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“Finally we ought to employ all the aids of
understanding, imagination, sense and memory,
first for the purpose of having a distinct intuition of
simple propositions; partly also in order to compare
the propositions to be proved with those we know
already, so that we may be able to recognize their
truth; partly also in order to discover the truths,
which should be compared with each other so that
nothing may be left lacking on which human
industry may exercise itself”.

René Descartes
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Abstract

Analytical methods are described which allow us to perform a comparative study of
diffractive and non-diffractive beams and pulses. Our description first reviews basic
properties of the Fresnel diffraction integral applied for calculating the propagation of
well-known beams. Then, different methods to obtain exact solutions to the wave
equation in free space are described and their diffractive properties are analyzed. The
methods described generate solutions which represent pulses or beams spatially localized
and also pulses or beams that spatially propagate exhibiting spreading or diffraction, in a
similar way as typical diffractive beams. Additionally, some of the solutions represent
localized superluminal pulses. Computer simulations are provided to allow a
comprehensive comparison of the performance of the diffractive and non-diffractive

solutions.



Chapter 1

Introduction

Diffraction is an optical phenomenon that produces spatial broadening of a beam or a
pulse while it travels or propagates in free space. Although in general, some benefits
can be obtained from the diffractive properties of beams and pulses, there are a lot of
applications in which keeping the transverse size of a light beam would be of benefit
as in the case of biomedical images or space communications [1]. In some cases then,
spreading or widening of beams due to diffraction result as a limiting factor to achieve
high quality images or information. Then, developing beams or pulses without (or less)

diffraction and dispersion is important to several applications [1-2].

Basically, the differential equation in free space is the starting point to obtain non-
diffractive or localized solutions. These solutions are also denominated Focus Wave
Modes. Solutions to the wave equations in this sense were developed years ago [3-9]
and since then extensive research has been conducted on the subject to obtain new
solutions. Additionally, experimental research has also been performed to attain

physically these beams and pulses [10-13].

The first experimental observation of a moving pulse that travels without distortion
and that reproduces its initial shape at certain distances was observed by J. Scott in
August 1834 and was called a soliton [14]. Later, James Neill Brittingham
demonstrated that a soliton-like solution satisfied the homogeneous wave equation;
but the soliton carries infinite energy [3]. After this, Sezginer [15] obtained a truncated
wave, soliton-like solution with finite energy. In 1985 Ziolkowski proposed a solution
to the wave equation which propagated without deformation within a limited distance
of propagation in free space carrying finite energy; these experiments were conducted

using acoustic waves [4, 10-13].



Using a different approach, in 1987 J. Durnin discovered independently a new localized
wave solution [7]. This solution was expressed as a continuous Bessel beam [16,17].
Further experiments were performed using this solution [8, 17-19]. However, again,
the Bessel non-diffractive beam carries infinite energy and to be physically realizable
this wave requires truncation. As a consequence, when properly truncated, its non-
diffractive behavior is maintained only on a limited distance of propagation [13, 18-
20]. These truncated beams are referred as localized beams with a large depth of field
[19-20]. There are several techniques to experimentally achieve the Bessel beams,
interferometric [21-22], using conical lenses or axicons [23-25] and producing energy
pulse trains as proposed by Ziolkowski [10] using ultrasonic waves in water. The first

acoustical Bessel beam generator was reported by Hsu [26].

It is important to remark that the first J, Bessel non-diffracting optical beam was
obtained by Durnin using an annular aperture. Looking for new solutions, Jian-yu Lu
and J. Greenleaf in 1992 described a manner to obtain the now known X-waves [9-11].

Other solutions have been developed since then [27].

In this thesis we provide a detailed mathematical analysis for obtaining exact solutions
to the differential equation in free space. Some of the solutions will result in localized
wave solutions, non-diffractive beams and pulses, other solutions will result in well-

known diffractive beams.

Our description is presented in chapters as indicted in the index. We begin in the next
chapter with a brief description of some useful properties of the Fourier transform
that will allow us to introduce in the following chapters mathematical tools required
for calculating analytically the Fresnel propagation that will be used for comparative

purposes.



Chapter 2

Fourier Analysis

In this chapter we review some concepts of the Fourier transform to be used in

diffractive pattern calculations. For illustrative purposes some examples are included.

2.1 The Fourier Transform

The Fourier transform in the space function, for an arbitrary function f(x, y), complex

in general, is defined as

FifOo )} =Fuv)=["_ [ f(x,y)e 2T gxdy, (2.1)

where F(u,v) is the function in the frequencies space and (u,v) are the spectral
coordinates for (x,y) respectively. It is possible to calculate the inverse Fourier

transform as,

FYF(u,v)} = f(x,y) = fjooo fjoooF(u, v)e 2T +vy) qydy, (2.2)
2.2 Some properties of the Fourier Transform.

We now consider a few of the basic mathematical properties of the Fourier transform

[28], that will be used in following chapters.

e Linearity: The transform of a weighted sum of two or more functions is simply the

identically weighted sum of their individual transforms

F{ag + bh} = aF{g}+ bF{h} = aG(u) + bH(w), (2.3)



e Multiplication
Flg-h} =Gw) & H(w), (2.4)
where we define the convolution & as
G(u,v) ® H(u,v) = fffooog(x, Yh(u—x,v—y)dxdy . (2.5)
e Convolution: if F{g(x,y)} = G(u,v) and F{h(x,y)} = H(u,v), then

Flg(x,y) @ h(x,y)} = G(u,v) - H(u,v), (2.6)

the convolution of two functions in the space domain (an operation that will be found
to arise frequently in the theory of linear systems) is entirely equivalent to the more

simple operation of multiplying their individual transforms and inverse transforming.

e Scaling: if F{g(x,y)} = G(u, v) then,

F{g(ax,by)} = ﬁG (u v) , (2.7)

a’b

that is, a stretch of the coordinates in the space domain (x, y) results in a contraction
of the coordinates in the frequency domain (u, v), plus a change in the overall

amplitude of the spectrum.
o Shift theorem: if F{f(x,y)} = F(u, v) then,
F{f(x = %0,y = yo)} = e~ Zrx0t0IE (u,v) (2.8)

that is, a translation in the space domain introduces a linear phase shift in the

frequency domain.

e Parseval’s theorem (Rayleigh’s theorem): if F{g(x,y)} = G(u, v) then,

o

I2 12 gy Pdxdy = [© % |6(w v)|*dudy, (2.9)
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the integral on the left-hand side of this theorem can be interpreted as the energy
contained in the waveform |g(x, y)|?. This in turn leads us to the idea that the quantity

|G (u, v)|? can be interpreted as an energy density in the frequency domain.

» Fourier integral theorem: At each point of continuity of g,

FFHg(x )} =6""6wv) =g(xy), (2.10)

at each point of discontinuity of g, the two successive transforms yield the angular
average of the values of g in a small neighborhood of that point. That is, the successive
transformation and inverse transformation of a function yields that function again, except

at points of discontinuity.
2.3 Fourier transform of a Gaussian distribution

In a following chapter we will require the Fourier transform of a Gaussian function. We

—mx?

introduce a Gaussian function in the form f(x) = e . Its Fourier transform is given by

F{f()}=Fle ™} = F(u) = [ e ™ e 2mxqy (2.11)
performing the integral, we obtain,

Fle™™'} = F(w) = e ™. (2.12)

Using the scaling property, we obtain the following useful expression,

2
—n(@)?) = L o=(3)
Fle } —e ") (2.13)
. e 1
in an specific case where a = T
x \? x\?2
F {e_n(\/ﬁ-ro) } =F {e_(ﬁ) } = \/Eroe—(ﬂ'rou)z' (2.14)
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The above result indicates that the Fourier Transform of a Gaussian spatial function is also
a Gaussian function in the frequency space. Figure 2.1 shows normalized amplitudes of

the Gaussian distribution in the spatial domain and in its corresponding spectral space.

08 08

06 0.6

04 04

Normalized amplitude
Normalized amplitude

02 02

25 10 0 25 107 s 1 0 & 10

(m) (u)

Figure 2.1. a) Normalized Gaussian function in its space domain and b) its

normalized Fourier transform (frequency domain) where the units of u are m™2.

for o, =0.1x10"°m.

2.4 Functions with Circular Symmetry: Fourier-Bessel Transforms

A function g is said to be circularly symmetric or axisymmetric if it can be written as a

function of the radius p alone, that is,

g, ®) =g(p) . (2.15)

The Fourier transform of g in a system of rectangular coordinates is given by

Fla(e )} =6wv) = [ [ g(x,y)e 2mexv) qxdy (2.16)

12



we can make a transformation to polar coordinates in both (x,y) and (u,v) planes as

follows
x=pcosQ , y=psin@, (2.17)
u=rcos0, v =rsin0, (2.18)
p=+x2+y2, r=+vuZ+v?, (2.19)

and the Fourier transform may be rewritten as
G(r,0) = ;" g(p) pdp [, em2mmPos0=0)ag, (2.20)

finally, we use the Bessel function identity

Jo(@) = = [ e~iacos0-0)qgp, (2.21)

2m

where ], is a Bessel function of the first kind, zero-order.

Thus the Fourier transform of a circularly symmetric function (with dependence only of

radius) is itself circularly symmetric and can be found as

G(r,0) = G(r) =21 [ " g(p) Jo(2mrp)pdp . (222)

As demonstrated by the above equation a function which is circularly symmetric in the p
space results also circularly symmetric in its corresponding spectral space. This is an

important property that will be used in the next chapter.

13



Chapter 3

Analytical calculation of diffraction fields

In this chapter we present some analytical properties of the propagation of beams.
3.1 Fresnel Diffraction Integral

To calculate the propagation of fields in the paraxial region the most useful analytical tool
is the Fresnel diffraction integral [29-31]. This integral has demonstrated that although it is
an approximation and it does not satisfy the wave equation in the free space gives
accurate results that properly match with experimental observations. It has to be
remarked that its validity begins for distances of a few wavelengths up to far fields from
the object plane; however, as indicated, the diffraction patterns obtained with the Fresnel

diffraction integral represent accurately experimental measurements.

The Fresnel diffraction integral is defined as

We(em) = S 17 W (x,y) AT gy, (3.1)

where i = \/—71, and A is the wavelength of the source field and the indexes F and I are

for final and initial fields.

Figure 3.1 illustrates the physical situation for applying the Fresnel diffraction integral. The
object plane is located in a coordinate plane (x,y,z = 0). The plane of observation is

located in a coordinate plane (¢,7,z = z).Both planes are parallel and are at a distance z .

By expanding the quadratic terms in the Fresnel integral allows writing equation (3.1) as

W.(&,7) = e i2(§%47 )ﬂ W, (x,y) e i (x*+y?), —i2Z (x&y")dxdy (3.2)

14



which, by using the Fourier transform notation can be written compactly as,

eLkZ

We(€, 1) = = e3P [y (o, y)e ), (33)

Peem &

Figure 3.1. Amplitude distribution W¥;(x,y) at a plane (x,y,z=0) and its
corresponding distribution Wx(&,1) in a plane of observation (§,n,z = z) after

propagating a distance z.

As indicated, equation (3.3) represents a compact form of the Fresnel diffraction
integral. Using properties described in chapter 2 inherently implies calculating a

convolution in the Fourier space. This result will find to be useful in following chapters.
3.2 The Fraunhofer approximation

In the previous section we emphasized that the amplitude distribution in the
observation plane inherently involved the convolution of the spectral functions of the
object distribution with a quadratic phase term. For some applications it will be
convenient to circumvent the presence of the quadratic phase term. This can be
accomplished by moving away the plane of observation at a far distance such that

k(x?+y?)
-

z> (3.4)

When this approximation is valid the intensity distribution results approximately the

one that corresponds to the Fourier transform of the object amplitude distribution

15



[29-31]. Under this condition these calculations are known as the Fraunhofer

propagation, and can be written as
We (€ 1) = S el ) E (W (x, 7)) (3.5)

In equation (3.5) the quadratic phase has been neglected. Equation (3.5) explicitly
establishes that in the Fraunhofer regime the amplitude distribution at a far plane of
observation consists of a quadratic phase term multiplied by the Fourier transform of

the amplitude distribution at the object plane.

In the next section will show examples of one-dimensional functions and distributions.
3.3 Some examples of the Fresnel propagation.

3.3.1 Example 1: Propagation of a Gaussian distribution (one dimension)

For brevity we will address to a one-dimensional Gaussian distribution without loss of
generality. The amplitude distribution at the object plane with semi-width 7, can be

written as

Y(x) = e_(%) . (3.6)

Substituting this equation in the Fresnel integral (3.1) gives,

x2

ikz o
W) = T e e (3.7)

This integral can be solved analytically as follows. First we expand the quadratic phase

as,

Az—im i

elkz i o -
Y = e = e ™ <’"02 ’12) e Azxfdx (3.8)

16



. 71' .
Now, we introduce the new parameter u = = to obtain,

ikz . .2 Az—inroz
¥ =%elﬂfz}"{e > (mozu )} . (3.9)
u=-=
Az

using the Fourier transform properties of chapter 2, we can finally rewrite equation
(3.9) as,

2

ikz T _ nr—zlz <
wie) = . [ i et 3.10)

z Az—imry?

To visualize the meaning of equation (3.10), we rewrite it as,

Az+inrg? )ﬁ

ikz 2 . T a2 L2120
LIJ(f) _ 37' nro?lz lﬂgze m°Ty (,1222+7T2T04 iz (3.11)

z | Az—imry?

It will be noticed that equation (3.11) represents a Gaussian distribution with a

guadratic phase. It can be compactly be written as,

etkz nro2iz & i”—fz
Y =T (T € TR (3.12)

where we define the complex constant term as,

i a3
7 is the semi-width of the Gaussian beam,
r=r1, 1+7:122—:024, (3.14)
and R is the radius of curvature,
= Btinin? (3.15)

A2z

17



It can be noticed in the above equation that there are two terms that correspond to
the amplitude and to the radial distribution of the Gaussian beam at the plane of
observation. As the distance of propagation z increases then the semi-width of the
beam becomes wider while its amplitude decreases; this is a necessary condition
because the energy of the beam must be conserved. The last term of equation 3.12
represents a quadratic phase similarly to a spherical wave. Figure 3.2 shows how the

Gaussian beam intensity distribution evolves as it propagates along the z distance.

0.4

0.3

Intensity

0.2

0.1

—ax107° —2a0°° 0 2407

(m)
Figure 3.2 . Gaussian intensity distributions at three distances of propagation. The
continuous line plot is at z = 1 m, the dotted line plot is at z = 3 m and the dashed

line plot isat z=6m, 7, =6X10"*m and 1 =638 x 107 m.

3.3.2 Example 2: Propagation of a Circ function.

The Circ function is defined as

: 1 if r<a
= 1
Circ(r) {0 otherwise’ (3.16)

where r=.x%+y? (3.17)

and a represents the radius of the circular aperture.

18



The corresponding amplitude distribution in the plane (£—7) can be calculated by

means of the Fresnel integral,
ikz o0 (T 2 2
v ==, W(x, y) el OO gy gy (3.18)

For solving the above integral it will be convenient to introduce the following change

of variables,
x=pcosP, y=psin®, (3.19)
E=rcosB®, n=rsin0. (3.20)

It will be noticed that by substituting the Circ function in W(x,y) in equation (3.18),
the object function W(x,y) will now be a function of the form W(p, ¢p). Furthermore,
being a symmetrical function in ¢ it can finally be written as a function of only one

variable as W(p).

Under the above conditions, equation (3.18) can now be written as,

i © il 2 -
Y(,n) = —e Az fo W(p)dp pellzpz fOZTrd@e iz_7p cos(® @). (3.21)

To proceed further we use the integral definition of the Bessel function of the first

kind, zero-order (2.21) to obtain,

WEm) = e 2m [ W(p)e R Jo (Zrp) p dp (3.22)

The integral in equation (3.22) cannot be solved in a closed form and it has to be
estimated by numerical algorithms. However, for illustrative purposes we will limit
ourselves to calculate this integral using the Fraunhofer approximation. Thus, for this
p?

. TT
case, we can neglect the term e'2z”  and write the integral in (3.22) as,

W(Em) = oo 2m [P W) Jo (Zrp) pdp (3.23)

19



Now, to solve the integral in the above equation we make the following change of

variables

_2m A _
§=_1p, —ds = dp. (3.24)

2nr

Equation (3.23) without considering multiplicative factor can now be written as,

Az \? (s=2=
Y(r) = (ﬁ) fsszo/lzmslo(s)ds. (3.25)
Using the following property,
b
Jy xTo()dx = xJ1 ()3, (3.26)
leads to,
2T
Y(r) = a? hgﬁ—zm) (3.27)
(zzra)
Using the definition of the Bessel-sinc, Bsinc(x) function, Bsinc(x) = ]13(:5)’ allow us
to write finally equation (3.27) as
— 42Rcine (2T
Y(r) = a*Bsinc (AZ ra). (3.28)

A plot of the above equation is shown in figure 3.3.

1)

0.8

06

Normalized Intensity

.
: 1y
H .
g 3
’ H H .
N H K '
v R
;i T N
H H
$ H I
- § 3 "
. ‘.
’
.
’ \
ap— — ==

- 699910 * 0 699910 *

(m)

Figure 3.3. Bsinc intensity distributions in the plane of observation. The continuous
line plotisat z = 1 m, the dotted line plot is at z = 3 m and the dashed line plot is at

z=6m,witha=5x%x10"3m and 1 =638 x10~° m.
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3.3.3 Example 3: Far propagation of an annular slit

In this example we describe how to generate a Bessel function of the first kind zero-
order due to the importance of such a field as it propagates as a non-diffractive beam.
Instead of the Fresnel propagation a lens is included to disregard a quadratic

multiplicative phase. The physical situation is depicted in figure 3.4.

1
“y ’]L A " F Bessel
Annular__{_
slit // 1

annular
== )
~ [ %, function

1N\\!
T\

\ /
Transform '\ /
N

W ny) | ‘ W)

Figure 3.4. Experimental setup to generate an amplitude distribution of a Bessel

function.

The annular function in the object plane is written as

Y(p) =6(p—a), (3.29)
where § is the Dirac delta function.

Using the lens as a Fourier transforming device, and using equation (3.23) the

propagation at the back focal plane of the lens can be written as [29],

2
1/

Y(r)=2m T,

J, 8(p—a)Jo (27;%) pdp. (3.30)

21



Using well known properties of the Dirac delta functions allow calculating the integral
in equation (3.30) as

i

e f 2mra
- ]O( - ) (3.31)

2
A

Y(r)=2m

In chapter 4 it is shown in detail that the Bessel function given in equation (3.31)
represents a non-diffractive beam; for this reason, instead of plotting the intensity
distribution at the plane of observation as we have commonly done in the previous

examples, we plot in figure 3.5 the normalized amplitude of this distribution.

05

Normalized amplitude

-05

5 5

—-3.333333« 10° 3.33333% 100

(m)

Figure 3.5. Normalized amplitude of the Bessel field at the plane of observation.

f=10x10"2m,a=5x10"3m, 1 =638 x 1077 m.
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Chapter 4

Analytical methods for finding solutions leading to

non-diffractive waves.

In this chapter we introduce analytical methods for solving the wave equation in free
space. It will be seen that some of these methods will lead to non-diffractive waves and
also to diffractive waves. Additionally some of these solutions will consist of optical pulses.

4.1 Solutions to the homogeneous wave equation in free space.

The wave equation in free space reads,

2 . 2 . 2 . 2 .
(6 PY(x,y,z;t) 0“Y(x,y,z;t) 0“Y(x,y,z;t) _ ia w(x,y,z,t)) — 0. (4.1)

0x2 dy? 9z2 c? at2

One of the methods suggested consists in writing the transversal part of the wave
equation (4.1) in cylindrical coordinates (p,¢,z,t) to attain separated the z and t
dependence [31,32]. The method is as follows.

Before solving equation (4.1) it is convenient to write it in axially symmetric cylindrical
coordinates as,

(62 19 92 1 0%

6_p2+;$+6?_c_2m)¢(p'zt) = 0. (4.2)

Now, to solve equation (4.1) we will proceed as follows.
First, we take again equation (4.2) and propose a solution given by,
W(x,y,2;t) = Pu(x, y)eikez=ot (4.3)

We now propose a Fourier method to solve equation (4.3). For this, we write ¥ ,(x,y) as a
function of its inverse Fourier transform as,

Yalx,y) = ff_zo Pa(u, v) 2@+ gy dy, (4.4)

where (u, v) represent the corresponding Fourier coordinate to (x, y).

23



To obtain the cylindrical solution we propose cylindrical coordinates parameters as

follows. Let,
ky =2mu, k,=2nv, (4.5)
x=pcos¢p , y=psing, (4.6)
ky=k,cos® , k,=k,sin0®. (4.7)

Equation (4.4) can be rewritten as,

2 00 ~ i —
Valp,0) = o ly [ balky, @) 0P XDk dkydo . (4.8)

Now in order to attain physical meaning we must restrict lﬁA(kp, (E)) to be periodic on the

variable 0. Then, &A(kp, @) can be represented by a Fourier series as,
Pa(ky, 0) = 232 o An(ky)e™ . (4.9)

In equation (4.4) @A(kp, G)) has a period 2m. The coefficients A, must depend on k, in
order to be consistent.

Equation (4.8) can now be written as,

Va0, 0) = G BiZen [ KpAn(ky) b, J) eoP 05O #e=n0 d . (a.10)

(2m)? 0o

Now changing © — ¢ = @' and considering that the function inside the integral over © is
periodic, leads to,

Ya(p) = - TAZ (™™ [ kyAn(ky) Ju(kpp)dk, - (4.11)

2

In equation (4.11) ], represents the Bessel-Function of the first kind n-order.

We can see that the equation (4.3) changes its dependency Y(x,y,z;t) to
Y(p, z;t) because Y, (p) depends on p only.

By this assumption and substituting equation (4.11) into equation (4.3) with its Y(p, z; t)
form, we obtain

Y(p,z;t) = i ro ()neTind ffooo kyAn(ky) Jn(kpp)dk,e'zz=08) (4.12)
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As is well-known the most general solution is obtained as a linear combination over
k, and w as,

Y(p,z;t) = —zn__oo(l)ne—imb W2 kpAn (k) n(kpp)ei®sz=90 dk, dk,dw.  (4.13)

For the particular case n = 0, equation (4.13) reduces to,
Y(p,z;t) = — fw__oo sz__oo [ °Z=0 kyAo(kp)Jo(kyp) €790 dke dk,dw.  (4.14)

Equation (4.14) represents a general solution of the wave equation in free space; that
indeed is a valid solution of equation (4.2) and is demonstrated as follows. Taking
equation (4.14), we obtain the following equations,

2¢(p 20 = f ffj; - %]1 (kpp)‘l‘kp]o (kpp)]eikzze_ith(kp)dkpdedw'
(4.15)

10y(pzt) _ 1 oo et kp? ikzZ =i
LOIO L[ ([T (kpp) et e Ak, ko, (226

929 (p,z;t) 1 -

Vézf’z” 27'£f —kyk, ]O(kpp)e”‘zz “"tA(kp)dk dk,dw , (4.17)
_1%pat) _ f ff+oo —w?k, ] (k )eikzze—ith(k )dk dk.dw (4.18)
c? at2 27‘[C2 pJo\%pP p P ' .

to calculate the above equations we used the following recurrence equations,
12 m
Im (x) = ;]m(x) —]m+1(X), (4.19)

Jma1 () = 22y () = Jna (1) (4.20)

By adding equations (4.15) up to (4.18) we obtain,
2
[k + k> =S| vz t) =0 (4.21)
Thus we have demonstrated that the solution satisfies the differential wave equation
provided that,

k=% —k,”. (4.22)
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For calculations at far fields, it is possible to neglect the contribution of evanescent waves

k,>0, /‘;’—f—kp2>0. (4.23)

Then the general solution to equation (4.13) for the case n = 0, can be written as,

by assuming,

[ |w?

Wp,zt) = f¢ 17 kpjo(kpp)el< G >Ze-ith0(kp,w)dkpdw. (4.24)

Finally it is important to remark that A,(k,, @) represents the spectrum of the object
amplitude distribution in the (x,y,z = 0) plane. As this variable performs an important
role in the calculations we rename A4, (k,, w) as S(k,, w) to indicate as explicit as possible
that this term is a spectral function that corresponds to the object amplitude distribution
of the field. Then we rewrite (4.24) as

[ |w?

W(p, 20 = [ 1" koo (ko) el< e >Ze-iwts(k,,, w)dk,dw.  (4.25)

Equation (4.25) represents the main tool for obtaining solutions to the wave equation. In
the following chapters we describe some methods to obtain different solutions to the
wave equation in the free space. As indicated above, some of the solutions will represent
non-diffractive waves or pulses and others will represent diffractive waves.
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Chapter 5

Spectral functions to generate solutions to the wave
equation.

In the last chapter we introduced the spectral function S(k,, ). In this chapter we
explicitly show that this spectral function represents the key for obtaining different
solutions to the wave equation in free space. In what follows we will describe some
examples. Several of these examples will represent diffractive waves and others not, as it
will show.

5.1 Gaussian beam

As a first case we will consider a spectral function localized at w, modulated by Gaussian
amplitude as

S(kp,a)) = e"azkpzd(w — W) (5.1)
We will show that this spectral function leads to the typical paraxial Gaussian beam.

By substituting equation (5.1) into (4.25) we obtain,

[ |w?

9w 5—kp? .
V(p,z;t) = [ f_we‘a2k926(w — wp)k,Jo(kyp) el< P >Ze““’tdkpdw. (5.2)

In equation (5.2) the integral over w can readily be performed; however the integral over
k, cannot be calculated analytically. Then, we will find a paraxial approximation as

follows.

We take a first order approximation of the square root as,

/w_z_ 2 L0 _k'c
c? kp T 2w (5.3)

Additionally we extend again the integral over k, up to infinity to include evanescent
waves. It seems that evanescent waves can be neglected, however extending the integral
to infinity necessarily takes into account evanescent waves similarly as in the Fresnel
diffraction integral. Then we obtain,
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woZ

W(p, z; 1) = el e wot) fowe‘(“z“m)"f’z Jo(kpp)k,dk, . (5.4)

There is not a straightforward way to calculate the integral in (5.4). Fortunately we can
calculate the integral in an indirect way as follows. First, we consider the following inverse
Fourier transform,

T—l{e—az(uzﬂﬂz)} — f+°° f+°° e~ (u?+v?) pizn(ux+vy) gy, dv. (5.5)

With the Fourier properties listed in chapter 2 we obtain,

2 2
_ —2(1y2 412 n -2 (XY
Flfe W+ )}=;e (=) (5.6)
Now, making the following variable changes in equations (5.5) and (5.6),
ky =2nu , k, =2nv, (5.7)
x=pcos¢p, y=psing, (5.8)
ky =Kcos®, k, =Ksin0®, (5.9)
substituting (5.7 - 5.9) into (5.5) leads to,
K2 p?
[7 L e i emikpeos@-P KK e = lze_”z(a_z), (5.10)
41 a
which can be rewritten as,
0 _ azK_z 472 _RZ(ﬁ)
[ Ke " [((Kp)dK =—e = \@?/, (5.11)
0 2a2
2
Finally it will be useful to define a'* =2 Thenthe integral (5.11) leads,
4772
2
oo 12 .
J, Ke™ " K Jo(Kp)dK = 2:,2 e (4a'2) . (5.12)
Equation (5.12) can now be used to evaluate (5.4) by now defining a?=a?+ i%.
0
Then equation (5.4) has now been solved with the result,
|
W(p,28) = e L)l gttata—co), (5.13)
2(a2+lm)
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where, for brevity we have introduced the wave number,
ko =—. (5.14)

As anticipated, equation (5.13) represents the typical equation of the propagation of a
Gaussian beam from its waist plane up to distance z as obtained with the Fresnel
diffraction integral. Figure 5.1 shows how this Gaussian beam propagates while it travels
along z.

08

| Intengity

Figure 5.1 . a) Intensity of a Gaussian beam obtained with the spectral generating
function (5.1) at different distances (z axis) , ¢ = 3 X 108 m/s, wy = 3 X 1015 s71,

a=1x10"*m.

The above result demonstrates that the spectral distribution proposed in equation (5.1) in
combination with equation (4.25), in a paraxial approximation, is equivalent to the well-
known solution of the propagation of a typical Gaussian beam.
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5.2 Bessel beams

As a second case we will consider the following spectral distribution,

8(kp=oino) 5(w — wy). (5.15)

&(k,-%sing
Sk, w) =

We will show that this spectral distribution yields the Bessel function of the first kind zero-
order obtained in 1987 [7,16], which historically was reported as the first non-diffractive
wave.

Substituting equation (5.15) into the general wave solution given by (4.25) we obtain the
following expression,

_ @ i |92k, 2
Ypz0)= [ [ Msm—wo) kpjo(kpp)el< 2 >Ze_i"’tdkpdw,(5.16)

—00 kp

which can be readily evaluated as,

2 2
i |29~ — (L95ine )z ,
Yp,z;t) =e ( &= (o) e~@ot) (“2sing p) ; (5.17)
reducing terms we obtain,
LW ct
Y(p,z;t) = J, (% sian) piteost(z- 55) (5.18)

This beam exhibits velocity v = CL , and a transverse distribution represented by a

os6
Bessel function J, (% sin 6 p).

It can be noticed that the amplitude of the wave given in equation (5.18) is independent
of the distance of propagation z, thus representing a non-diffractive wave. Its property
can be compared with the Gaussian beam that diffracts under propagation as illustrated in
the plots in figure 5.2.

As indicated, the Bessel beam is non-diffractive. However this beam has infinite energy so
it has to be truncated to be physically realizable. The consequences of this truncation are
illustrated in the plots in figure 5.3.

30



Normalized amplitude

Normalized amplitude

Normalized amplitude

1_ =
z=0.25
0.5F |
0 e
—2a10°° 11078 0 11073 21073
(m)
l_ =
z=05
0.5- .
0
—2x10°3 —1a0® 0 1103 2103
(m)
1F T T =
z=1
0.5F |
0 _ et st .
—2a10°° 1108 0 11072 21073
(m)

Figure 5.2. Comparative propagation intensity plots of a non-diffractive Bessel zero
beam vs. Gaussian beam for different distances of propagation. The values of z are
0.25m,0.5mand1m,=0.5x10"°m, a = 24050 m™}; this value of a gives a
central ring with a diameter of approximately 0.2 mm . The Bessel function was

truncated to 15 rings.
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Figure 5.3. Comparative propagation intensity plots of a non-diffractive Bessel zero
beam vs. Gaussian beam for different distances of propagation. The values of z are
0.25m,05mand1m,=0.5x10"°m, a = 24050 m™}; this value of a gives a
central ring with a diameter of approximately 0.2 mm . The Bessel function was

truncated to 8 rings.
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As it can be seen from the above plots, the inherent necessity of truncating the Bessel

beam inevitably reduces the non-diffractive depth of the beam, limiting its applicability.

An alternate way to visualize the non-truncated beam given by equation (5.18), is by
means of a 3D plot while it evolves fromz =0m, to z = 1m as illustrated in the

following graphs in figure 5.4.

Normalized imtensiy

Figure 5.4. 3D plots of the propagation of a Bessel beam of the first kind zero- order as
given by equation (5.18). The diameter size of the central ring was chosen arbitrarily.

5.3 Gaussian pulse
In this subsection we will consider the case,

S(k,, w) = e=ko" gmb*(@=w0)?, (5.19)

In the paraxial region

.<w kpZC

Y(p, z;t) = fooo ffoooe_azkpze_bz(“"“"’)z kpJo(kop) e \¢ 2 >Ze_i“’tdkpdw. (5.20)
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If we consider that the Gaussian has its maximum at w, , then the contribution to the

2
kp

integral for this Gaussian comes from the w, and the term

is possible to approximate,

Then, equation (5.20) can be written as

. _,kpzcz w P
Yo,z t) = [ kpe™ ko e 200 o (kpp)dk, [ e b @m0 et g,

for brevity, we define the integral over the k, parameter as,

o _,kpzcz
I =f0 kpe—azkpze Yoo ]O(kpp)dkp ,

p

and the integral over the w parameter as,
© pwmawe) i(t)o
I,= [ e b @-w)" o"c7H)%qq

The integral Ikp can be evaluate by the equation (5.12) and its result is,

_ 1 4(a2+ii>
I, = z(az+i%) ¢ o

The I, integral can be also analytical evaluated by rearranging the terms as follows,

I, = e-b?wo’ [ e—bz{(w—#[szwOHG—t)Dz—#[szwoﬂ(i—t)]z} do

— 00

By defining,

s? = {w —%[szwo +i(§—t)]} ,

the integral (5.26) can be rewritten as

ool = g

—00

p2.. 2
I, = e P70

wc . Under this condition it

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)
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and the result is,

VI _p2e,2 | e#[sza)OH(%—t)]z,

I, = - € (5.29)
which can be expressed as
. z 1 (z ,\2

I, = g e[“"O(z‘t)‘ w2(et) ] ) (5.30)

So the final solution to equation (5.22) is,

p2
T 7 1 ,
Y(p,z;t) = W\/fii)e 4(“ZJ”%)e_4bzc2(z_6t)2e‘kﬂ(z‘“) . (5.31)
2k0

Equation (5.31) represents a Gaussian pulse that travels along the axis z. As it propagates
its width becomes wider as depicted in the plot in figure 5.5.

Figure 5.5. Gaussian pulse evolving in time t =0.15s andt = 0.55s respectively;
a=20%x10"3m, c=3x108m/s, w, = 200 x 108s™1,b =40 x 1073 m.
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5.4 Ordinary X- shaped pulses

Following the same procedure adopted in the previous section, let us construct ordinary
X-shaped [2, 32] pulses by using spectral functions of the type

S(kp @) = S1(k,)S2(w), (5.32)
where S;(k,) and S,(w) are,

5(k,—Zsing _a,
$:(k,) =% , Sp(w) = step(w)e v (5.33)

where the step function, as usual, is defined as,

0 —o<w<0

step(w) = {1 0<w<oo’ (5.34)

it will be useful the geometrical construction shown in figure 5.6,

Figure 5.6. The wave vectors lay on the surface of a cone having the propagation
axis z as its symmetry axis and angle equal to 8 (also called “axicon angle”).

from this geometrical construction we have
k, = ksin®, (5.35)
k, = kcos6, (5.36)

and because by using equation (4.22) in chapter 4,

k> +k, =k?=2%. (5.37)

c2
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Substituting the above result and the spectral function (5.32) in equation (4.25) we obtain,

a i w—z— 2
Y(p,z;t) = fjooo fOOOS(kp — %sin 9)%step(a))e_5“’]0(kpp) el< e >Ze_i“’tdkpda),

solving this integral leads

Y(p,z;t) = %fo e v, (%sm@p) e
which can be rewritten as

W(pzt) =2 [y (Lsing p) e s~ e oo,

using the equivalence v = - given in chapter 4, then we can regroup terms as

cosf’
o,z ) =2 [y (Lsind p) e b3 0l gy,

and making the following changes of variables,

{=@E-v?),
S:a—ii’

v

sin @

the integral (5.41) can be rewritten as a Laplace transform as,

Y(p,z:t) =2 [ Jolaw) e *“dw .
This Laplace transform has the form

I = fooojo(a'w) e SPdw = fOOO {i fOZTEBiaw sinee—ine dg} e—S® dw,

then rearranging terms , equation (5.46) becomes

_ 1 r2m__ing ® —(s—iasin@)
I=—["edo[ e dw,

and evaluating the integral over the parameter w, we can obtain the result

1 p2m e~int
_Efo [S_%(eie_e—ie)]d

0.

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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Now, to perform the integral we use contour integration. Let,
z=el?, (5.49)
dz = izd#f. (5.50)

Using this change in equation (5.48) leads to

1 ¢ z™n dz

=L - & 5.51
o [ - -

Now, we make the corresponding algebra to reach an expression of two factors in the
denominator

—dz, (5.52)

1=-14,

azz 2sz—a)

then we obtain the factors as follows

1=~k e

dz, (5.53)

completing the square we obtain

S ey e
then:
—§ — 2 — -y dz. (5.55)
)
This complex integral has two poles at
D] ep =D e
We suppose P; inside of the contour C then the integral (5.55) result
stvsZraz\| "
O] o
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finally we get

I o= — o _ . 5.58
1 {\/sz+a2(s+\/sz+a2) } ( )

We work with the above result to obtain an X-wave pulse, moreover, another case can be
studied if P, resides inside of the contour C. In this case,
an

I, = = . 5.59
2 {\/sz+a2(s—\/sz+a2) } ( )

Once we have obtained the Laplace transform result, equation (5.45) is rewritten as

n

a [24
yZ, t)=- . 5.60
Yoz t) VVs2+aZ[s+VsZ+a?] ( )
Because we have a = ﬂp, and v = —— , we can rewrite
c cos6
2
a? = (:_z - 1) p? (5.61)
then, for the particular case n = 0 the solution (5.60) becomes
1
Y. == . (5.62)
a-i v2
| )
Finally we have
Y(p, Q) = — (5.63)
Ja-i02+(5-1)p2
which in terms of (p,z — vt) is
W(p,z—vt) = - (5.64)

\/(a—i(z—vt))2+(2—§—1)p2

Equation (5.64) is the well-known ordinary X-wave pulse solution reported by several
authors [9, 12], this X-wave does not spread while it travels along the z axes. Figure 5.7
depicts an X-wave pulse as it evolves in time.
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Figure 5.7. Propagation of an X-wave pulse for c =3 x 108 m/s, v = 3.5 x 108
m/s,a =3m,b =40 X 1073 m, as it evolves fort = 0's, t = 15 s, respectively.

It will be noticed that the velocity of propagation of the X-wave was selected with a value
v = 3.5 X 108 m/s which is > c. This type of wave is known as a tachyon [33]. It has
additionally being shown experimentally its existence [27,34]. However these preliminary
experiments have been performed with acoustic waves; it still remains the challenge to
show experimental evidence of tachyons for electromagnetic waves.

X-wave pulses have infinite energy like the Bessel ideal beam described above. Thus, a
truncated X-wave pulse is necessary to perform a realistic experiment. In this direction
preliminary experimental evidence has been reported using acoustic waves [11,12]. In this
report the truncated X-waves have shown to maintain their spatial shape for some depth
in a similar way as the Bessel truncated beams.

Before finishing this section we present table 5.1 to summarize the different spectral
distributions described and their corresponding amplitude distributions.
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S(k, o) Y(p,z;t) Non-
diffractive
1 Nalaz+i-2)| .
ek §(w — wp) .z \° o+ izic) etkoz=ct)
2 (a + l2—k0>
(Gaussian Beam)
w . w 0o __ct v’
6(kp — ?sme) To (TOSiHQp)el . cose(z cos@)
ko
(Bessel Beam)
- 0(w — wy)
.
. Z
\/E e 4(a2+12—ko)9_ﬁ(z_“)zeiko(z—ct)
2 4 i 2
2b (a +i 2k0>
e_azkpze_bz(w—wo)z
(Gaussian Pulse)
a v’

5 (k, — Zsine)
K

D

a _a,
-;step(a))e v

\/(a —i(z—vt))? + (Z—j — 1) p?

(X —wave Pulse)

Table 5.1. Spectral functions with their respect wave solution and their non-diffractive

property.
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5.5 Example of a Gaussian pulse obtained by another method.

In previous sections we had worked with the spectral function to generate solutions to the
wave equation. In this section we will follow a different approach for obtaining such
solutions. Some of the solutions that will be obtained have been implemented and suited
by means of experimental observations.

In this technique we assume a solution to the wave equation (4.1) of the form,
V(x,y,7z;t) = e*EtOF(x,y, (z — ct)) . (5.65)
For brevity, we define the parameter,
T=12y+i(z—ct), (5.66)

To proceed further we calculate the first and second partial derivatives of F(x,y, 1),

OF _ .0F 9%F(x,y 1) _ 0%F(x,y,T)
az ot ! 0z2 o 72 ’ (5.67)
OF _ . OF 9%F(xy1) _ 2 9%F(x,y,7)
at ot ' acz ¢ a2 (5.68)
Which leads to,
*Yyzt) _ ik(z+ct) § _1,2 .op, 1OF az_F
oz =e { k*F(x,y,7) +i2k p 61’2}' (5.69)
and,
%Y(xy,zt) ik . . N OF 9%F
— s =e (z+ct) {—kzczF(x, Yy, 7) + (i2ke)(—ic) - - c? F}' (5.70)
Adding both terms (5.69) and (5.70) we obtain the expression
*Ppyzt) 1 *Py.zt) _ ik(z+ct) (_pp OFXYD)
0z2 c? ot2 =€ ( 4k ot )' (5.71)
substituting (5.71) in equation (4.1) , the wave equation becomes
9%F(x,yr) | 92F(xy,1) OF(x,y,7)
( x2 ayz =3 )' (5.72)

which is a Schrodinger-kind equation.
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To solve equation (5.72) we will follow a Fourier transforming technique.

The function F(x, y, T) can be expressed as a Fourier transform as follows

FCo,y,7) = [[C. F(u,v,1)e?"@ Y dydy

similarly,
F(x) = f_oooo F(u)eiznuxdu , F(y) = f_oooo F(v)eiZmJydv ’
df;gcx) = ;—x (f_oooo F(u)eiZnuxdu) = [2TU f_oooo F(u)eiZHuxdu '
then,

F"(x) = —4m?u?F(u) ,F"(y) = —4n?v?F(v),
substituting (5.76) in equation (5.72) we obtain

oF(uvt)

P 0.

m?(w? +v)F(u,v,1) + k
To solve (5.77), as usually, we propose,

F(u,v,1) = de?* .

Substituting equation (5.78) in equation (5.77) gives,

m?(u?+v?)+ki=0,
thus

2 (u?+v?)

Then equation (5.78) becomes

2(y2 42
+
% (u?+v?)

Fuv,t) =A4de” « ,
substituting (5.81) into (5.73) leads

_71:2 (u2+v2)

FGoy, ) =Af[" e" * e2mw+wigydy = AL,

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)
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where

k
L= [=e, (5.83)
and
k
I, = %e?yz , (5.84)
finally
k
F(x,y,7) = ——et™ 7, (5.85)
substituting in equation (5.65)
= L ik(zeet)  H(x2+y?)
l/)(x, y; Z, t) - Ee et ’ (586)

in terms of z, + i(z — ct) we obtain,

k
1 e—[zo+i(z—ct)](p2)

l/)(p' z;t, T) = E

ik(z+ct)
i [zo+i(z—ct)] € ’ (5.87)

Equation (5.87) is a modulated non-diffractive traveling Gaussian pulse. In particular, this
pulse recovers its initial amplitude along a specified direction of propagation at very large
distances from their initial location. If z, increases, its amplitude decreases.

A time sequence of the fundamental solution equation (5.87) is shown in figure 5.8.

S D) oy
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Figure 5.8 . Contours of the Gaussian pulse as it evolves with time; t =0s, t =4s5,
andt = 8s.
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An intensity plot of this Gaussian pulse is shown in figure 5.9 to visualize that the pulse does not
diffract while it is traveling along z.
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a) b)

Figure 5.9 This Gaussian pulse is traveling along z axis without spreading. a) This plot

shows that it is very intense in a small region thus b) is a zoom of this pulse to see its
constant width with more detail.

In summary, we demonstrated that the differential wave equation in free space can be
solved by two different techniques. One of these techniques uses the spectral complex
amplitude distribution located at the object plane; the other technique is a result of
proposing different analytical forms working directly in the wave equation. A classification
of the properties of the solutions obtained with the spectral function was summarized in a

table 5.1 . It is clear that new solutions can be found by proposing different spectral
functions.
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Chapter 6

Non-diffractive Mathieu Beam

In this chapter we describe non-diffractive beams based on Mathieu functions. We show

that these functions are exact solutions to the wave equation. The propagation of

Mathieu beams can be calculated by using the Whittaker integral as described in this

chapter.

6.1 Mathieu functions

For convenience we repeat here the wave equation in free space in Cartesian coordinates

written as the Helmholtz equation as,

92 92 92
(ﬁ+a—yz+§+k2)lp(x,y,z) =0.

We now introduce elliptical cylindrical coordinates,
x = pcoshécosn,
y = psinh £ sinn.

By substituting (6.2.1) and (6.2.2) into (6.1) the Helmholtz equation reads,

1 92 | 92 2 ., N
[pz(cosh2 &—cos? 1) (@ + 6_772) + 922 tk ]l/)(f' 0.2 t) =0.

To solve equation (6.3) the solution is typically written as

Y(&m,2) = F(OGCMZ(2) .

Substituting (6.4) into (6.3) we obtain the following equation

+k?=0.

1 (1 0%F 1626) 192%Z

p2(cosh2&—cos2n) ;F G 91?2 Z 0z2

Equation (6.5) can be separated in the following three equations,

9%Z(2) 2 _ 2 =
o+ (k*=m%)Z(z) =0,
2

ddfy(zn) + (a — 2qcos2m)G(m) =0,
2

ddI;(zf) — (a — 2qcosh28)F(§) =0 .

(6.1)

(6.2.1)

(6.2.2)

(6.3)

(6.4)

(6.5)

(6.6.1)

(6.6.2)

(6.6.3)
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In equations (6.6.1) to (6.6.3) m and a are constants obtained from the method of

separation variables. g and k, for brevity are defined as

k, =Vk? —m? .
The longitudinal differential equation has the solution

Z(z) = etikzz

(6.7.1)

(6.7.2)

(6.8)

Equation (6.6.2) and (6.6.3) are known as the Mathieu’s ordinary and modified differential

equations respectively [35].

Before proceeding further, it is important to remark that the modified Mathieu

differential equation can be written as an ordinary Mathieu differential equation by

writing & = —ié. Thus it is only necessary to solve the ordinary Mathieu differential

equation.

The ordinary Mathieu differential equation is solved by proposing four possible series as

follows,

cezn(q,1m) = Xy=o Azn cos(2nn),

cern+1(q,M) = Y=o Azn+1 cos((Zn + 1)77),
Sexn+2(q, ) = Xn=0 Bon+2 Sin((Zn + 2)77)'

Sexn+1(q, M) = Y=o Bant1 sin((Zn + 1)77)-

(6.9.1)
(6.9.2)
(6.9.3)

(6.9.4)

As it can be seen the four possibilities consist in cosine series (even or odd) and sine series

(even or odd). ce stands for cosine elliptic and se for sine elliptic.

In the following subsection we will find the coefficients of the above series.
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6.2 Solution to the ordinary Mathieu differential equation.
Characteristics values.

We will begin solving equation (6.9.1). Substituting (6.9.1) into (6.6.2) gives the following
recursive relations,

co

Z a — (2n)?] - Ay, cos(2nn) — q Z Asn cos((Zn + 2)77)

n=0 n=0

—q =9 Azn cos((2n — 2)n) .

(6.10)
Using equation (6.10), we obtain
forn =0, then al, —qA, =0, (6.11.1)
forn =1, then —2qAy + [a — 4]A;, — qA, =0, (6.11.2)
forn = 2, then —qA, + [a — 16]A, — qAs = 0. (6.11.3)
The general term is given by
forn > 2, then  [a—4n?]4,, — q(Azpn_z + Azpyiz) = 0. (6.11.4)

The above relations can be written in matrix form as,
a —q 0 0 0 Ao 0
—2q a—4 —q 0 0 A, 0

0 0 —q a-36 —q||l4;|=|0]. (6.12)
)l A, 0

In order to obtain non trivial solutions the determinant of the left matrix must be zero.
However the matrix has an infinite number of terms and for its calculation it has
necessarily to be truncated. However even truncated the matrix involves difficulties. Thus,
we will use a recurrence method as follows.

As a first step we consider the sub-determinant that consists of the first four elements,

a —-q

—2g (a—4)|=a@-4-2¢*=0. (6.13)
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Equation (6.13) shows that a is a function of q. The value obtained for a is referred as the
characteristic value and it has to be iterated to obtain the best estimation. From (6.13) we
obtain two possible values for a,

2

@ =2+, (6.14.1)

a, = —+. (6.14.2)

As it can be seen we have obtained two characteristic values a; and a, by taking a matrix
of two by two elements. As it can be seen the matrix has an infinite number of elements,
thus, there will be an infinite number of characteristic values. It is customary to order all
the characteristic values from lower to higher and denoted them as a4, a,, as,..
Accordingly the solution that corresponds to the characteristic value a,, is known as the
Mathieu function of order —n.

As an example we take (6.14.2) to calculate the Mathieu function of order zero by taking
(6.14.2) as the minimum characteristic value, then, accordingly we re-define

ap=-2. (6.15)

As indicated this is not the final value for a,, an iteration is necessary to find a better
estimation. We will use the following procedure.

We propose
q2
A =~ + Aaq, (6.16)
where Aa is a small value that will be calculated.

Additionally we define scaling terms as follows,

Voo = Ay, (6.17.1)
Vy Ay = V0040 = Ay, (6.17.2)
V Ay = V40,0040 = Ag. (6.17.3)
In general,
Apiy = VyA,. (6.17.4)
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We now use (6.11.1) to (6.11.3) as follows,
(ap + Aa)Ay — quo4y = 0,

_ZqAO + (ao + Aa — 4)UOA0 - quvoAO = 0,

_CIAZ + (ao + Aa - 16)U2A2 - qv4172A2 = 0

Equations (6.18.1) to (6.18.3) give

(ap + Aa) = qv, ,

2q

Vo=—""7"7"
0™ gy+Aa—4—quv,’

q
ag+Aa—-16—qv,’

U,

Combining (6.19.1) to (6.19.3) gives,

2q?

ap+ha—4—

ap + Aa = pe
ag+Aa—16—qvy

Using a first order approximation in (16.9.4) gives

4 6

Aa = 7L + q_z .
128 64
Using (6.19.5) gives
2 4 6

2 128 = 642°

(6.18.1)
(6.18.2)

(6.18.3)

(6.19.1)
(6.19.2)

(6.19.3)

(6.19.4)

(6. 19.5)

(6.19.6)

The method is iterated as many times as desired. Each iteration improves the accuracy.

Now we are going to obtain the corresponding Mathieu function.
ceo(q,m) = Ay + A, cos(2n) + A, cos(4n) + -+,

ceo(q,n) = Ag(1 + vy cos(2n) + v,v, cos(4n) + ).

(6.20)

(6.20.1)

In (6.20.1) the values of v, and v, are already obtained in (6.19.2) and (6.19.3).
As this process is lengthily we limit ourselves in just describing the procedure. In the

following subsection we use the above results to introduce Mathieu’s beams.
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6.3 Mathieu’s beams
Mathieu’s beams can be written as

Z%‘i:oAmCem(q,E)cem(q,n)eﬂ."zz (even)
Yo _oBmSen(q, &)se,(q,n)etka? (odd)

where A,, and B, are amplitude coefficients, m = 2n or m = 2n + 1.

Y nz2) = { ) (6.21)

In the following figures we plot some Mathieu’s functions.
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Figure 6.2 Odd periodic Mathieu Functions. Orders 1 -4.q = 1.

From (6.21) for any order m and parameter g, the intensity of even mode Mathieu
beams can be written as:

1¢,n,2) = Y& n,2I? = |4nCen(q,§cenlamI? . (6.22)
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It can be seen from equation (6.22) that the transverse intensity distribution of
Mathieu’s beam maintains the same shape as the beam propagates along the z
axis. These Mathieu beams have been experimentally demonstrated [36].

The intensity of Mathieu’s beam zero-order is given by,
1(§,n) = |Ceo(q,§)ceo(q, MI?, (6.23)

in the next figure 3D-plot are shown for ¢ =5, ¢ =25, g = 55.
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Figure 6.3 a) 3D-Intensity distributions of the even zero-order Mathieu’s beam
with parameters q =5, g = 25, respectively. b) Contour intensity distributions
of the even zero-order Mathieu’s beam with parameters g =5, q = 25,

respectively.
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6.4 The Whittaker integral

The Mathieu’s beam extends without limit; in consequence it also has infinite energy. For
their physical realization true beams have to be truncated. Like Bessel beams, this
truncation still allows to maintain their non-diffractive properties along reasonable large
distances.

To calculate the wave propagation of truncated Mathieu’s beam typically the Whittaker
integral is used [36]. In the following we describe a method to obtain the Whittaker.

We begin by writing ¥ (x, y, z) as a function of its inverse transform as,
Y(x,y,z) = ffffooo P (u, v, w)eBFHY+OD) dy dydw. (6.24)

We will use equation (6.24) to calculate the derivatives involved in the Helmholtz

equation,
0%y (x,y,z) oo - .
TEED = [ (—4m2u?)P(u, v, w)e 2@ oy on qudydow, (6.25)
2 (00] ~ .
%’C'Zy'@ — fff_m(_4n2v2)¢(u’ v, w)eLZn'(ux+vy+wz)dudvdw’ (6.26)
0% (x,y,2) 0 ~ ,
% — fff_w(_4n2w2)lp(u; v, w)eLZE(ux+vy+wz)dudvdw. (6.27)

Adding equations (6.25) to (6.27) we obtain
[—4m?(u? + v? + w?) + k2] (u, v, w) = 0. (6.28)

To proceed further we define

2nu = k,, = K sin O sin @, (6.29)
2nv =k, = K cos ©, (6.30)
2nw =k, = Ksin® cos P, (6.31)

Substituting the above equations into (6.28) we obtain
[-K? + k*1Y(ky, ky k) = 0. (6.32)
Equation (6.32) is written as
(K — k)(K + k)P(ky, ky, k,) =0, (6.33)
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From equation (6.33) it is evident that 1,[~)(kx, ky, kZ) can be written as
D(ky key k) = S(ky, ky k)5 (K — k). (6.34)
Substituting (6.34) in equation (6.24) we obtain

Y(x,y,2) = % T S (ke Ky k)5 (K — k)2 Uexxtlyy+kaz) gl dke dk,.  (6.35)

At this point it is possible to propose several analytical forms for the spectral function.

A simple case can be proposed as
S(ky ky, k) = S (K)S,(0)S3(P) . (6.36)
In spherical coordinates in the spectral space we have
dkydk,dk, = K? sin dKd®de , (6.37)

then

Y(x,y,2) =
—(2;)3 IIZO f(:)T=0 f;zosl(K)SZ (@)53(q)) . 5(1{ _ k) sin® - eiK(xsin@sin ®+y cos O@+z sin O cos (D)KZdeCDd@ )

(6.38)
Equation (6.38) readily gives

2 . . . .
ll)(x, y, Z) _ k(;‘;)(;f) fq2>7=To fgzo‘gZ (@)53 (CD) elk(x sin © sin ®+y cos ®+z sin © cos ®) sin 0dOdd.
(6.39)

Finally it is customary to propose
S3(d) = e™m® | (6.40)

Thus,

l,l)(x, y, 2) = k(ZZS;)(;C) f;:() f(;T:OSZ (@)eimd) ik (xsin @sin @+y cos ©+zsin @ cos @) ¢in OO ID.

(6.41)

Equation (6.41) is the Whittaker integral which is obtained by other means in other
reports [37].
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In a similar way as in previous chapters, S, () represents the main key to obtain different
solutions. As we have demonstrated that Mathieu’s functions satisfy the differential wave
equation one possibility is to assume that S,(0) should be Mathieu’s functions. It is
customary to use a combination of even - odd functions [38]. For example two typical
spectrums are the following,

5,(0) = ce;m(0) + iseyme1(0), (6.42)
and
52(0) = se;m(0) + icezmi1(0) . (6.43)

In figures (6.4.a) and (6.4.b) the real versus the imaginary part of each spectrum are
plotted for a particular case, m = 10 and g = 4.

Séy1

Figure 6.4 a) Angular spectrum function formed with se,;(gq,n) in y-axis and
ceyo(q,m) in x-axis with g =4, b) angular spectrum function formed
with se,o(gq,n) in y-axis and ce,;(q,n) in x-axis with ¢ = 4.

Before finishing this chapter we want to remark that S,(®) has to be inserted in the
Whittaker integral, equation (6.41), to calculate the propagation of the beam. The
resulting integrals are complex and must be solved numerically; however this subject is
out of the scope of this presentation.
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Chapter 7

Conclusions

We have described analytical methods for finding solutions to the differential wave
equation in free space which, for some cases, yields non-diffractive beams or pulses. For
this task we followed two possible approaches. In the first approach we used a Bessel-
Fourier expansion in the transversal part of the differential equation. In the second
approach we used some analytical form for the transversal part of the equation which by
additionally considering that the transversal term of the equation as axisymmetric allows
to be solved by Fourier transforming the resulting equation.

With the first approach we have demonstrated that there is a spectral function that
results being the main key to yield different solutions. Some of the solutions resulted in
non-diffracted pulses or beams. Other of the solutions resulted in well-known diffractive
beams. We saw that the choice of their spectral components affect on the propagating
characteristics. The non-diffractive depth propagation of a beam can be controlled by
varying only their spatial spectral content or changing their energy distribution over the
aperture. For example changing the aperture to get more rings in Bessel beams can give
us a larger non-diffracting propagation depth than the same Bessel beam with less rings
because it changes its spatial spectral function. Then comparing a Gaussian beam with a
Bessel beam which have the same semi-width (and identical apertures), we notice that
Bessel beam have a larger depth compared to a Gaussian energy distribution.

On the other hand, some spectral functions lead pulses where their temporal and spatial
spectral components were important in their limiting propagation characteristics. It has
been demonstrated that certain types of pulses are localized X-waves and that reconstruct
themselves as they propagate in free space.

With the second approach we have obtained Gaussian localized pulses which we have
characterized. This method provides a new approach that could give us some information
that may be concealed by formal approaches like the Fourier analysis. This method gives a
rich class of possible solutions depending on the election of the function in the Laplace
transform (5.41) (with no physical meaning until now). Finally, we have provided a
classification of the different results obtained which can found to be useful for future
applications.
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There is another method to the wave propagation where the Whittaker integral is used.
This integral also uses a spectral function but with the difference that this spectral
function has angular dependence (in spherical, elliptic or paraboloid coordinates) in
difference with the only radial dependence in the Bessel beam (circular symmetry).

For future work further investigation is needed to study the feasibility of the distributions
obtained in order to know which solutions may be useful for specific applications and
which will be useful only for theoretical foundations.
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