Robust adaptive phase-shifting
demodulation for testing moving
wavefronts
Orlando Medina, Julio C. Estrada,∗ and M. Servin
Centro de Investigaciones en Optica A. C., Lomas del bosque 115, Col. Lomas del campestre,
37150, Leon Guanajuato, Mexico
∗ julio@cio.mx

Abstract: Optical interferometers are very sensitive when environment
perturbations affect its optical path. The wavefront under test is not static at
all. In this paper, it is proposed a novel and robust phase-shifting demodulation method. This method estimates the interferogram’s phase-shifting
locally, reducing detuning errors due to environment perturbations like
vibrations and/or miscalibrations of the Phase-Shifting Interferometry
setup. As we know, phase-shifting demodulation methods assume that
the wavefront under test is static and there is a global phase-shifting for
all pixels. The demodulation method presented here is based on local
weighted least-squares, letting each pixel have its own phase-shifting.
This is a different and better approach, considering that all previous works
assume a global phase-shifting for all pixels of interferograms. Seeing this
method like a black box, it receives an interferogram sequence of at least 3
interferograms and returns the modulating phase or wavefront under test.
Here it is not necessary to know the phase shifts between the interferograms.
It does not assume a global phase-shifting for the interferograms, is robust
to the movements of the wavefront under test and tolerates miscalibrations
of the optical setup.
© 2013 Optical Society of America
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1.

Introduction

Phase-Shifting Interferometry (PSI) is a very known technique designed for testing static wavefronts. In PSI, it is generated an interferogram sequence of at least 3 interferograms with a phase
shifting between them. To recover the modulating phase the well known phase-shifting demodulation methods are used [1–6]. When the wavefront under test remains static and the phase
shifts are introduced correctly, these phase-shifting methods recover the modulating phase
without error. However, in optical interferometer setups the optical path is easily affected by
environment perturbations. When environment perturbations exist, the wavefront under test is
moving and the phase-shifting algorithms introduce an unavoidable detuning error [7,8]. Nowadays, we can deal with a moving wavefront by taking all the interferograms in the same instant
of time, for example, by using pixelated polarized cameras [9,10]. But, today this technology is
expensive and is patent protected. To deal with the miscalibrations of the optical set up, previous works propose self-tuning phase-shifting demodulation methods [11–13]. However, all the
previous published works for PSI assume that the wavefront under test remains static and there
is a global phase-shifting for all pixels of the interferograms. This is not true when environment
perturbations affects the wavefront under test.
Suppose that you have a PSI optical setup, but, the wavefront under test is perturbed by the
environment in such a way that it is moving. The method presented here is a robust adaptive
phase-shifting demodulation method that let us demodulate the interferogram sequence tolerating the movements of the wavefront under test and miscalibrations from the PSI setup. This
method allows each pixel have its own phase-shifting, reducing considerably detuning errors
and improving the estimation of the modulating phase. To show the performance of the Robust
Adaptive Phase-Shifting (RAPS) method presented here, we will present tests and results from
simulated and experimentally obtained data.
2.

Method

In classic PSI it is assumed that all pixels has the same phase-shifting and the wavefront under
test is static. Therefore the interferometric signal for any pixel is the following:
Ik (x, y) = a(x, y) + b(x, y) cos[θ0 (x, y) + ω0 k],

(1)

where Ik (x, y) is the k-interferogram of M × N pixels, a(x, y) is its background illumination,
b(x, y) its contrast or modulation term, θ0 (x, y) is the wavefront under test and ω0 is the phaseshifting introduced by the PSI system for all pixels. When the wavefront under test is perturbed
by environment, it is moving and the movements affects the phase shift on each pixel of the
interferograms in the following way:
Ik (x, y) = a(x, y) + b(x, y) cos[θ0 (x, y) + (ω0 k + ηk (x, y))].

(2)
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where ηk (x, y) is the environment perturbation taken at the k-interferogram. We considered that
this perturbation is an scalar field with spatial smooth variations. To process this information,
we are going to take ηk (x, y) and ω0 as βk (x, y) = ηk (x, y) + ω0 k in such a way that the interferogram sequence can be rewritten as
Ik (x, y) = a(x, y) + b(x, y) cos[θ0 (x, y) + βk (x, y)],

(3)

where βk (x, y) represents the induced non-static phase-shifting variation of the k-interferogram.
We are going to estimate the wavefront θ0 (x, y) and the spatial βk (x, y) variations of each interferogram of the sequence.
The Eq. (4) shows the least-squares cost function to recover the wavefront under test θ0 (x, y);
assuming that we know its spatial variations βk (x, y) for each interferogram.
E[a(x, y), f (x, y)] =

K−1 

∑

2

a(x, y) + Re{ f (x, y)eiβk (x,y) } − Ik (x, y)

.

(4)

k=0

√
In this equation, i = −1 and f (x, y) is a complex value for the (x, y) site. The operator Re{·}
takes the real part of its argument, that is, Re{z} = 12 (z + z∗ ); being z a complex value and z∗
its complex conjugate. K is the number of interferograms. By minimizing (4) with respect to
a(x, y) and f (x, y), the wavefront under test is recovered as

θ̂ (x, y) = angle[ fˆ(x, y)],

(5)

being fˆ(x, y) the complex value that minimizes Eq. (4) at (x, y) site. To minimize Eq. (4) we
solve the following linear system for each pixel (x, y):
⎞
⎞⎛
⎞ ⎛
⎛
â(x, y)
K
∑ sk (x, y)
∑ ck (x, y)
∑ Ik (x, y)
⎝ ∑ ck (x, y)
∑ ck (x, y)2
∑ ck (x, y)sk (x, y) ⎠ ⎝ φ̂ (x, y) ⎠ = ⎝ ∑ Ik (x, y)ck (x, y) ⎠ .
ψ̂ (x, y)
∑ Ik (x, y)sk (x.y)
∑ sk (x, y)2
∑ sk (x, y) ∑ ck (x, y)sk (x, y)
(6)
The sums run from k = 0 to K − 1, being K the number of interferograms. φ̂ (x, y) and ψ̂ (x, y)
are the real and imaginary parts of fˆ(x, y), respectively. ck (x, y) and sk (x, y) are the real and
imaginary parts of eiβk (x,y) , respectively.
Now, in the Eq. (7) we propose the local weighted least-squares cost function for estimating
the wavefront variations βk (x, y) for the site (x, y) at the k-interferogram; assuming that the
wavefront under test θ0 (x, y) is known.
⎤2

⎡
E[a(x, y), gk (x, y)] =

M−1 N−1 ⎢

∑ ∑ ⎢⎣

m=0 n=0

⎥
a(m, n) + Re{gk (m, n)eiθ0 (m,n) } − Ik (n, m) h(x − m, y − n)⎥
⎦ .


Least-squares error

(7)
In this equation, h(x, y) is an scalar field that weights the least-squares error of Eq. (7). By
minimizing Eq. (7) with respect to a(x, y) and gk (x, y), the spatial wavefront variations βk (x, y)
are recovered as
β̂k (x, y) = angle[ĝk (x, y)],
(8)
being ĝ(x, y) the complex value that minimizes Eq. (7). The Eq. (7) can be seeing like the
convolution of the least-squares error with the kernel h(x, y). The kernel h(x, y) weights the
local neighborhood around the site (x, y) being processed. In this way, we have a weighted
least-squares cost function for each pixel (x, y) and we can estimate the phase-shifting variation
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βk (x, y) for each (x, y) pixel of the k-interferogram. The linear equation system that minimize
Eq. (7) can be given in the following way:
⎞ ⎛
⎞
⎞⎛
⎛
[ψ ∗ h](x, y)
[1s ∗ h](x, y) [φ ∗ h](x, y)
[I k ∗ h](x, y)
â(x, y)
⎝ [φ ∗ h](x, y) [φ ∗ h]2 (x, y) [φ ψ ∗ h](x, y) ⎠ ⎝ ĉk (x, y) ⎠ = ⎝ [I k φ ∗ h](x, y) ⎠ , (9)
ŝk (x, y)
[I k ψ ∗ h](x, y)
[ψ ∗ h](x, y) [φ ψ ∗ h](x, y) [ψ ∗ h]2 (x, y)
where ∗ is the convolution operator and [∗](x, y) means the convolution evaluated at (x, y). The
term 1s is an scalar field of ones with dimension M × N. In this case, φ̂ (x, y) and ψ̂ (x, y) are
the real and imaginary parts of eiθ0 (x,y) , respectively, and ĉk (x, y and ŝk (x, y) are the real and
imaginary parts of ĝ(x, y), respectively.
Having the linear systems that estimate the wavefront under test θ0 (x, y) and its variations
βk (x, y) for all pixels of all interferograms (Eqs. (6) and (9) respectively), we use them iteratively in the following way:
0 Set your convolution kernel h(x, y) that will weight the local neighborhood around the
sites (x, y). For example, h(x, y) can be a mean or Gaussian window.
1 Start the process by setting initial values for βk (x, y), ∀(x, y), k = 0, 1, 2, . . . , K − 1 being
K the number of interferograms.
2 Solve the linear system of Eq. (6) ∀(x, y) and obtain θ̂ (x, y) using Eq. (5).
3 For k = 0, 1, 2, . . . , K −1, use the previous wavefront estimation θ̂0 (x, y) to solve the linear
equation system of Eq. (9) ∀(x, y) and obtain β̂k (x, y) using Eq. (8).
4 With the previously estimated β̂k (x, y) of each interferogram, repeat subsequently the
steps 2 and 3 until reach a convergence error.
As said in the step 4, this iterative process do its job until a convergence error is reached. This
convergence error can be given as the relative error between the values in a previous iteration
and the values in the current iteration in the following way:

ε = ∑ |θ̂0+ (x, y) − θ̂0− (x, y)|,

(10)

x,y

where θ̂ + (x, y) is the phase obtained in the current iteration and θ̂0− (x, y) is the phase obtained
in the previous iteration. At the end of this process, θ̂0 (x, y) and β̂k (x, y) will have the best
estimations of the wavefront under test and its non-constant variations, respectively. The initial
values in step 1 are important. By experimenting numerically with simulations, we found that
starting at βk (x, y) = π2 k, ∀(x, y), is a good starting point. However, if we have the information
of the phase-shifting that introduce the interferometer a priori, starting at that phase shift is
always the best.
3.

Tests and results

For the first test, we are going to compare our results with the estimation error that is obtained
with the Advanced Iterative Algorithm (AIA) presented in [12]. For this purpose, we simulated
a moving wavefront and generated 4 interferograms with a phase-shifting of π /2. The moving
wavefront was modeled using a two-modes vibrating plate in the following way:




π 
2π
2π
x cos
y cos
k
(11)
θk (x, y) = A cos
256
256
17
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(a)

(b)

(c)

(d)

E= 0.0656996

E= 0.0624288

E= 0.0616236

E= 0.11347

(e)

(f)

(g)

(h)

E= 0.575003

E= 0.422947

E= 0.323723

E= 1.08997

(i)

(j)

(k)

(l)

Fig. 1. From (a) to (b) we show the wrapped wavefronts generated with Eq. (11). From (e)
to (h) we show the estimated wavefronts using the RAPS algorithm presented here. From
(i) to (l) we show the estimated wavefronts using the AIA. Above each estimated wavefront
we show the estimation error.

The Figs. 1(a)-1(d) shows the wrapped wavefronts of this moving simulated wavefront. We
estimated the wavefront for each interferogram with the RAPS and the AIA method. The Figs.
1(e)-1(h) and 1(i)-1(l) shows the phase estimations with the AIA and the RAPS, respectively.
The global error of the phase estimation is shown at Fig. 1 above the estimated wrapped phase
images. This error was was calculated in the following way


 1 M−1 N−1
ε =
(12)
∑ ∑ [θk (x, y) − θ̂k (x, y)]2 ,
M × N x=0
y=0
where θk (x, y) and θ̂k (x, y) are the simulated and estimated wavefronts for the k-interferogram,
respectively. The dimension of the interferograms is 256 × 256. For the RAPS method, the
kernel h was a mean window of 32 × 32. The estimation errors show that the method presented
here reduces one order of magnitude the estimation error. The computational time was 0.374
seconds for the AIA and 4.99 seconds for the RAPS method.
Now, we are going to test our method with interferograms obtained experimentally. The
purpose here is to compare qualitatively the results between the AIA and the RAPS. For this
test, the interferograms has a dimension of 480 × 640 and the kernel that we used for the RAPS
was a mean window of 132 × 132. The interferogram sequence was generated by using an
ESPI array like the shown in Fig. 2. Using this array, we to take four experimental phaseshifting interferograms of the wavefront coming from the metal plate perturbed with a horn.
The ESPI array introduce phase-shifts of π /2 radians. The results are shown in Fig. 3. In Fig.
3(a)-3(d) we show the phase-shifting interferogram sequence. In Fig. 3(e)-3(h) we show the
estimated wavefronts with the AIA method for each interferogram. In Fig. 3(i)-3(l) we show the
estimated wavefronts with the RAPS method proposed here. From this images, it is hard to see
any improvement of the demodulation method proposed here compared with the AIA method.
However, there is a hidden detuning error that introduce the AIA method since the wavefront
under test was moving. To show these detuning errors more clearly, we differentiate (taking
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Metal Plate
BS

CCD

BS

Laser

Fig. 2. Electronic Speckle Pattern Interferometry (ESPI) setup. The object under test is a
metal plate perturbed with a horn. The reference mirror has attached a piezoelectric transducer (PZT) as phase shifter.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

Fig. 3. From (a) to (d) we show the interferogram sequence. From (e) to (h) we show the
estimated wavefront using the AIA, and from (i) to (l) we show the estimated wavefront
using the RAPS.

its partial derivatives) the wrapped phase as shown in Fig. 4. In that figure, the dynamic range
of the differentiation is quantized to the gray levels 1, 102, 153, 203 and 255, for illustration
purposes. In Fig. 4(a) we show the differentiation of the wrapped phase obtained with the AIA
and the Fig. 4(b) shows the differentiation of the wrapped phase obtained with the RAPS, both
from the first interferogram. Using the same levels of gray, we can see that the RAPS method
does not have the detuning error that the AIA introduce. The detuning error that is shown in Fig.
4(a), looks like a fringe pattern with twice the frequence than the original interferogram. This is
exactly as predicted by the theory shown in previous published works [3,7]. The computational
time for these phase estimations was of 5.3 seconds for the AIA and 69.23 seconds for the
RAPS.
4.

Discussion and commentaries

Accuracy of the wavefront estimation is the most important issue in optical tests. When using
Phase Shifting Interferometry (PSI) techniques, the estimation accuracy depends on the stability
of the object under test and the right calibration of the PSI setup. When the wavefront under
test is moving, being by the environment perturbations or by its own nature, phase-shifting
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(a)

(b)

Fig. 4. Phase difference with respect to x (partial approximated derivative). The dynamic
range of the difference is quantized to the gray levels 1, 102, 153, 203 and 255, for a better
appreciation of the detuning error. (a) shows the phase difference corresponding to the AIA
and (b) shows the difference corresponding to RAPS method.

algorithms introduce an unavoidable detuning error. Previous to this work, all phase-shifting
algorithms make the phase estimation by assuming an static wavefront and a global phase
shifting. For example, the following very known four-steps phase-shifting algorithm:


I0 − I2
.
(13)
θ = arctan
I1 − I3
This formula is the same for all pixels (x, y) because it is assumed that all pixels has the same
phase shift of π /2 radians, and the modulating phase is spatially static. However, this is not true
when the wavefront under test is moving, in this case, each pixel should have its own phaseshifting formula/algorithm. When the wavefront under test is moving, even a self-tuning or
self-calibrating method like the one presented in [11–13] introduce detuning errors. As shown
in the results of this paper, the demodulation method presented here reduces considerably detuning errors by letting each pixel has its own phase shift and not a global phase shift. The
demodulation process uses iteratively the linear systems of Eqs. (6) and (9). The linear system
of Eq. (6) looks very similar to the one used in [12], firstly proposed in [2]. But, there is a big
difference in the propose of this paper. The difference is that each (x, y) pixel of Eq. (6) has
its own phase shift and it is not constant as supposed in [12]. Nevertheless, the most important
contribution of the Robust Adaptive Phase-Shifting (RAPS) method presented here, is with the
Eqs. (7) and (9). The Eq. (7) is a weighted least-squares cost function expressed as a quadratic
convolution with a kernel that weights the local neighborhood used for the phase-shifting estimation at the pixel (x, y) of the k-interferogram. In this way, we estimate the phase-shifting at
each pixel of the k-interferogram and not a global phase-shifting as in [11, 12].
The kernel h in Eq. (7) defines the local weighted neighborhood that is taken into account
by the least-squares function for each pixel (x, y). For example, suppose that you use a kernel
with ones with the same dimension than the interferograms. If we take the convolution of the
least-squares error with this kernel and evaluate it at the central pixel, we will have the classic
global least-squares error used in phase-shifting. Then, the size of the kernel h affects directly
the results of the demodulation method presented here. If the size of h is close to the size of the
interferograms, the results will be more similar to the AIA method, like taking a global phase
shifting. The convergence error of the RAPS does not depends on the h kernel size, but the
results of the demodulated phase does.
On the other hand, when the wavefront under test is actually not static but dynamic, its model
in a local neighborhood around a time t0 is the following:

θ (x, y,t) = θ (x, y,t0 ) +

∂ θ (x, y,t0 )
(t − t0 ).
∂t

(14)
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In this case, the perturbation ηk (x, y) shown in Eq. (2) corresponds to the local temporal variation of the wavefront in that interferogram, that is, ηk (x, y) = ∂ θ (x,y,kΔt)
kΔt, being Δt the dis∂t
cretization of the temporal t variable. As a consequence, this method can be used for testing dynamic events, regarding that the phase shifting introduced is greater than the maximum ηk (x, y),
∀k. Actually, the simulated wavefront given in Eq. (11) is a dynamic two-modes vibrating plate.
We generated the interferograms with that wavefront model and introduced a phase-shifting of
π /2 radians.
Summing up, here we have presented a Robust Adaptive Phase-Shifting (RAPS) algorithm
that estimates the wavefront under test regardless its movements by environment perturbations.
However, this method can be used for testing dynamic events using PSI techniques with an appropriate phase-shifting. This method estimates the wavefront under test and its non-constant
variations in each interferogram. Compared with a traditional self-tuning phase-shifting algorithm, this method makes better estimations by reducing considerably the detuning errors when
the wavefront under test is moving.
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