  

Fig. 2 reveals an important physical effect. When the system is adjusted to optimal 

focusing conditions ( 6r =1 μm and Sn =1.3312), we can observe that large variations of the 

refractive index Sn  result in small changes of the semi-width 6r . We can explain this as 

follows, when the Gaussian beam remains approximately collimated over the beam waist 

region it is found in the Rayleigh range. Further increments of the refractive index cause 

large variations of the semi-width now outside the Rayleigh range. It is important to remark 

that the plot in Fig. 2 be located in the Rayleigh region and extends into a small region 

outside it. 

Now, it is necessary to find how the refractive index is related to the concentration 

of the solution, which hereafter will be denoted as c . In this way, we need to find how c  

depends on 6r . We will limit our discussion to substances where Sn  increases with c , in 

the following manner. 
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Initially, when the concentration is low it is reasonable to expect linearity between 

c  and 6r . Increments of c  will only cause small increments of 6r  as we reside into the 

Rayleigh region. Subsequent increases of c , now outside of the Rayleigh region, will cause 

larger increments of 6r  (now not necessarily linear) until the solution approach the 

saturation which will cause 6r  to approach asymptotically to a certain finite value. This 

physical behavior can be represented by three regions which we denote accordingly as the 

Rayleigh region, the free region and the saturation region or equivalently regions I, II and 

III. For each region it is possible to propose qualitatively a relation of 6r  as a function of c . 

This relation must be substitute in Eq. (21). In Fig. 3 we show qualitatively the shape of the 

expected plot for a hypothetical solution which includes the three regions. 

To demonstrate experimentally our previous theory we performed measurements 

with glucose solutions at low concentrations (less than 10 g/dl or equivalently less than 10 

%) falling is a small vicinity between regions I and II. Additionally, as we are in a region of 

low concentration we expect a linear dependence of 6r  against c  of the form 

  ,216 cKKcr                                                     (22) 

where the positive constants values mK , 2,1m  must be determined experimentally for 

each particular substance. 
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Fig. 3. Theoretical dependence of the semi-width 6r  as a function of the concentration. The plot 

consists of three regions as described in the text. 
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In our experiments the semi-width has to be measured with high accuracy; thus, we 

will used the homodyne Knife-Edge detector (KED) which results appropriate for our 

proposes. In the next section we will describe the KED. 

 

2.2 Homodyne knife-edge detector to measure the semi width. 

 

To measure the semi-width of the Gaussian probe beam, we take advantage that offers of 

the homodyne knife-edge detector (KED) [34-35]. The KED in its origins was designed to 

measure with high accuracy the profile of a surface. Additionally, the detector allows 

obtaining the roughness of the profile under test. 

 

The setup of the KED is depicted in Fig. 4. A polarized He-Ne laser beam 

( nm632 ) is focused on the surface under test (SUT) which in our case is a calibrated 

holographic reflective grating. The focusing lens (L) is a 100 X microscope objective with 

a working distance of 1 cm allowing the properly placement of the sample. The probe 

beam, reflected by the grating, is sent for detection by means of a beam splitter (BS) to a 

half-blocked photodiode. As depicted in Fig. 4 the sample is placed between the focusing 

lens and the SUT, according to Fig. 4. An attenuator (A) is included to avoid damaging the 

grating due to excessive heating. A flexure mode piezoelectric transducer (PZT) vibrates 

the grating at approximately 10 Hz with small amplitude 0  in the x-direction as depicted 

and it is also used to mechanically scan the grating at a slow rate in the same direction. A 

lock-in amplifier is used to generate the vibration and to detect the AC signal from the 

photodiode. A personal computer (PC) adds the scanning signal and communicates with the 

lock-in by GPIB to automate the measurements 
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Fig. 4 Experimental setup of the KED. 

 

The sample was introduced in a glass container which was constructed by our self to 

ensure that the walls be parallel and this way we avoid deflections of the beam that can 

affect the measurements. The dimensions of the container were 5.0 x 5.0 x 1.2 3mm , where 

the light path is along the 1.2 mm width. 

The AC power collected by the half-blocked photodiode is given by [34, 35] 
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(23) 

where .1i  and 0P is the beam constant power. δ0 is a small amplitude vibration of the 

piezoelectric transducer as described in [34, 35]. 6r  is the semi-width of the Gaussian beam 

and it is focused at ( 66 , yx )accordingly with coordinates of the back focal plane of the 

section 2.1. λ is the wavelength of the laser beam. erf()  is the error function.  66 , yxh  

represents the profile of the SUT considered in a plane ( 66 , yx ) to coincide with coordinates 
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in Fig. 1. The partial derivative of the height distribution appears as a consequence of a first 

order expansion due to the vibration of the SUT. 

The integral in Eq. (23) represents the convolution of two functions. The first 

function is the derivate of the vertical height distribution of the surface under test. The 

second function is the impulse response of the system described as, 

 

  .erf2exp
8

,
6

6

2

6

2

6

2

6

2

6

00
66 















 


r

x
i

r

yx

r

P
iyx



                             (24) 

 

The profile is a sinusoidal reflective calibrated grating that can be represented as, 
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where 0h  is the height amplitude of the grating and   is the period in the x -direction. 

Now, with this information Eq. (23) can be used to describe the behavior of the output 

power as a function of the defocus. After performing the integral given in Eq. (23), we 

obtain the detected power as, 
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Eq. (26) shows that the power collected by the photodiode is proportional to the 

local vertical high of the grating and is a function of the horizontal spatial coordinate ( 6x ). 

It is independent of 6y  and is proportional to the local vertical height of the grating under 

test. The power depends also of the semi-width 6r  and the period of the grating . The 

profiles are obtained by scanning a small region of the grating. 

As we mentioned in the text, the system is adjusted to the best focusing conditions 

for zero glucose concentration ( mr 16  ). Then, when glucose concentration increases the 

semi-width also will increase and this in turn will cause a decrease of the vertical amplitude 
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recorded according with Eq. (25). Let us now consider two particular cases of reducing the 

vertical profiles to 75 and 50% with respect to the case c =0. The 600 lines/mm grating will 

require defocusing values of 1.08 and 1.19 μm respectively; these values correspond to 

samples with concentrations of 0.3 and 0.9 g/dl respectively. In contrast the grating of 300 

lines/mm will require higher defocusing, 1.47 and 1.81 μm, corresponding to higher 

concentrations 4.5 and 7.5 g/dl [36]. Table 2 summarizes these results. 

Decreasing amplitude (%) Glucose concentration 

(g/dl) 300600 /  

Semi-width (μm)   

300600 /  

75 0.3 / 4.5 1.08 / 1.47 

50 0.9 / 7.5 1.19 / 1.81 

Table 2. Experimental glucose concentrations and defocusing required for diminishing in 75 and 50 

% of the maximum amplitude for both gratings: 600 and 300 lines/mm, for a thin transparent 

sample as reported in [36]. 

Fig. 5 shows a plot of the vertical amplitude normalized given by Eq. (26). These 

results demonstrate that the sensitivity of the system can properly be adjusted by only 

selecting the grating pitch. 
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Fig. 5 Decrease of the vertical amplitudes as a function of defocus as described in the text. 
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In next section will describe the behavior of the decreasing of the vertical amplitude 

according to Eq. (26) 

 

2.3 System response 

 

In this section we will described the response of the system when it is adjusted to the best 

focusing conditions. Eq. (26) demonstrates that the power collected by the photodiode is 

proportional to the local vertical height of the grating, the term in square brackets. Thus, in 

order to record the vertical profile over a determined region, it is necessary to perform a 

linear scan. A plot of Eq. (26) for the two different gratings used in our experiments, 600 

and 300 lines/mm is depicted in Fig. 6 for a constant local vertical height. 
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Fig.6 Normalized detected power as a function of 6r  according to Eq. (26) for gratings 600 and 300 

lines/mm. 

 

In our experiments, the best focusing conditions are obtained for 6r = 1 µm. When 

glucose concentration increases the semi-width also increases, in this way we obtain bigger 
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values of 6r . It can be noticed from Fig. 6 that for both gratings the amplitude of the 

detected power decreases for 6r  > 1 µm. Fig. 6 also reveals that the sensitivity of the 

system can be tuned according to experimental requirements. The plot for the 300 lines/mm 

grating exhibits a less pronounced slope, being less sensitive than the curve for the 600 

lines/mm plot which is more sensitive. Accordingly, increasing the pitch of the reflective 

grating will increase the sensitivity of the system and decreasing the pitch will decrease the 

sensitivity as required. 

In the next chapter we give our experimental results. 
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Chapter 3 

Experimental results for transparent samples 

 

In this chapter, we describe the experimental results for the case of transparent 

samples. We describe the procedure for the preparation of the samples. We describe 

the experimental processes for the measurements using reflective gratings of 600 and 

300 lines/mm. At the end of this chapter, we give experimental plots of the refractive 

index as a function of glucose concentration. 

 

3.1 Sample preparation 

 

To prepare our samples we used tri-distilled water for the zero concentration reference. For 

brevity henceforth this sample will be referred as the zero glucose concentration sample or 

0 mg/dl. The system will be tuned to two different sensitivities. To achieve this, we will use 

two calibrated reflective gratings: 300 and 600 lines/mm. The grating with a pitch of 

600lines/mm will be applied for measuring samples for glucose concentration from 0 to 

1.25 g/dl. The second grating will be used with samples with concentrations in the range 

from 0 to 7.5 g/dl. The samples are prepared with a glucose patron of Dextrose Anhydrous 

commercially available. 

The solutions were prepared as follows, 

(a) For concentrations between 0 and 1.25 g/dl we took a recipient in which we 

poured 100 ml of tri-distilled water, this was a base sample. Then in other recipient we 

poured again 100 ml of tri-distilled water but this time we add noun amounts of glucose to 

obtain the glucose concentration desired. We prepared six samples in steps of 0.25 g/dl for 

600 lines/mm grating. 
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(b) For concentrations between 0 and 7.5 g/dl we repeated the same procedure 

mentioned in point (a) but this time the steps of glucose were of 1.5 g/dl for the 300 

lines/mm. 

Table 3 summarize the sample preparations, 

Samples of glucose 

concentration for 

600 (g/dl) 

Samples of glucose 

concentration for  

300  (g/dl) 

0 0 

0.25 1.5 

0.50 3.0 

0.75 4.5 

1.00 6.0 

1.25 7.5 

Table 3 Experimental samples prepared for both gratings 600 and 300 lines/mm. 

 

3.2 Experimental procedure 

 

For each grating the experimental procedure was as follows, 

 First, the system was adjusted to the best focusing conditions with the sample of 

zero glucose concentration. 

 Second, a region of the grating was scanned and recorded. 

 After that, a know amount of glucose concentration was poured into the container 

and was left to settle. 

 Then, the same region of the grating was scanned and recorded. 
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 Finally, we repeated the same process for each new glucose concentration. 

We verify the repeatability of the measurements by scanning several times the same 

region. In each scan 200 pixels were recorded. All measurements were made a temperature 

constant of 25º C. Each measurement took approximately one minute. Additionally, it is 

important to remark that we were careful to assure that the transmittance of the sample 

remained constant. 

 

3.3 Experimental results for 600 lines/mm grating 

 

For measurements between 0 and 1.25 g/dl we used the 600 lines/mm grating. As we 

mentioned in the text above, this grating permits tune the sensitive of the system for low 

concentrations. Fig. 7 shows plots of the normalized vertical amplitudes for the 

concentrations before mentioned where small amplitudes corresponds to higher 

concentrations. 
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Fig.7 Experimental normalized vertical amplitude for 600 lines/mm grating. In the figure small 

amplitudes correspond to higher concentrations. 
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To improve the precision of the measurements we calculated the rms values of each 

vertical profile. Fig. 8 shows the rms values as a function of glucose concentration; each 

rms corresponds to the measurements depicted in Fig. 7. 
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Fig. 8 Plot of the rms values of the normalized vertical heights of the normalized vertical profiles 

for 600 lines/mm grating as a function of glucose concentration. 

 

We the above results we estimated that the minimum step of glucose concentration 

that we can detect for the 600 lines/mm grating is about of 0.06 g/dl. 

 

3.4 Experimental result for the 300 lines/mm grating 

 

The 300 lines/mm grating was used in the range between 0 and 7.5 g/dl. Fig. 9 depicts the 

normalized vertical profiles for these measurements. The smaller amplitudes correspond to 

higher concentrations. 
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Fig.9 Experimental normalized vertical amplitude for 300 lines/mm grating. In the figure small 

amplitudes correspond to higher concentrations. 

Fig 10 shows the rms values of the vertical profiles obtained in Fig. 9. With these 

results we estimated that the minimum step for measure glucose concentration is about 0.25 

g/dl.  
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Fig.10 Plot of the rms values of the normalized vertical heights of the normalized vertical profiles 

for 300 lines/mm grating as a function of glucose concentration. 
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As we can see, the behavior of the vertical profiles measured in both cases is in 

agreement with Eq. (25). It is important to remark that we can use a laser with a shorter 

wavelength; this will permit us to use gratings with high spatial frequencies given the 

possibility of measure lower values of concentration. 

3.5 General behavior of Sn  as a function of c  

 

With the results obtained in section 3.3 and 3.4 we can construct a overall plot of Sn  as a 

function of c . To do this, first, we must to relate the semi-width ( 6r ) with changes in the 

concentration ( c ) of the sample: this relationship has to be in agreement with Eq. (22). To 

construct this relation we need to take the results of both gratings and put together in a plot. 

This can be done because the 600 lines/mm grating has a defocusing between 1 and 1.19 

μm and the other one has a defocusing between 1 and 1.81 μm. This plot is shown in Fig. 

11. As we mentioned in section 2.1 this behavior resides between regions I and II.  
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Fig.11 Plot of the experimentally semi-width 6r  as a function of glucose concentration c . The 

regions with squares symbols were obtained with the 600 lines/mm grating and the regions 

with circles was obtained with the 300 lines/mm grating. 
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In Fig. 11 the first part of the region was obtained with the 600 lines/mm grating 

and the corresponding symbols are squares; the second part of the region was obtained with 

the 300 lines/mm grating and their corresponding symbols are circles. Also it includes its 

corresponding fitted curve.  

The fitted equation obtained is given by, 

  ccr 76

6 10024.11051.1                                              (27) 

where c  stands for glucose concentration measured in g/dl and 6r is measured in microns. 

Eq. (27) is in agreement with the one predicted theoretically in Eq. (22). Now with this 

information we can relate Sn  as a function of c . This can be done substituting Eq. (27) in 

Eq. (21) obtaining 

    5881.076 10024.110051.0841.413312.1 ccnS

                   (28) 

where, as indicated, c  is the glucose concentration and Sn  is the refractive index of the 

sample. Eq. (28) shows that for small values of concentration a linear relation is obtained as 

a function of the refractive index as we predicted in our theoretical description. A plot of 

Eq. (28) is shown in Fig. 12. 
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Fig.12 Sn  as a function of c for nm632 . 
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The plot in Fig. 12 shows the overall behavior of Sn  as a function of c . The plot resides in 

region I and extends slightly into region II. It is important to notice how pitches of the 

grating were tuned to construct each particular region of the overall plot. 

 

3. Comparison of our results compared with other techniques 

 

For comparative purposes, we show in Fig. 13 a comparison between the results obtained 

with our proposal compared with results obtained with other techniques [1-2]. 
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Fig. 13 Comparative graph of the refractive index as a function of glucose concentration obtained 

with different techniques [1-2, 36] 

Fig. 13 shows the corresponding values of the refractive index as a function of 

concentration. The triangles correspond to values that were obtained with an interferometry 

technique [1], the squares are the values reported in a chemical handbook [2] and circles are 

the values obtained with the technique reported here. In Fig. 13 it can be seen the behavior 

of the refractive index in a range between 0 and 10 g/dl as reported by Refs. [1] and [2]. 

Although the values from Refs. [1] and [2] are similar to the results obtained with our 
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proposal, by careful observing the behavior of the plots, on can notice linear responses. As 

we have shown in our analytical approach, the response in this range can not be linear. 

Now, with our analytical result, it is possible to ascertain the correctness of the 

measurements. In our case, our technique gives enough accuracy as to match with the 

theoretical prediction. 

In chapter four we extend our technique for the measurements of glucose concentration in 

turbid media. 
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Chapter 4 

Experimental results for turbid media 

 

In this chapter we describe the experimental results to measure glucose concentration 

in a turbid sample that simulates optical scattering properties of biological tissues. 

First, we describe how the turbid samples were prepared. Then, we describe the 

experimental process of the measurements for 600 and 300 lines/mm gratings and the 

results obtained. Finally, we give our results for a real biological tissue. 

 

4.1 Turbid sample preparation 

 

Phantoms made with Intralipid
MR

 suspension are commonly used for experiments that 

simulate optical properties of biological tissues [19-21] as the anisotropy coefficient ( g ), 

scattering coefficient ( s ), reduced scattering coefficient ( s ) and absorption coefficient 

( A ) are basically similar as illustrated numerically in table 4.. The concentrations of these 

phantoms are around of 1 to 2% of Intralipid 
MR

 concentration. The sample prepared here 

has a higher concentration (2.5%) to demonstrate the usefulness of our technique. This 

concentration gives the optical properties of the human breast and skin tissue [37, 38]. 

Approximate values of the optical parameters of the phantoms in the range between 0.5 and 

2.5 % of Intralipid 
MR

 are given in table 4. 

 

 Our experiments were conducted by using an Intralipid
MR

 from  20% stock 

commercially available solved in tri-distilled water. 
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Intralipid 
MR 

concentration 

(%) 

Scattering 

coefficient 

s (cm
-1

) 

Reduced 

scattering 

coefficient  

s  (cm
-1

) 

Anisotropy 

coefficient 

g  

Absorption 

coefficient 

 A  (cm
-1

) 

0.5 5.0 1.0 0.8 0.6 

1.0 12.0 2.5 0.8 0.6 

1.5 20.0 4.0 0.8 0.7 

2.0 30.0 6.0 0.8 0.7 

2.5 40.0 8.0 0.8 0.75 

Table 4 Intralipid 
MR

 concentrations between 0.5 and 2.5 % and their corresponding optical 

parameters estimated from [37-38, 39] 

 

Our base sample consists in a 2.5 % Intralipid 
MR

 solution without glucose. For brevity, this 

sample henceforth will be referred as the zero glucose concentration or 0 mg/dl. The base 

sample with Intralipid
MR

 was measured again using the two gratings used in the last 

section. The glucose concentration was obtained from a glucose patron based on Dextrose 

Anhydrous commercially available as in our above description. 

The solutions were prepared as follows, 

 

(a) For concentrations between 0 and 1.0 g/dl with the 600 lines/mm grating we 

took a recipient in which we poured 100 ml of 2.5% Intralipid 
MR

 solution without 

glucose, this was our base sample. Then in other recipient we poured again 100 ml 

of 2.5% Intralipid 
MR

 solution, but this time we add noun amounts of glucose in 

steps of 0.25 g/dl to obtain the glucose concentration desired. 

 

(b) For the 300 lines/mm grating we repeated the same procedure refer in point (a). 

The glucose added to the solution was in steps of 1.5 g/dl to obtain concentrations 

between 0 and 7.5 g/dl. 
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Table 5 summarizes the samples prepared for the 600 and 300 lines/mm gratings. 

Intralipid 
MR

 Samples of 

glucose concentration for 

600  (g/dl) 

Intralipid 
MR

 Samples of 

glucose concentration 

(g/dl) 300  (g/dl) 

0 0 

0.25 1.5 

0.50 3.0 

0.75 4.5 

1.00 6.0 

- 7.5 

Table 5 Experimental Intralipid 
MR

 samples prepared for both gratings 600 and 300 lines/mm [40]. 

In the next section we describe the experimental procedure to measure glucose in a turbid 

medium. 

4.2 Experimental procedure 

 

For each grating the experimental process was as follows, 

 First, the system was adjusted to the best focusing conditions with the sample of 

zero glucose concentration. 

 Second, a region of the grating was scanned and recorded. 

 After that, a know amount of glucose concentration was poured into the container 

with Intralipid 
MR

 solution and was left to settle. 

 Then, the same region of the grating was scanned and recorded. 

 Finally, we repeated the same process for each new glucose concentration. 
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We verify the repeatability of the measurements by scanning several times the same 

region. In each scan 200 pixels were recorded. All measurements were made a temperature 

constant of 25º C. Each measurement took approximately one minute. 

4.3 Experimental results for 600 lines/mm grating 

 

For measurements between 0 and 1.0 g/dl we used the 600 lines/mm grating. Fig. 14 shows 

a plot of the reflection profile of the grating recorded by the system for different glucose 

concentration. The plot of zero glucose concentration has been normalized. 
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Fig.14 Experimental normalized vertical amplitude for 600 lines/mm grating for the turbid medium. 

In the figure small amplitudes correspond to higher concentrations 

 

Fig. 15 shows a plot of the of the experimental rms values for the recorded vertical 

heights as a function of c . The solid line represents the fitted linear curves given by Eq. 

(29) 

 

,7214.02910.0600  crms                                                  (29) 
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where 600rms is the rms values of the profiles for 600 lines/mm grating and c  is the glucose 

concentration given in g/dl. 
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Fig.15 Plot of the rms values of the normalized vertical heights of the normalized vertical profiles 

for 600 lines/mm grating as a function of glucose concentration 

In the next section we give the experimental results for the 300 lines/mm grating. 

4.4 Experimental result for the 300 lines/mm grating 

 

For measure concentrations between 0 and 7.5 g/dl we used the 300 lines/mm grating. Fig. 

16 depicts the vertical profiles measured. Again, smaller amplitudes correspond to higher 

concentrations. The plot of zero glucose concentration has been normalized. 
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Fig.16 Experimental normalized vertical amplitude for 300 lines/mm grating for the turbid medium. 

In the figure small amplitudes correspond to higher concentrations 

 

A plot of the rms values as a function of c  obtained can be found in Fig. 17. The plot 

includes the fitted linear curve depicted by a solid line. Eq. (30) represents the fitted curve. 

,7195.00559.0300  crms                                                  (30) 

where 300rms is the rms values of the profiles for 300 lines/mm grating and c  is the glucose 

concentration given in g/dl. 

According to table I a non-linear response between the detected power and c  is obtained 

for the transparent medium in contrast to the case of the turbid medium as stated by Eqs. 

(29) and (30). This is due to scattering which highly widens the beam. Thus, changes in c  

will induce very small relative changes in 0r  compared with the transparent case. 

Graphically, this corresponds to a very small region of the plot of Fig. 6 around a large 

value of 0r  giving a linear response. 
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Fig.17 Plot of the rms values of the normalized vertical heights of the normalized vertical profiles 

for 300 lines/mm grating as a function of glucose concentration. 

Although the signal obtained is very small compared with the case of the transparent 

sample the KED has a very high sensitivity making it appropriate to perform the detection 

of glucose concentration.  

4.5 Experimental results for real biological tissue 

 

To show the potential application of our proposal we proof our system we a real biological 

tissue. The biological tissue consists in a small piece of chicken skin which was taken of its 

leg with a geometrical thickness of approximately of 1 mm. The optical parameters of the 

chicken skin based in [41] are within the following ranges: 10.85< s <21.42 cm
-1

, 

0.16< a <0.59 cm
-1

 and 0.7< g <0.9.  

To perform our experiment the sample was placed in the optical path of the light as 

depicted in Fig. 1. A plot of profile of the grating recorded through the skin-sample is show 

in Fig. 17. Furthermore, we compared the same region of the grating when we used other 

solutions as tri-distilled water, and different Intralipid 
MR

 concentrations between 1.5 and 
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2.5 %. In order to have a one-to-one comparison, we set the attenuator to appropriate 

conditions to get the approximately the same vertical heights. In Fig. 18 is shown some 

undesirable features on the profile obtained with the chicken skin sample due to highly 

scattered beam. 
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Fig. 18 Comparison of the grating profile recorded with the KED for a chicken skin-sample 

compared with samples of pure water and different Intralipid 
MR

 concentrations. 

 

Due to we used a laser with a available power of 3 mW; we perform the experiment with 

the 300 lines/mm grating. With this power available was not possible to obtain the profile 

with the 600 lines/mm grating. We found experimentally that for a 5 mm sample width, a 

concentration of 3% of Intralipid 
MR

 is the upper limit that allows us detecting the grating 

profile. Using higher power and/or infrared light should enhance the penetration depth. 

It is important to remark that our proposal requires calibrating the system with a 

sample of zero glucose concentration before performing the measurements. This limitation 

can possibly be overcome taking advantage that the system has a linear response as a 

function of glucose concentration, being independent of the scattering and absorption 

properties of the medium. Thus, if a relationship of the optical properties between different 
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media could be obtained by other means, it would be sufficient to calibrate only one 

medium; future research in this direction is necessary, taking into account the length of the 

turbid media. 
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Chapter 5 

Conclusions 

In this dissertation we have described an optical technique that allows classifying liquid 

solutions by analyzing the semi-width of a single Gaussian beam transmitted by the sample 

while profiling a commercially available calibrated reflective grating by means of the 

homodyne knife-edge detector which has been devised here in Centro de Investigaciones en 

Óptica. The homodyne detector exhibited high sensitivity to allow us measuring with high 

precision the profile of a calibrated reflective grating which in turn allows us to accurately 

determine the change in the semi-width of the beam transmitted thorough the sample. In 

this way we achieve to obtain plots of glucose concentration as a function of the index of 

refraction of the samples. 

Furthermore, we have shown how a single Gaussian probe beam carries enough 

information of the physical phenomenon to allow us to give a general classification of the 

concentration of transparent solutions. 

We extended our technique for measuring glucose concentration in turbid media samples 

that simulates optical properties of biological. For the moment being our theory is limited 

to solutions whose refractive index increases with concentration. 

Our technique exhibited sensitivity high enough to allow us to provide evidence on 

the applicability of our technique with a real biological tissue. We showed that, although 

the biological tissue is highly dispersive, the system is still capable of recording the grating 

profile of the calibrated grating with reasonable accuracy, making it apparent the usefulness 

of our technique for the case of biological samples. It is important to remark that for the 

case of real biological samples it still remains the necessity of finding a method that allows 

us to calibrate the system if the sample under test is an unknown one. More research is 

necessary in this direction. 
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a b s t r a c t

We show how the defocusing properties of Gaussian beams can be used to measure the refractive index
of solutions in thin transparent samples (less than 2 mm). Additionally, it is possible to predict
analytically the shape of the plot for the refractive index as a function of concentration in any range.
Our theory is limited for substances whose refractive index increases with concentration. The thin
sample is placed between the focusing lens and its back focal plane and the system is adjusted to best
focusing conditions. As a result, changes of the refractive index of the sample cause variations of the size
of the focused beam. To measure with high accuracy the size of the beam we use the homodyne knife-
edge profilometer while profiling a calibrated holographic reflective grating. The recorded vertical
heights of the grating provide statistical data for improving even more the accuracy of the measure-
ments. We demonstrate that the sensitivity of the system is a function of the pitch of the grating allowing
selecting the range of interest. We apply our method for glucose liquid solutions. We include analytical
description of our method and experimental results.

& 2013 Published by Elsevier B.V.
1. Introduction

Calculating accurately the refractive index of solutions is of
major importance. Additionally, it is very significant to accurately
know the analytical dependence of the refractive index as a
function of concentration. However, for the best of our knowledge
the techniques reported relay only in describing the methodology
of the measurements and the corresponding range of applicability
and there is no an analytical model which may be used to predict
physically the peculiar shape that exhibits the plot of the refractive
index as a function of concentration for liquid solutions. Moreover,
by reviewing the literature one can find discrepancies of the
reported plots, especially for glucose [1–5]. Then, although the
method reported here can be applied to any transparent sub-
stance, we concentrate our experimental section to the case of
glucose in thin liquid samples due to its inherent importance.

Glucose measuring techniques may be divided into two ranges,
high and low concentrations. Low concentration techniques that
are necessary for the satisfactory production of 2,3-BDO using DNS
and GRAS methods can be found in [6,7]. To measure low glucose
concentration elaborated techniques must be applied; for example
surface-plasmon resonance (SPR) [8–11] and fiber optics techni-
ques [12,13]. The referred techniques require large samples and, as
mentioned, are focused solely in describing the measurements and
lsevier B.V.
the range of applicability, therefore an overall physical model
cannot be inferred. In what follows we describe how our theory is
applied for measuring refractive index as a function of glucose
concentration and we show how it can be applied to give an
overall description of the behavior.
2. Analytical description

2.1. Gaussian beam propagation

To analyze our proposal we will refer to Fig. 1 in which a
Gaussian beam emerging from a laser of wavelength λ, focused by
a lens at its back focal plane is depicted. The thin sample is placed
in the optical path. The width of the sample is exaggerated in the
drawing for the description. For simplicity and without loss of
generality our calculations are one-dimensional. The overall pro-
pagation consists of six propagations. First, the beam is propagated
a distance z0 towards the focusing lens and a focusing quadratic
phase due to the lens is introduced. Second, the convergent beam
is propagated a distance z1 just before the left face of the
container. Third, the light propagates inside the glass a distance
z2 with a refractive index n. Fourth, the beam travels through the
solution a distance z3 in a mediumwith a refractive index nS. Fifth,
the light propagates inside the glass with a refractive index n a
distance z4. Finally, the beam propagates a distance z5 up to the
back focal plane.

www.sciencedirect.com/science/journal/00304018
www.elsevier.com/locate/optcom
http://dx.doi.org/10.1016/j.optcom.2013.07.007
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Fig. 1. Schematic representation of the Gaussian beam propagation.

Fig. 2. nS as a function of r6. Dots correspond to calculations obtained by
diffraction. The solid line is the fitted curve.
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To simplify the calculations we consider that the focusing lens
is an ideal one, so it only introduces a quadratic phase and it is
placed at the vertical axis, x1.

For a more realistic modeling we are considering the width of
the glass walls of the container as follows. x2 and x3 are the axes of
the left wall (outer and inner faces, respectively); x4 and x5 will
refer to the right wall (inner and outer, respectively). x6 is the
coordinate at the focal plane.

The Gaussian beam distribution at the output of the laser at x0
can be represented as,

Ψ0ðx0Þ ¼ A0exp � x20
r20

 !
; ð1Þ

where A0 is a constant amplitude and the exponential gives the
Gaussian behavior; r0 is the beam semi-width and x0 represents
the coordinate of the plane at the output of the laser.

The field distribution at plane x1, just before reaching the lens,
is calculated using the Fresnel diffraction integral as follows,

Ψ1ðx1Þ ¼
expði 2π z0=λÞffiffiffiffiffiffiffiffiffiffi

iλ z0
p Z 1

�1
A0exp � x20

r20

 !
exp

i π
λ z0

ðx0�x1Þ2
� �

dx0:

ð2Þ

Eq. (2) can be solved exactly obtaining

Ψ1ðx1Þ ¼ A1exp � x21
r21

 !
expði β1x21Þ; ð3Þ

where,

A1 ¼
expði 2π z0=λÞffiffiffiffiffiffiffiffiffiffi

iλ z0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π r20 λ z0

λ z0�iπ r20

s
; ð4aÞ

r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 z20 þ π2 r40

q
π r0

; ð4bÞ

β1 ¼
π

λ z0
1� π2 r40

λ2 z20 þ π2 r40

 !
: ð4cÞ

In the above equations A1 represents the complex amplitude of
the beam at the left of the lens (just before reaching the lens). r1 is
the semi-width of the beam. β1 is the constant in the quadratic
phase of Eq. (3) that in this case is divergent.

In order to calculate the subsequent propagations straightfor-
wardly, we notice that the set of Eqs. (4a)–(4c) can be used
recursively. Before doing this, the quadratic phase of the lens has
to be considered. Thus, β1 has to be updated as β1�π=λ f , being f
the focal length of the lens.
Using the recursive set of equations we obtain for the semi-
width up to the back focal plane

r6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 z25 þ r45ðβ5 λ z5 þ πÞ2

q
π r5

: ð5Þ

In Eq. (5) β5 and r5 have to be calculated by their preceding
values.

To apply the above equations to our system we now calculate
the best focusing conditions that correspond to the minimum
possible value of r6. For this, the value of z5 is varied in a narrow
vicinity around the back focal plane until r6 reaches a minimum
which in our case is set to 1 μm to match with our experimental
setup. To perform these calculations we used z3¼1.2 mm and
λ¼632.8 nm. Our initial condition corresponds to zero glucose
concentration consisting of purely tri-distilled water at 25 1C with
a refractive index of 1.3312 which is known by other means.

Once adjusted our theoretical system, with the above equations
we tabulated ns against r6.

It is possible to fit an equation to the tabulated data. We find,

nS ¼ 1:3313þ 41:84ðr6�1� 10�6Þ0:5881 ð6Þ

where nS stands for the refractive index of the solution. Fig. 2
shows a plot of the tabulated data (dots) and the fitted by Eq. (6)
(solid line).

Fig. 2 is the key of our defocusing proposal. It reveals an
important physical effect. Around the optimal focusing conditions
(in our case to r6 ¼ 1 μm, nS ¼ 1:3312) large variations of nS result
in small variations of r6. This is because the size of the Gaussian
beam remains approximately collimated over the beam waist
region which corresponds to the Rayleigh range. Further incre-
ments of the refractive index cause larger variations of the
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Fig. 3. Qualitative nS as a function of c for a hypothetical solution as described in
the text.
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semi-width now outside the Rayleigh range. The plot of Fig. 2
resides in the Rayleigh region and extends into a small region
outside it.

It is now necessary to find how the refractive index is related to
the concentration of the solution, which hereafter will be denoted
as c. For this we first find qualitatively how cdepends on r6. We
will limit our discussion to substances where ns increases with c,
as follows.

First, when the concentration is low, it is reasonable to expect
linearity between c and r6. Increments of c will only cause small
increments of r6 as we reside into the Rayleigh region. Further
increasing c, at this time outside the Rayleigh region, will cause
larger increments of r6 (now not necessarily linear), until the
solution approaches saturation which will cause r6 to approach
asymptotically to a certain finite value. This physical behavior can
be represented by three regions which we denote accordingly as
the Rayleigh region, the free region and the saturation region or
equivalently regions I, II and III.

For each region it is possible to propose qualitatively a relation
of r6 as a function of c. This relation is to be substituted in Eq. (6).
In Fig. 3 we show qualitatively the shape of the expected plot for a
hypothetical solution which includes the three regions.

To demonstrate experimentally our previous theory we per-
formed measurements with glucose solutions at low concentra-
tions (less than 10 g/dl or equivalently less than 10%), falling in a
small vicinity between regions I and II. Additionally, as we are in a
region of low concentration we expect a linear dependence of r6
against c of the form,

r6ðcÞ ¼ K1 þ K2 c; ð7Þ
where the positive constant values Km; m¼ 1;2 must be deter-
mined experimentally for each particular substance. In our experi-
mental section we verify this assertion.

In our experiments, the semi-width has to be measured with
high accuracy, thus, we take advantage of the homodyne knife edge
detector (KED) which results appropriate for our purposes. For
convenience the KED is briefly described in the next subsection.

2.2. Homodyne knife-edge detector for measuring the semi-width
variations

In this subsection, we show how the KED [14,15] is used to
perform the detection of the semi-width of the focused beam to
measure glucose concentration. The setup is illustrated in Fig. 4.

A polarized He–Ne laser beam (λ¼ 632 nm) is focused on the
surface under test (SUT) which in our case is a calibrated holographic
reflective grating. The focusing lens (L) is a 100� microscope
objective with a working distance of 1 cm allowing the properly
placement of the sample. The probe beam, reflected by the grating, is
sent for detection by means of a beam splitter (BS) to a half-blocked
photodiode. As depicted in Fig. 4 the sample is placed between the
focusing lens and the SUT, in concordance with Fig. 1. An attenuator
(A) is included to avoid damaging the grating due to excessive
heating. A flexure mode piezoelectric transducer (PZT) vibrates the
grating at approximately 10 Hz with small amplitude δ0 in the x-
direction as depicted and it is also used to mechanically scan the
grating at a slow rate in the same direction. A lock-in amplifier is
used to generate the vibration and to detect the AC signal from the
photodiode. A personal computer (PC) adds the scanning signal and
communicates with the lock-in by GPIB to automate the
measurements.

The walls of the glass container should be parallel to avoid
some deflection of the beam that can slightly affect the measure-
ments. For this purpose, we constructed containers made of thin
glass (0.13 mm), with dimensions 5.0�5.0�1.2 mm3, where the
light path is along the 1.2 mm width. One advantage of our
proposal is that the system can work with small samples however
as a preliminary experiment our container is large because it was
handmade.

As shown in [14,15], the AC power collected by the half-blocked
photodiode is given by,

Poutðx6; y6Þ ¼�i
8P0

λr26
δ0

Z 1

�1

Z 1

�1
exp �2

ðx�x6Þ2 þ ðy�y6Þ2
r26

 !

�erf i
x�x6
r6

� �
∂
∂x

hðx; yÞ dx dy; ð8Þ

where hðx6; y6Þ represents the profile of the SUT considered in a
plane ðx6; y6Þ. This coordinates are chosen to be compatible with
Fig. 1. P0 is the beam power which is constant. The semi-width of
the Gaussian probe beam (r6) is focused at ðx6; y6Þ. In Eq. (8) the
partial derivative of the height distribution appears as a conse-
quence of a first order expansion due to the vibration of the SUT
with small amplitude δ0 as described in [14,15]. erf ðÞ is the error
function and i¼

ffiffiffiffiffiffiffiffi
�1:

p
The parameters x; y are meaningless and are

used solely for the integration.
The integral in Eq. (8) represents the convolution of two

functions. One function is the derivative of the vertical height
distribution of the SUT. The second function is the impulse
response of the system, namely,

ℜðx6; y6Þ ¼�i
8P0δ0
λr26

exp �2
x26 þ y26

r26

 !
erf i

x6
r6

� �
: ð9Þ

Eq. (8) will now be used to describe the behavior of the output
power as a function of defocus when profiling a sinusoidal
reflective grating. In this case, hðx; yÞ can be expressed as

hðx; yÞ ¼ h0 1þ sin
2π
Λ

x
� �� �

; ð10Þ

where Λ is the period in the x-direction and h0 is the height
amplitude of the grating. After performing the integral given in
Eq. (8), we obtain the detected power as,

Poutðx6; y6Þ ¼
8π2δ0
λΛ

P0 exp � π2r26
2Λ2

� �
erf

π r6ffiffiffiffiffiffi
2Λ

p
� �

h0 sin
2π
Λ

x6

� �� �
:

ð11Þ
Eq. (11) shows explicitly that the detected power is a function

of the horizontal spatial coordinate x6, it is independent of y6 and
is proportional to the local vertical height of the grating under test.
The power depends also on r6 and on the period of the grating Λ.
The vertical amplitude profiles are obtained by scanning a small
region of the grating.
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Fig. 4. Homodyne KED profilometer for measuring r6.

J. Cervantes-L et al. / Optics Communications 309 (2013) 108–113 111
Initially the system is adjusted to the best focusing conditions
for zero concentration ðr6 ¼ 1 μmÞ. Under this condition, increas-
ing c will increase r6 and this in turn will cause a decrease of the
vertical amplitude recorded according to Eq. (11). Fig. 5 shows
plots for a decrease in 75 and 50% of the vertical amplitude
normalized with respect to best focused. The respective values of
r6 are 1.08 and 1.19 μm for the 600 l/mm grating and 1.47 and
1.81 μm for 300 l/mm, respectively.

These results demonstrate that the sensitivity of the system can
properly be adjusted by only selecting the grating pitch. In the
next section we give experimental results.
Fig. 5. Decrease of the vertical amplitudes as a function of defocus as described in
3. Experimental results

To illustrate our proposal the systemwas tuned at two different
sensitivities for concentrations below 10%,
the text.
a)
 For glucose concentrations from 0 to 1.25 g/dl in steps of 0.25 g/dl.
In this case a grating of 600 l/mm was used.
b)
 For concentrations between 1.5 and 7.5 g/dl in steps of 1.5 g/dl,
a grating of 300 l/mm was used.

For each grating the experimental process was as follows. The
system was adjusted to obtain the best focusing conditions with
the sample of zero concentration and then a region of the grating
was scanned and recorded. After that, a known amount of glucose
was poured into the container and the mixture was left to settle.
Then, the same region of the grating was scanned again. The
process was repeated for each new glucose concentration. The
repeatability of the measurements was verified by scanning
several times the same region. In each scan 200 pixels were
recorded. Instead of determining the concentration using only
one local height of the grating, higher accuracy is obtained
calculating the rms of the overall height distributions. The solution
was prepared with clinical glucose patron commercially available
and care was taken to assure that the transmittance of the sample
remained constant. All the measurements were made at constant
temperature of 25 1C. Every measurement took approximately
1 min. Fig. 6 shows plots of the normalized vertical amplitudes
for different glucose concentrations. Fig. 6a) is for concentrations
in the range between 0 and 1.25 g/dl in steps of 0.25 g/dl. Fig. 6b)
is for concentrations in the range between zero and 7.5 g/dl in
steps of 1.5 g/dl. In both figures smaller amplitudes correspond to
higher concentrations.

As it can be noticed from Fig. 6, as the glucose concentration
increases the vertical amplitude decreases in agreement with
Eq. (11). We want to remark that the homodyne KED can detect
subsurface features and were filtered out as in our calculations are
not required. Fig. 7 shows plots of the rms values that correspond
to the measurements depicted in Fig. 6.

With the above results we estimate that the minimum step of
glucose concentration that can be detected with the grating of
600 l/mm is approximately 0.06 g/dl and 0.25 g/dl for the 300 l/mm
grating. By using a laser with a shorter wavelength will allow using
gratings with higher spatial frequencies giving the possibility of
recording lower values of concentrations.

With the results obtained with the two gratings we get an
overall plot of r6 as a function of c, which as mentioned resides in a
vicinity around regions I and II. The plot is shown in Fig. 8. The
corresponding fitted curve is included.

The fitted equation obtained is given as,

r6ðcÞ ¼ 1:051� 10�6 þ 1:024� 10�7 c; ð12Þ
where c is measured in g/dl and r6 is measured in meters. This
equation is in agreement with the one predicted theoretically in
Eq. (7) and its plot is shown in Fig. 8.
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Fig. 6. Experimental normalized vertical amplitude for the two gratings (a) 600
and (b) 300 lines/mm. The corresponding concentrations are described in the text.

Fig. 7. Plots of the rms for the normalized vertical heights corresponding to Fig. 6
for (a) 600 and (b) 300 lines/mm pitches as a function of glucose concentration.
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Substituting Eq. (12) in (6) we obtain,

nSðcÞ ¼ 1:3312þ 41:841ð0:051� 10�6 þ 1:024� 10�7 cÞ0:5881;
ð13Þ

Eq. (13) shows that for small values of concentration a linear
relation is obtained as a function of the refractive index as was
predicted in our theoretical description.

The plot in Fig. 9, obtained with Eq. (13), shows the overall
behavior of nS as a function of c. The plot resides in region I and
extends slightly into region II. It is important to notice how the
pitches of the gratings were tuned to construct each particular
region of the overall plot. The system can be tuned to other regions
by using gratings with other pitches.
Fig. 8. Experimentally obtained r6 as a function of c. The region with squares was
obtained with the 600 l/mm grating and the circled with the 300 l/mm. The solid
line corresponds to the fitted equation.
4. Conclusions

We have applied defocusing properties of Gaussian beams to
measure the refractive index as a function of the concentration in
thin transparent samples. We first calculated theoretically the
propagation of the beam across the system to find an equation that
relates the refractive index as a function of defocus. With this
general equation we constructed the theoretical basis and found
three regions that describe the overall shape of the corresponding
plot between them in any range. As the method is based on
measuring accurately the defocus caused by variations in the
sample concentration we took advantage of the homodyne knife
edge detector while profiling a calibrated reflective grating. Our
proposal may be useful to avoid or alleviate discrepancies found in
the literature of curves reported for different substances, espe-
cially for glucose. Our theory is limited to substances whose
refractive index increases with concentration.
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Fig. 9. ns as a function of c, obtained with Eq. (13) for λ¼632.8 nm.
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a b s t r a c t

We show that it is possible to measure glucose concentration in a thin sample containing a turbid
medium that simulates optical properties of biological tissue by recording the profile of a sinusoidal
reflective grating by means of a laser Gaussian beam. We have described a similar approach for the case
of transparent samples in a previous report. Although due to the turbidity of the sample the laser beam
is scattered, we show that the probe beam is still sensitive enough to allow the detection of the grating
profile. We describe how the changes recorded by the system, when profiling a region of the grating,
allow us to determine the concentration of glucose in the turbid medium. We include experimental
results.

& 2014 Published by Elsevier B.V.

1. Introduction

Measurement of glucose concentration in thin turbid media
representing optical scattering properties of biological tissue is
of major importance. These samples are typically prepared by
means of phantoms containing intralipid or nanospheres [1–5].
Techniques to determine glucose concentration in these samples
can be classified mainly in two: by transmitted and/or reflected
light. When reflective light is used, the techniques are mainly of
the type of optical coherence tomography (OCT), refractometric
methods and Raman spectroscopy polarization [6–10]. These
techniques generally exhibit low sensitivity (signal-to-noise-ratio)
thus, requiring high glucose concentrations [8], resulting in impre-
cise values that require statistical algorithms to improve the
estimation of the measurements. In contrast, techniques that use
transmitted light are mainly based on the photo-acoustic effect (PA)
[9,11–16]. However, the PA signal can vary between measurements,
meaning that differences of PA signal can be affected by other
factors such as physiological change, temperature and mechanical
stability of the sample [13].

In [17] we have described an optical technique for measuring
glucose concentration in thin transparent samples. In this report
we extend the referred optical technique to measure glucose

concentration in a turbid medium that simulates optical scattering
properties of biological tissue.

Phantoms made of 1% intralipid solution are commonly used
for experiments that simulate optical scattering properties of
biological tissue [18–20]. Our sample has a higher concentration
(2.5%) to demonstrate the usefulness of our pure optical techni-
que; this concentration gives optical properties that fall within the
range of human breast and skin tissue [21,22]. The maximum
width of our sample may be up to 5 mm. Our technique consists in
profiling a calibrated reflective grating using a Gaussian probe
beam transmitted through the turbid sample. In the next sections
we describe our proposal and give our experimental results.

2. Analytical description

Fig. 1 depicts the experimental setup which is based on the
homodyne knife-edge detector (KED) [23,24] as done in our
previous report for transparent samples [17]. For convenience we
briefly describe KED.

The illuminating source is a non-polarized He–Ne laser beam
ðλ¼ 632 nmÞ. The laser beam is directed towards a beam splitter
(BS). The beam reflected by BS is transmitted through a focusing
lens (L) and directed towards the surface of the grating through
the turbid sample (S). The reflective grating is a commercially
available holographic grating with a sinusoidal profile. The beam
reflected by the grating propagates again through the sample and
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through the focusing lens and is directed to a photodiode (PD)
partially blocked by a knife-edge (KE). The turbid sample is in a
glass container with dimensions 5.0�5.0�5.0 mm. An attenuator
(A) limits the incident power light at the surface under test to
avoid damaging of the grating surface due to excessive heating.
The focusing lens is a 100� objective microscope, with 1 cm
working-distance to allow the placement of the sample. Initially,
the lens and the grating are adjusted to focus the Gaussian beam
when the sample is a liquid transparent medium as described in
[17]. When the transparent sample is replaced by the turbid one,
the transmitted light is scattered; we show below that the lens is
still useful under this condition, allowing us to detect the grating
profile.

In [23,24] it is shown that, when the sample is not placed in the
optical path, or equivalently, when the sample is a virtual one with
refractive index equal to one the power collected by the photo-
diode is given by,

Poutðx0; y0Þ ¼ � i
8 P0

λ r20
δ0
Z 1

�1

Z 1

�1
exp �2

ðx�x0Þ2þðy�y0Þ2
r20

 !

�erf i
x�x0
r0

� �
∂
∂x
hðx; yÞdxdy; ð1Þ

where hðx; yÞ represents the surface profile of the grating con-
sidered in a plane ðx; yÞ, P0 is the beam power which is constant.
The semi-width of the Gaussian probe beam is represented by r0
and focused at ðx0; y0Þ, λ is the wavelength of the illuminating
source. In Eq. (1) the partial derivative of the height distribution
appears as a consequence of a first order expansion due to the
vibration of the grating, with small amplitude δ0 as described in
[23,24]. erf ð Þ is the error function and i¼

ffiffiffiffiffiffiffiffiffi
�1:

p
It is possible to

calculate the double integral in Eq. (1) in a closed form, taking into
account that hðx; yÞ represents a one-dimensional sinusoidal func-
tion with period Λ, we obtain,

Poutðx0; y0Þ ¼
8π2δ0
λΛ

P0exp �π2r20
2Λ2

� �
erf

π r0ffiffiffi
2

p
Λ

� �
h0 sin

2π
Λ
x0

� �� �
:

ð2Þ

Eq. (2) demonstrates that the power collected by the photo-
diode is proportional to the local vertical height of the grating, the
term in square brackets. Thus, in order to record the vertical
profile over a determined region, it is necessary to perform a
linear scan.

A plot of Eq. (2) for the two different gratings used in our
experiments, 600 and 300 lines/mm is depicted in Fig. 2 for a
constant local vertical height.

It can be noticed from Fig. 2 that for both gratings the
amplitude of the detected power decreases for r041 mm. In our
experiments larger semi-widths are attained.

Eq. (2) is the key of our proposal; however, before describing
how it is applied to determine glucose concentration in turbid
media, it will be useful to refer to our previous report [17]
for measuring glucose concentration in thin transparent samples.
In the referred report it is described that a linear relation between
the semi-width and the concentration is expected for low
concentration values, as the beam is well focused, and the surface
under test is in the Rayleigh region where small changes result
linear. Experimentally, it was shown in the reference, that for a thin
transparent sample (o5 mm) increasing glucose concentration ðcÞ
of the sample results in a linear increase of r0; this linear relation
holds well in a range up to 10 g/dl. It should be noticed however,
that a linear function between r0 and c, does not imply a linear
relationship between the detected power and c as stated by Eq. (2).
When a turbid media substitutes the transparent media, as it will
be seen below, a linear relationship is found, contrary to the
transparent case.

The measuring procedure is as follows. First, the system is
adjusted to best focusing conditions with a sample with zero
glucose concentration (smallest r0 value). Then, a scan of a region
of the grating is recorded. Next, the same region of the grating
is recorded for different glucose concentrations. As indicated, increas-
ing c in the sample results in a linear increase of r0; thus, due to the
exponential term in Eq. (2) the heights of the vertical profiles
recorded will decrease. This effect can be appreciated in the plot of
Fig. 2.

Eq. (2) further shows that the collected power is also a function
of the period of the grating Λ.

Its effect can be visualized in the following way. The system
is first adjusted to a minimum r0 for c¼0. Then, as indicated, as in
our case r041 mm, the recorded profiles will exhibit maximum
height; increasing c will result in reducing the vertical heights of
the recorded profiles. Let us now consider two particular cases
of reducing the vertical profiles to 75 and 50% with respect to the
case c¼0. The 600 lines/mm grating will require defocusing values
of 1.08 and 1.19 μm respectively; these values correspond to
samples with concentrations of 0.3 and 0.9 g/dl respectively. In
contrast the grating of 300 lines/mm will require higher
defocusing, 1.47 and 1.81 μm, corresponding to higher concentra-
tions 4.5 and 7.5 g/dl [17]. Table 1 summarizes these results.
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Fig. 1. Experimental setup of the KED.
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Fig. 2. Normalized detected power as a function of r0 according to Eq. (2) for
gratings 600 and 300 lines/mm.
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It has to be remarked that the data in Table 1 is valid only for a
thin transparent sample as described in [17]. The purpose of this
table is illustrating how Λ permits tuning the sensitivity of the
system to a desired range of glucose concentration. Namely, to
determine low concentrations, a high pitch grating is necessary. In
contrast for measuring high concentrations a grating with a low
pitch is used.

It can be noticed that the detected power is not a linear
function of c, in contrast to the linear relation of r0 vs. c. We
remark that the data in Table 1 is valid only for the case of a
transparent sample. It will be seen below, that for a turbid media,
due to scattering r0 results much larger causing also a linear
relationship between c and the detected power.

Now, when the turbid sample is placed in the optical path as
depicted in Fig. 1, scattering of the beam occurs. In Fig. 3, we show
the normalized experimental profile recorded when the turbid
sample is placed in the optical path. For comparative purposes,
Fig. 3 also includes a normalized plot of the profile obtained when
the sample consists of pure transparent water with the same
width. For recording the profile when the turbid sample is placed
in the setup, it was necessary to increase the illuminating power of
the laser by 5 times (adjusting the attenuator) and also to increase
the gain of the amplifier 25 times as compared with the conditions
used with the transparent sample.

Fig. 3 demonstrates experimentally that for the thin turbid
sample it is possible to record the profile of the reflective grating
with reasonable accuracy. We conclude that appropriate condi-
tions remain for profiling the grating in the presence of the turbid
sample.

To proceed further, we must demonstrate that the system is
sensitive to glucose concentration independently of the inherent
optical parameters of the turbid medium. For this purpose we
took different concentrations of intralipid up to 2.5% in steps of
0.5%. With this set of intralipid concentrations we performed the

procedure described above for different glucose concentrations.
We found the same linear relation between the rms of the
recorded vertical profiles as a function of c for all the cases exactly
as in the case of the transparent sample. This result shows that the
system is sensitive to changes in glucose concentration indepen-
dently of the optical properties of the turbid sample.

Approximate values of the optical parameters of the phantoms
used in our experiments are given in Table 2.

In the next section we give experimental results for glucose
determination.

3. Experimental results

In this section we describe the results for the maximum
concentration conducted in our experiments which consisted of
a 2.5% intralipid prepared from a 20% stock solution commercially
available. Its estimated optical parameters are given in Table 2.
Known amounts of glucose were added to the solutions as
described below.

The systemwas tuned at two sensitivities in the following way:
For glucose concentrations less than 1 g/dl we used a grating of
600 lines/mm. For concentrations greater than 1.5 g/dl we used a
grating of 300 lines/mm.

The experimental procedure was as follows. First, the sample of
2.5% intralipid with zero glucose concentration was placed in the
optical path between the focusing lens and the grating as depicted
in Fig. 1. Its absolute position is irrelevant as shown in [17]. The
grating position was adjusted until a maximum vertical height
profile was obtained. This adjustment corresponds to zero glucose
concentration and best focusing conditions. This profile is taken as
a reference value and normalized.

Next, to obtain a relation of c as a function of the recorded
vertical heights, known amounts of c were added to the intralipid
sample. Care was taken in maintaining the same intralipid con-
centration. Then, the same region of the grating was scanned
again. The process was repeated for each new glucose concentra-
tion. Additionally the sensitivity of the system was selected by
replacing the pitch of the grating as described above. The mea-
surements were made at constant temperature of 25 1C.

Fig. 4 shows plots of the reflection profile of the gratings
recorded by the system for different glucose concentrations, where
the plot of zero glucose concentration has been normalized. Fig. 4a
is for concentrations in the range between 0.0 and 1.0 g/dl in steps
of 0.25 g/dl. Fig. 4b is for concentrations in the range between
0.0 and 7.5 g/dl in steps of 1.5 g/dl. In both figures the amplitude of
the profiles decreases with concentration.

Fig. 4 indicates that steps of 0.25 g/dl can easily be distin-
guished with the grating of 600 lines/mm and steps of 1.5 g/dl
with the 300 lines/mm. The resolution can be highly improved by
calculating the rms values of the overall profiles instead of using
the local vertical heights.

Table 1
Experimental glucose concentrations and defocusing required for diminishing in 75
and 50% of the maximum amplitude for both gratings: 600 and 300 lines/mm, for a
thin transparent sample as reported in [17].

Decreasing
amplitude (%)

Glucose concentration c
(g/dl) Λ600=Λ300

Semi-width r0 (μm)
Λ600=Λ300

75 0.3/4.5 1.08/1.47
50 0.9/7.5 1.19/1.81
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Fig. 3. Normalized grating profiles recorded with the KED for the turbid and
transparent samples on the conditions described in the text.

Table 2
Set of used intralipid concentrations and their corresponding optical parameters
estimated from [21,22,25].

Intralipid
concentration
(%)

Scattering
coefficient μs
(cm�1)

Reduced
scattering
coefficient μ0s
(cm�1)

Anisotropy
coefficient
g

Absorption
coefficient μA
(cm�1)

0.5 5.0 1.0 0.8 0.6
1.0 12.0 2.5 0.8 0.6
1.5 20.0 4.0 0.8 0.7
2.0 30.0 6.0 0.8 0.7
2.5 40.0 8.0 0.8 0.75
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Fig. 5 shows plots of the experimental rms values of the
recorded vertical heights as a function of c. The solid lines
represent the fitted linear curves given by Eqs. (3-a) and (3-b)
given below.

The fitted linear equations are given as,

rms600 ¼ �0:2910cþ0:7214; ð3� aÞ

rms300 ¼ �0:0559cþ0:7195; ð3� bÞ
where rms600 and rms300 are the rms values of the profiles for 600
lines/mm and 300 lines/mm gratings correspondingly and c is
given in g/dl.

According to Table 1 a non-linear response between the
detected power and c is obtained for the transparent medium in
contrast to the case of the turbid medium as stated by Eqs. (3-a),
(3-b). This is due to scattering which highly widens the beam.
Thus, changes in c will induce very small relative changes in r0
compared with the transparent case. Graphically, this corresponds

to a very small region of the plot of Fig. 2 around a large value of r0
giving a linear response. Although the signal is very small, as it
can be seen in Fig. 3, KED has a very high sensitivity making it
appropriate to perform the detection of glucose concentration.

To further increase the sensitivity to lower concentrations,
gratings with higher spatial frequencies can be used; this in turn
will require using a laser with a shorter wavelength. However,
the scattering coefficient increases slightly and this has to be
considered.

To test our system with a real biological sample, we conducted
the following experiment: a small portion of chicken skin taken
from a leg without any preparation was held by its peripheral edge
and left to dry naturally for several hours. The geometrical
thickness was approximately 1 mm. The sample was placed in
the optical path of the system as depicted in Fig. 1. A plot of the
grating recorded through the skin-sample is shown in Fig. 6.
Additionally, for comparative purposes the same region of the
grating is also plotted for different concentrations of intralipid. In
order to have a one-to-one comparison, we set the attenuator to
appropriate conditions to get approximately the same vertical
heights. Some undesirable features on the profile obtained with
the chicken skin due to the highly scattered beam can be
appreciated and are irrelevant as can be filtered out of the profile.
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Fig. 4. Experimental normalized vertical amplitudes for the two gratings for
different glucose concentrations. (a) Profiles of the 600 lines/mm grating for
concentrations between 0.0 and 1.0 g/dl in steps of 0.25 g/dl. The highest profile
corresponds to 0.0 g/dl. The lowest profile corresponds to 1.0 g/dl. (b) Profiles for
the 300 lines/mm grating for concentrations between 0.0 and 7.5 g/dl in steps of
1.5 g/dl. The highest profile corresponds to 0.0 g/dl. The lowest profile corresponds
to 7.5 g/dl.
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Fig. 6 clearly shows that it is still possible to recover the grating
profile, making apparent the usefulness of our technique when
using real biological samples. Although we do not have precise
information of the optical parameters of the chicken skin,
based in [26], the parameters are within the following ranges:
10.85oμ0

so21.42 cm�1, 0.16oμao0.59 cm�1 and 0.7ogo0.9.
The experiment was carried out using the 300 lines/mm grating. It
was not possible to obtain the profile with the 600 lines/mm
grating with the power available from our laser which is 3 mW.

Finally, we found experimentally that for a 5 mm sample width,
a concentration of 3% of intralipid is the upper limit that allows us
detecting the grating. Using higher power and/or infrared light
should enhance the penetration depth.

It is important to remark that our proposal requires calibrating
the system with a sample of zero glucose concentration before
performing the measurements. This limitation can possibly be
overcome taking advantage that the system has a linear response
as a function of glucose concentration, being independent of the
scattering and absorption properties of the medium. Thus, if a
relationship of the optical properties between different media
could be obtained by other means, it would be sufficient to
calibrate only one medium; future research in this direction is
necessary, taking into account the length of the turbid media.

Before finishing this report we provide a brief comparison of
our technique with other methods: first, from Fig. 5 we can notice
that for the 600 lines/mm grating a change of 0.5 g/dl results in a
change of approximately 15% in the detected signal. For the 300
lines/mm grating, used for high concentration measurements, the
same glucose change results in a change of approximately 3%. For
comparison, in the polarization state of backscattered laser light
technique [11] the corresponding signal change is 2% and for an
OCT technique [6] is 4%. Furthermore, it should be noticed that the
mentioned techniques cannot be tuned to a region of interest as is
the case of our technique.

4. Conclusions

We have shown that it is possible to record the profile of a
sinusoidal reflective grating by means of a laser Gaussian beam that
has been transmitted through a thin sample that contains a turbid
medium of an intralipid solution. This solution simulates optical
properties of biological tissue. An analytical expression relating the
vertical height profile of the reflective grating measured by the
system as a function of glucose concentration in the turbid medium
was obtained. In this way it is possible to calibrate the system to
determine glucose concentration in thin turbid media with high
repeatability. To show the performance of our technique using real
biological samples, we performed measurements with a sample of
chicken skin taken from a leg without any preparation. The system
was capable of recording the grating profile for this sample with
reasonable accuracy, making apparent the usefulness of our techni-
que for real biological samples.
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Fig. 6. Comparison of the grating profile recorded with the KED for a chicken skin-
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1.5, 2.0 and 2.5%. The gain of the amplifier and the attenuator were adjusted to
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We demonstrate that it is possible to measure the local geometrical thickness and the refractive index of a
transparent pellicle in air by combining the diffractive properties of a Gaussian beam with the analytical
equations of the light that propagates through a thin layer. We show that our measurement technique is
immune to inherent piston-like vibrations present in the pellicle. As our measurements are based on
characterizing properly the Gaussian beam in a plane of detection, a homodyne technique for this pur-
pose is devised and described. The feasibility of our proposal is confirmed by measuring local geometrical
thicknesses and the refractive index of a commercially available stretch film. © 2014 Optical Society of
America
OCIS codes: (070.0070) Fourier optics and signal processing; (070.7345) Wave propagation;

(120.0120) Instrumentation, measurement, and metrology; (120.3940) Metrology; (310.0310) Thin films;
(310.6860) Thin films, optical properties.
http://dx.doi.org/10.1364/AO.53.002267

1. Introduction

Measuring locally the geometrical thickness and the
refractive index of transparent pellicles in air (which
are commercially available in thicknesses from 2 to
200 μm) represents a difficult task because of an
inherent and incessant vibration present on the
pellicle. At first impression, onemay think that inter-
ferometric techniques, which lead to nanometric res-
olutions on films, deposited on some kind of substrate
[1–5] could be used. However, when the pellicle is set
in air and supported at its peripheral edge, its
center undergoes a piston-like continuous vibration
even in a controlled ambient. Thus interferometric
techniques cannot be used, as the fringe pattern
will constantly vibrate, resulting in erroneous
measurements.

An approach that avoids using interferometric
techniques to alleviate the problem mentioned above
can be found in [6]. The sample under test is placed
between two polarizers. Light is directed to the pel-
licle through one of the polarizers while it is tilted at
different angles to be analyzed by the light that is
transmitted through a second polarizer or analyzer.
The angle that subtends the pellicle with the optical
axis is the main parameter of the technique and has
to be calculated with high accuracy. The refractive
index and thickness of the sample are obtained by
mathematical relations based on measuring at some
specific angles. However, in the mentioned report the
problem of the random and incessant pellicle vibra-
tions that induce variations on the angle is not con-
sidered. These vibrations in turn, depending on the
distance of measurement, may introduce severe var-
iations in the readings.

In this work, we propose an alternative approach
that allows measuring locally the refractive index
and geometrical thickness of a pellicle in air. As
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shown below, our proposal results are basically im-
mune to the inherent vibrations of the pellicle. The
technique is based on the diffractive properties of
Gaussian beams. We demonstrate that the sample
can be placed in the path of a focusing beam where
movements of the pellicle do not affect the semi-
width of the beam at a plane of detection. We com-
bine the diffractive properties of Gaussian beams
with the analytical equations of the transmitted light
by a pellicle in air. As our technique requires meas-
uring the semi-width of the diffracted Gaussian
beam with high accuracy, we devised a homodyne
technique to improve the accuracy of our proposal.
In the next sections, we describe our analytical pro-
posal and give experimental results.

2. Analytical Description

In Fig. 1, a He–Ne laser beam is directed to a focus-
ing lens placed on a coordinate plane �x1; y1� at a dis-
tance z0 from the laser output. The lens is considered
very thin and large enough to allow focusing the in-
coming Gaussian beam without any visible trunca-
tion. Let zT be the distance from the �x1; y1� plane
up to a plane of observation with coordinates �ξ; η�.
As depicted, the pellicle under test (the dashed rec-
tangle in the drawing) is placed transversal to the
optical axis z. Let t be the geometrical thickness of
the sample that is exaggerated in the figure for
descriptive purposes; thus,

zT � z1 � t� z2; (1)

where z1 and z2 are the distances depicted in Fig. 1
that can be chosen arbitrarily, as it will be demon-
strated below.

The overall propagation of the Gaussian beam
through the system can be calculated by means of
the Fresnel diffraction integral [7]. For this, the laser
beam is characterized by means of its semi-width
and its divergence.

Let us consider a virtual pellicle, that is, a pellicle
with geometrical thickness t and refractive index
equal to one. For this condition we calculate the over-
all propagation from the laser up to the plane of

observation, and we plot the semi-width of the
Gaussian beam as a function of distance zT. These
calculations allow us to characterize all the parame-
ters involved in the propagation of the beam and are
adjusted with those obtained experimentally.

There is a value of zT in which the semi-width
exhibits a minimum; for brevity this value will be
referred as the best focusing distance and the
corresponding transversal plane will be the best
focusing plane.

As mentioned, for a full characterization of the
propagation of the beam, we performed the overall
propagation from the laser output up to the plane
of observation. For simplicity in the description of
our proposal this is not necessary; it is sufficient
to begin our description by considering the beam dis-
tribution just after the lens. For this, let us consider a
circular amplitude distribution of the Gaussian just
at the back surface of the lens as [8],

Ψ�x1; y1� � A exp
�
−

x21 � y21
r2

�
exp�iβ�x21 � y21��: (2)

In Eq. (2), A is a complex constant term, r is the
semi-width of the Gaussian beam, and β is the
corresponding coefficient of the convergent quadratic
phase.

The field given by Eq. (2) is propagated up to the
plane of observation. We obtain for the corresponding
semi-width �rA� at this plane [8]

rA � r
π

�����������������������������������������
�βλzT � π�2 � λ2

r4
z2T

s
: (3)

We emphasize that Eq. (3) corresponds to the case
of the virtual pellicle.

By maintaining zT constant, we now repeat the
same calculation for a pellicle with geometrical thick-
ness t and refractive index n. The semi-width rB is
now given as

rB � r
π

�����������������������������������������������������������������������������������������������������
βλ

�
z1 �

t
n
� z2

�
� π

�
2
� λ2

r4

�
z1 �

t
n
� z2

�
2

s
:

(4)

In writing Eq. (4), it has to be noticed that multiple
reflections on the boundary do not affect the semi-
width of the transmitted amplitude, as is typical
when using pellicle beam splitters. On the contrary,
the transmitted amplitude is drastically affected by
multiple reflections.

It will be noticed from Eq. (4) that exactly the same
value of rB can be obtained with an uncountable set
of samples that accomplishes

z1 �
t
n
� z2 � z01 �

t0

n0 � z02 � z001 �
t00

n00 � z002 � � � � : (5)

z1 z2

He-Ne Laser

x x1 ξ

zT

Plane of
observation

y y1 η

t

z

z0

Pellicle

Fig. 1. Focusing of a Gaussian laser beam through a transparent
pellicle in air by an ideal focusing lens. zT is fixed and chosen to
attain the best focusing conditions as described in the text. The
dashed rectangle represents the sample.
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As zT is fixed, combining Eq. (1) with Eq. (5) we
obtain

t
n − 1
n

� t0
n0

− 1
n0 � t00

n00
− 1
n00 � � � � : (6)

Equation (6) shows that the geometrical thickness
multiplied by the ratio of the refractive index dimin-
ished in one over the refractive index is an invariant,
provided zT remains constant, which in our case cor-
responds to the best focusing plane. Moreover, the
semi-width at the best focusing plane is independent
of the position of the pellicle, that is, independent of
the actual values of z1 and z2. This result demon-
strates that piston-like movements (back and forth)
of the pellicle under inspection do not affect the size
of the Gaussian beam under measurement. Let us
define an invariant factor F as

F � t
n − 1
n

: (7)

Equation (7) is the key in the calculations of the
refractive index and geometrical thickness of our pro-
posal described in Section 4.

From Eq. (4) it can be noticed that the value of t∕n
can be calculated by knowing rB. However n and t
cannot be calculated independently. To overcome this
problem, we additionally use the equation of the
power �P� transmitted by a pellicle in a homogeneous
medium. This is a well-known equation [9,10] and for
convenience is repeated here as

P �
�
4n0n1

M

�
2
; (8)

where n0 and n1 are the refractive indices of the
homogeneous medium and the pellicle, respectively,
and

M�

����������

1 −1 −1 0
−n0 −n1 n1 0

0 exp
�
−i2πλ n0n1t

�
exp

�
i2πλ n0n1t

�
−1

0 n1 exp
�
−i2πλ n0n1t

�
−n1 exp

�
−i2πλ n0n1t

�
−n0

����������
:

(9)

Equations (8) and (9) are valid for plane waves and
are applied here with reasonable accuracy, as the pel-
licle is preferable placed as close as possible to the
focal plane, in the Rayleigh zone, where the wave
is almost collimated.

Equations (8) and (9) will be combined with Eq. (4)
to fulfill the information needed. For this, it is
necessary to measure accurately the power of the
Gaussian beam transmitted by the pellicle. Actually,
what we require is the ratio of the power detected
when the pellicle is present divided by the power de-
tected without the pellicle. In turn, to measure the
power by integrating the intensity of the Gaussian

profile, it is necessary to measure with good accuracy
the semi-widths of the beams under detection. This is
done by means of a homodyne detector that is im-
mune to spurious light, harmonics, and undesired
DC components. In the following section, we describe
our homodyne detector, and in Section 4 we describe
its use in our proposal.

Before continuing with our description, we want to
remark that it is not necessary to actually measure
the geometrical distances depicted in Fig. 1 in the ex-
perimental setup. Instead of this, we use the homo-
dyne detector described in the following section to
characterize the overall experimental propagation
of the Gaussian beam. Now, we use the theoretical
setup of Fig. 1, which uses an ideal lens, and we
fix the corresponding parameters properly to match
both propagations. As both propagations coincide
everywhere, both the theoretical and the experimen-
tal propagations are the same. As a consequence,
when a thin sample is introduced in the focused
beam, between the lens and the plane of detection,
the theoretical model must also match with the ex-
perimental setup. In this way we have a model that
allows us to determine the properties of the sample
under study.

3. Homodyne Detector for Measuring the Semi-Width
of a Focused Gaussian Beam

In this section we describe our homodyne detector to
measure the semi-width of a focused Gaussian beam
with high accuracy and repeatability. Figure 2 de-
picts the setup. A He–Ne laser beam (λ � 632.8 nm)
is focused by means of lens (L) at the best focusing
plane where a knife edge is placed. The lens has a
working distance of 1 cm allowing the placement
of the sample. An attenuator (A) is included to avoid
damaging the optical components due to excessive
heating. A photo diode whose sensitive area is much
larger than the dimensions of the incoming beam is
positioned behind the knife edge. The sample is
placed between the focusing lens and the best focus-
ing plane.

The knife edge is fixed to a flexure piezoelectric
transducer (PZT) that vibrates the knife edge in a
plane transversal to the optical axis at a frequency
�f � of 10 Hz with small amplitude �δ0� of approxi-
mately 0.5 μm. A flexure type PZT is preferred as
it exhibits low tilt (less than 5 μrad) and high
resolution of about 2 nm.

LASER

FOCUSING LENS
             (L)    

ATTENUATOR
          (A)

PZT

  LOCK-IN
AMPLIFIERSAMPLE

       PRE 
 AMPLIFIER

PC

z1 z2

t

zT

PHOTO DIODE    

Fig. 2. Homodyne scanning system for determination of
Gaussian semi-widths.
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To describe how the vibrating knife edge allows us
to determine the semi-width of the Gaussian beam in
a homodyne way, we will consider the power collected
by the photodiode of Fig. 2 as

P � A
Z

∞

α
exp

�
−2

x2

r20

�
dx: (10)

Equation (10) represents the power collected by
the photodiode as it integrates the overall beam ex-
cluding the portion covered by the knife edge. A is a
constant scale factor, and the lower limit of the inte-
gral �α� represents the position of the knife edge.

Now, as the knife edge is vibrating, we can express
the lower limit as

α � x0 � δ0 cos�2πf t�; (11)

where x0 is the static position of the vibrating knife
edge. By substituting Eq. (11) in Eq. (10) and by per-
forming an expansion in power series of the resulting
equation, the linear term is of the form

Plinear�x0� � B exp
�
−2

x20
r20

�
cos�2πf t�; (12)

where B is a constant.
As the lock-in is tuned to the first harmonic, the

signal results proportional to the intensity Gaussian
profile evaluated at x0, as indicated by Eq. (12). To
obtain the overall profile, the knife edge is displaced
in plane to different x0 positions. In Fig. 3, plots of
Gaussian distributions obtained experimentally
are shown for the cases when the sample is present
and without it.

In our experiments, the intensity spot size without
the pellicle at the best focusing plane was approxi-
mately 2 μm. As the pellicle physically had to be
placed away from this plane, we estimate that the

pellicle was illuminated by a beam with a spot size
of about 20 μm. Thus, our measurements represent
a local value over this region. The corresponding
power is obtained by integrating the area under
the Gaussian distribution.

�Pair�, As all the parameters in the experiment are
maintained fixed, B remains constant between mea-
surements, allowing one to obtain the relative power
�Prel� as the ratio between the power when the
sample is placed �Pfilm�, referenced to the power
measured without the sample �Pair�,

Prel �
Pfilm

Pair
: (13)

Equation (13) represents a main parameter of our
proposal. In the following section, we describe how to
determine the geometrical thickness and refractive
index of a sample consisting of a transparent pellicle
in air.

4. Description of the Technique and
Experimental Results

Once the semi-widths have been accurately mea-
sured with the homodyne detector, we proceed to
assign to rA and rB in Eqs. (3) and (4) their corre-
sponding values. The parameters r, β, and zT were
previously characterized and calculated numerically
by means of the overall diffraction propagation of
the beam.

Next we propose arbitrary values to z1, z2, and n to
calculate its corresponding t value, taking care to ful-
fill with Eq. (1). In this manner, we have chosen one
of the uncountable sets of possibilities that match
with our experimental semi-width. With these val-
ues, we proceed in calculating the invariant factor
F given by Eq. (7) and the relative transmitted power
as given by Eq. (13).

At this point, it will be noticed that Eq. (8) contains
sinusoidal terms on n and t. This behavior is illus-
trated in Fig. 4, which shows a plot of the transmitted
power as a function of t calculated with the referred
equation. In this plot, the corresponding relative
power obtained experimentally is also included
and represented with a solid horizontal line. The val-
ues of t in the plot are obtained by varying n in a
range between 1.5 and 1.9 while maintaining fixed
F given by Eq. (7). In Fig. 4 circles correspond to
the intersection of the continuous possible powers
with the experimentally obtained relative power.

It will be noticed that the plot in Fig. 4 is not peri-
odic. This is a result of substituting Eq. (7) in Eq. (8),
with n substituted by n1.

As the only allowable values correspond to the in-
tersection of both plots represented by circles in
Fig. 4, now the set of possible geometrical thick-
nesses has been reduced to only 10 possibilities. It
is now necessary to discern which one corresponds
to the sample, and with the data available it is not
possible. As a consequence, we have devised the
following procedure.

-4 -2 0 2 4

0.0
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Fig. 3. Gaussian intensity distributions obtained experimentally
without the sample (solid line) and with the sample included
(dashed line).
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We displace the sample slightly to measure in a
neighbor spot. At this new position, we measure
again with the homodyne detector as it was done
with the former measurement. For comparative pur-
poses, we repeat Fig. 4 in Fig. 5, where plots of the
second measurement represented by dashed lines
have been added. In Fig. 5, circles represent the
10 possible values allowable for the first measure-
ment, and squares represent the allowable 14 pos-
sible values for the second measurement.

At this point, we have calculated F for the first
measurement and a corresponding F0 for the second
measurement. We have found a set of 10 possible
thicknesses for the first measurement and 14 for

the second one. Now, with the refractive index being
a characteristic of thematerial composition, it should
remain basically constant on the small vicinity
where the measurements were performed. Thus,

F � t
n − 1
n

; (14a)

F0 � t0
n − 1
n

; (14b)

for each measurement, respectively, which allows us
to divide Eq. (14a) by Eq. (14b) to eliminate n, as

F
F0 �

t
t0
: (15)

As F and F0 are known values, Eq. (15) implies that
the ratio of the thicknesses is also known. To deter-
mine t and t0, we take all the combinations that cor-
respond to the 10 values of the first measurement
against the 14 values of the second one until the ratio
fits better. In this way, all the non-allowable values
are discarded, remaining only the pair t and t0, which
is the unique allowable solution. Finally, by using
Eqs. (14a) and (14b), two refractive indices are ob-
tained, n and n0. These two values are expected to
be the same, but as they were obtained experimen-
tally, an inherent small difference arises, and it is
considered in the error uncertainty.

To verify the correctness of the results, we per-
formed the same measurement on a third neighbor
spot. Table 1 summarizes the results obtained.

Table 1 lists the experimental results obtained
with our proposal of measuring with pairs of neigh-
bor spots. The results confirm the correctness of our
technique, as the results are consistent when meas-
uring with different pairs. Obviously, more spots can
be taken to improve the trustworthiness of the tech-
nique. For illustrative purposes, we have limited this
report to only three. It is worth mentioning that the
thickness reported by the manufacturer is in a range
between 9 and 18 μm.

5. Conclusions

We have described and proved analytically and ex-
perimentally a technique based on the diffractive
properties of Gaussian beams combined with the
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Fig. 4. Plot of the theoretical relative power transmitted by the
sample as a function of its geometrical thickness obtained with
Eq. (8) (oscillating plot). The horizontal line corresponds to the
transmitted power measured experimentally. The circles re-
present the intersection of both plots (the allowable powers).
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Fig. 5. Plots of the relative transmitted powers as a function of
the geometrical thickness for two neighbor spots obtained with
Eq. (8) in a similar way as Fig. 4. The horizontal lines correspond
to the relative powers transmitted by the sample, which are mea-
sured experimentally as described in the text. Circles correspond
to allowable values for the first measurement, squares for the
second measurement.

Table 1. Values Obtained for the Refractive Index and Geometrical
Thickness for Each Combination of the Three Measurements

on the Stretch Film

Measurement Spot1–Spot2 Spot2–Spot3 Spot1–Spot3

n1 1.758 — 1.758
n2 1.757 1.757 —

n3 — 1.752 1.752
Δn 1 × 10−3 5 × 10−3 6 × 10−3

t1 �μm� 13.35 — 13.35
t2 �μm� 14.34 14.34 —

t3 �μm� — 14.83 14.83
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equations of the transmitted light by a layer to mea-
sure locally the geometrical thickness and the refrac-
tive index of a transparent pellicle in air, supported
only at its border. Under these conditions, the pellicle
undergoes a continuous piston-like movement mak-
ing interferometric techniques unfeasible to be used
for this purpose. In contrast, we showed that our
technique is immune against these movements, mak-
ing it suitable for this application.

To remove ambiguities in the analytical equations
due to oscillatory terms, we performed the measure-
ments using combinations of neighbor pairs on the
region under inspection of the sample; this allowed
us to determine their corresponding local geometri-
cal thicknesses and refractive index. This way of
measuring can be taken as an advantage, as measur-
ing with different combinations of neighbor pairs al-
lowed us to confirm the consistency and correctness
of each individual measurement.
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We describe a technique for simultaneously measuring the local geometrical thickness and the refractive
index of semi-transparent thin plates by means of the diffractive properties of a transmitted Gaussian
beam. The technique is based on measuring the semi-width of the transmitted beam and the shift of the
Gaussian centroid caused by introducing a tilt on the sample under test. A homodyne technique is de-
vised to accurately characterize the Gaussian beam. Our proposal does not require any prior information
of the sample under study. We present analytical support of our technique and we give experimental
results. © 2014 Optical Society of America
OCIS codes: (070.0070) Fourier optics and signal processing; (070.7345) Wave propagation;

(120.0120) Instrumentation, measurement, and metrology; (120.3940) Metrology; (160.0160) Materials;
(160.2750) Glass and other amorphous materials.
http://dx.doi.org/10.1364/AO.53.006993

1. Introduction

High-quality optical plates (OPs) have many applica-
tions; their performance depends on their refractive
index and geometrical thickness and has to be mea-
sured with high accuracy, as is the case in flat panel
displays, security window glasses, and windshields,
among others. A variety of techniques for measuring
these parameters have been reported, the interfero-
metric techniques probably being the most used
[1–12]. However, under an industrial environment,
these methods are highly vulnerable to external
noise even when used in holographic tables. More-
over, these methods are not able to provide the
refractive index and geometrical thickness sepa-
rately and must be combined with others, for exam-
ple, low coherence interferometry combined with

confocal microscopy [1–5], variants of wave-scanning
interferometry [6–10], or a different focusing method
based on a cyclic path optical configuration [11,12].
Most of these techniques are suitable for moderately
thick samples (order of mm) and are difficult to im-
plement for thinner plates (80–170 μm) because it be-
comes difficult to discern the focusing at both ends
when the plate is very thin. As industry demands
thinner plates, alternative techniques are required.

In this manuscript we describe a noninterferomet-
ric technique that allows for simultaneously measur-
ing the refractive index and the local geometrical
thickness of a thin OP. In principle, this technique
can be applied to measure in a wider range. It can
be considered an extension of our previous work re-
ported in [13], where it is described how to measure
the geometrical thickness and the refractive index of
a transparent pellicle supported only by its border. In
[13], the sample being a thin film, it was required
using the analytical equations of a plane wave
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transmitted by a thin layer. In the technique
reported here, the thin film equations cannot be
applied due to the OP thickness (80–170 μm).
Additionally, the sample does not need to be highly
transparent as power measurements are not per-
formed. In this proposal the refractive index and
geometrical thickness are determined by measuring
the semi-width of the transmitted Gaussian beam
when it impinges normally to the sample and by
determining the centroid position when the beam
impinges obliquely by tilting the sample at different
angles.

In the next sections, we describe our analytical
proposal and give experimental results.

2. Analytical Description

We divide our description into two sections: charac-
terization of the Gaussian beam through the system
and shifting of the centroid beam due to tilting of the
sample.

The characterization of the Gaussian beam is
performed by means of the Fresnel diffraction
integral. The centroid shift due to the sample tilt
is calculated following geometrically the shift of
the central ray of the Gaussian beam.

A. Propagation of the Gaussian Beam

The propagation of the Gaussian beam from the laser
up to the detection plane is reported in [13]. It is re-
peated here for convenience.

In Fig. 1 the system is adjusted to focus the laser
beam at the plane of observation with coordinates
�ξ; η� in the absence of the sample, by means of a
focusing lens placed on a coordinate plane �x1; y1�
at a distance z0 from the laser output. The lens is con-
sidered very thin, and the aperture is large enough to
allow neglecting truncation of the beam. The plane of
observation is adjusted at a distance zT behind the
lens to attain the best focusing conditions (minimum
beam semi-width). We will refer to this plane as the
best focusing plane. Once zT has been fixed, the

sample with geometrical thickness t is introduced
transversely to the optical axis z in the optical path.
It can be seen that

zT � z1 � t� z2; (1)

where z1 and z2 are the distances depicted in Fig. 1,
which can be chosen arbitrarily, as will be demon-
strated below.

For illustrative purposes the width of the sample
has been exaggerated in Fig. 1.

The overall propagation of the Gaussian beam
throughout the system can be calculated by means
of the Fresnel diffraction integral [14].

We first consider a virtual sample, that is, a plate
with a refractive index equal to 1 and geometrical
thickness t. For this condition we calculate the over-
all propagation from the laser up to the plane of
observation, and we plot the semi-width of the
Gaussian beam as a function of distance zT. These
calculations allow characterizing of all the parame-
ters involved in the propagation of the beam.

There is a value of zT in which the semi-width ex-
hibits a minimum at the plane of observation; this zT
value will be referred to as the best focusing distance,
and the corresponding transversal plane is the best
focusing plane.

As mentioned, for an overall characterization of
the beam propagation, it is necessary to calculate
the propagation from the laser output up to the plane
of observation. For simplicity in the description of our
proposal this is not necessary; it is sufficient to begin
our description by considering the beam distribution
just after the lens. For this, we consider a circular
amplitude distribution of the Gaussian just at the
back surface of the lens as [15]

Ψ1�x1; y1� � A exp
�
−

x21 � y21
r2

�
exp�−iβ�x21 � y21��: (2)

In Eq. (2) A is a complex constant term, r is
the semi-width of the Gaussian beam, and β is the
corresponding coefficient of the convergent quadratic
phase.

The field given by Eq. (2) is propagated up to the
plane of observation. We obtain for the corresponding
semi-width �rA� at this plane [15]

rA �

���������������������������������������������
λ2z2T � r4�βλzT − π�2

q
πr

: (3)

We emphasize that Eq. (3) corresponds to the case
of a virtual sample with a refractive index equal to 1.
rA, r, β, and λ are determined experimentally, as it
will be described in Section 4. In this manner we
propose a value for zT that matches with our exper-
imental conditions and it is unique.

By keeping zT constant, we now repeat the same
calculation for a plate with a refractive index n
and geometrical thickness t. The semi-width rB is
given as

Fig. 1. Propagation of the Gaussian beam as described in the
text. zT is set such that the plane �ξ; η� corresponds to the best
focusing plane.
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rB �

������������������������������������������������������������������������������������������
λ2
�
zT − t� t

n

�
2 � r4

�
βλ
h
zT − t� t

n

i
− π

�
2

r
πr

: (4)

It will be noticed from Eq. (4) that exactly the same
value of rB can be obtained with an uncountable set
of samples that accomplish

zT − t� t
n
� zT − t0 � t0

n0 � zT − t00 � t00

n00 � � � � ; (5)

where the primed values stand for the set of possible
samples.

Considering that zT is known and fixed, combining
Eq. (1) with Eq. (5) we obtain

t
n − 1
n

� t0
n0

− 1
n0 � t00

n00
− 1
n00 � � � � : (6)

Equation (6) shows that the geometrical thickness
multiplied by the ratio of the refractive index dimin-
ished in one over the refractive index is an invariant,
provided zT remains constant, which does not neces-
sarily have to correspond to the best focusing plane;
we will see below that the measurements can be
taken at any arbitrary plane. Moreover, the semi-
width at the focusing plane is independent of the
position of the sample, that is, independent of the
actual values of z1 and z2, as can be seen from
Eq. (4). Thus, back and forth movements of the plate
under inspection do not affect the size of the
Gaussian beam under measurement. An invariant
factor F can be defined as

F � t
n − 1
n

: (7)

Equation (7) is one of the keys for calculating the
refractive index and geometrical thickness in our
proposal.

From Eq. (4) it can be noticed that the value of F
can be calculated by measuring rB. However, n and t
cannot be calculated independently. To overcome this
problem we introduce a tilt in the sample to cause a
shift in the centroid of the Gaussian beam as
described in the next section.

B. Shift of the Gaussian Centroid

In Fig. 2 a beam impinges on an OP of thickness t and
refractive index n with an angle θ with respect to the
normal N as depicted. We assume that the faces of
the plate are parallels. As our technique measures
in a very small spot of a high quality sample, this
assumption seems reasonable.

The oblique incidence will cause two effects: first,
the beamwill travel a larger distance inside the sam-
ple, making the Gaussian beam wider at the plane of
detection. It has to be remarked that this broadening
of the beam is irrelevant for our proposal, as it is not
necessary to measure the semi-width of the beam

when the sample has been tilted; it is necessary to
measure the semi-width only in the transversal case.

The second effect caused by the tilting of the sam-
ple is a shift on the centroid at the plane of detection.
The beam is shifted by an amount h given as

h � t
sin θ

������������������������
n2

− sin2 θ
p

− sin θ cos θ������������������������
n2

− sin2 θ
p : (8)

Measuring the shift h and the beam semi-width at
normal incidence allows using Eqs. (7) and (8) to
calculate t and n.

Up to this point the bases of our proposal have
been introduced. Before proceeding further it will
be convenient to study the behavior of Eqs. (7) and
(8) graphically. This is presented in the following
section.

C. Theoretical Behavior of the Basic Equations

By combining Eqs. (7) and (8), we obtain

h � F
n

n − 1
sin θ

������������������������
n2

− sin2 θ
p

− sin θ cos θ������������������������
n2

− sin2 θ
p : (9)

Experimentally measuring rA, rB, and zT in Eqs. (3)
and (4) allows us to determine values for n and t
corresponding to the uncountable set of possible sam-
ples. Once n and t are fixed, F is known. Additionally
if t is kept fixed, then it is possible to use Eq. (9) to
plot h as a function of θ. Figure 3 depicts plots of h as
a function of θ for an illustrative case of a sample
with t � 140 μm and three different values of
n∶1.4, 1.5, and 1.6.

From Fig. 3 it can be noticed that as the tilt
increases the separation between the curves is also
increasing. This indicates that higher accuracies
can be obtained by measuring in a wide range of tilts,
for example between 0° and 45°.

At this point it will be convenient to describe our
homodyne detector used to perform the measure-
ments of the semi-widths and centroids of the
Gaussian beam with high accuracy.

Fig. 2. Shifting (h) of the beam centroid due to a tilt (θ) of the
sample.
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3. Homodyne Detector

As described in [13], the homodyne detector uses a
vibrating knife edge as depicted in Fig. 4. The knife
edge is placed at the detection plane. For our pur-
poses, the lens has a working distance of 1 cm
allowing the placement of the sample. The OP is
mounted on a precision rotary stage (minimum step
0.5°). An attenuator (A) is included to avoid damag-
ing the optical components due to excessive heating.
A photodiode whose sensitive area is much larger
than the spot size of the beam is positioned behind
the knife edge. The knife edge is fixed to a flexure
piezoelectric transducer (PZT) to vibrate in a plane
transversal to the optical axis at a low frequency
�f �, in our case 10 Hz, with small amplitude �δ0� of
500 nm. The PZT is also used to displace in plane
the knife edge and has a high resolution of about
50 nm. A flexure type PZT is preferred, as it exhibits
a low tilt of less than 5 μrad.

The vibrating knife edge allows for determining
the semi-width of the Gaussian beam in a homodyne
way as follows. First, when the knife edge is not vi-
brating, due to the photodiode large sensitive area,
the power collected (P) can be written as

P � A
Z

∞

α
exp

�
−2

x2

r20

�
dx: (10)

In Eq. (10) A is a constant scale factor and the lower
limit of the integral �α� represents the initial position
of the knife edge. r0 is the semi-width of the beam
at the plane of detection. In summary, Eq. (10)
establishes that the photodiode integrates the over-
all beam excluding the portion covered by the
knife edge.

Now, when the knife edge is vibrating, the lower
limit is written as

α � x0 � δ0 cos�2πf t�; (11)

where x0 is a static position. By substituting Eq. (11)
in Eq. (10) and by performing an expansion in power
series of the resulting equation, the linear term is

Plinear�x0� � B exp
�
−2

x20
r20

�
cos�2πf t�; (12)

where B is a constant. Only the first order term of the
expansion is considered because the lock-in amplifier
is tuned to the first harmonic. Thus, the signal
detected by the lock-in results proportional to the
intensity Gaussian profile evaluated at x0, as indi-
cated by Eq. (12).

To obtain the overall shape of the Gaussian beam
with our homodyne detector it is necessary to
displace the position of the knife edge to different
values of x0. In this way, the profile and width of
the Gaussian beam are obtained with high accuracy
at the plane of detection.

In the next section we provide experimental
results.

4. Experimental Section

With a commercially available translation stage we
displace along the optical axis the homodyne detec-
tor, and we recorded the Gaussian profile at different
positions. The minimum semi-width obtained corre-
sponds to the best focusing conditions. At this plane,
the values of zT and rA are registered. In our experi-
ment rA is approximately one micrometer. If the
detector is maintained at this plane, the system will

Fig. 3. Plots of the centroid position as a function of the
tilt for three samples with t � 140 μm and n � 1.4, n � 1.5, and
n � 1.6.

Fig. 4. Homodyne detector setup for measuring the semi-width and centroid of the transmitted Gaussian beam.
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exhibit maximum sensitivity, which is desirable for
very thin samples. If, as in our case, the expected
geometrical thickness of the sample is in the range
of 120–170 μm, it is convenient to displace the homo-
dyne detector slightly from the best focusing plane
because our PZT has a maximum scanning distance
of 100 μm. For our experimental purposes this dis-
placement is about 4.5 μm. The working conditions
in our measurements were β � 4.971 × 108 m−2,
r � 2.2 mm, rA � 1.4 μm, zT � 1.0 cm, λ � 0.632 μm.

Next, the sample is placed at normal incidence
(zero tilt). Its placement is easily done as its corre-
sponding centroid has to coincide with the one of
the profile recorded without the sample. Under this
condition rB is determined. In our case, rB � 8.77 μm
with a corresponding value of F � 44.45 μm.

Finally the sample is tilted in steps of 5° up to 45°
by means of a precision rotary stage, and the
Gaussian profile is recorded for each case. Figure 5
shows plots of the profiles obtained. The plots are
normalized with respect to the zero-tilt profile. For
clarity, Fig. 5 exhibits profiles obtained up to 30°. The
Gaussian profile measured without the sample is
also included in the plot; its amplitude has been
decreased about six times.

With the profiles recorded, a plot of the centroids
as a function of the tilt is performed. Figure 6 depicts
the experimental measurements (represented by
circles) and the fitted theoretical curve obtained with
Eq. (9). The fitting curve is determined with a least
square method. The optimal value gives the expected
sample value of n and its corresponding t. This
method allows us to obtain n with a precision on
the third decimal digit and twith a precision of a half
micrometer, which in our case represents a precision
of 0.4%.

Our sample consisted of a commercially available
cover glass. The manufacturer sample characteris-
tics compared with those obtained with our tech-
nique are given in Table 1.

The refractive index reported by the manufacturer
is only available for λ � 0.589 μm.

Before finishing this report we want to remark
that the sensitivity of the system may be increased
by placing the homodyne detector in the best focus-
ing plane in order to measure thinner samples. In
contrast, for wider samples a defocus can be inten-
tionally introduced or a larger range PZT can
be used.

5. Conclusions

A technique capable of simultaneously measuring
the refractive index and the geometrical thickness
of semi-transparent thin OPs by means of the diffrac-
tive properties of a transmitted Gaussian beam has
been proposed and proved. The technique is based on
measuring the semi-width of the transmitted beam
and the shift of the Gaussian centroid caused by a
sample tilt. As the technique is not interferometric,
it is shown to be robust and immune to external
noise. To illustrate the feasibility of the technique
we experimentally determined the refractive index
and geometrical thickness of a commercially avail-
able cover glass.
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