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Abstract

In recent years, there has been great interest and effort to develop quantum tech-
nologies which enable quantum communication. Such technologies utilize quantum
nonlocal correlations, such as entanglement and steering, as a resource for quantum
information protocols. It has been demonstrated that the systems that generate
quantum entanglement and steering are those that are based on nonlinear processes
such as spontaneous parametric down conversion, four wave mixing, sum/difference
frequency generation, second harmonic generation, and third harmonic generation.
Moreover, those systems can produce bipartite, tripartite or even multipartite quan-
tum entanglement and steering. Recently, there have been proposals based on these
nonlinear processes that takes place inside optical cavities which can also demonstrate
the production of multipartite nonlocal correlations. In this work, we investigate
quantum entanglement and steering generated by an intracavity down conversion
process. We consider the interaction of three fields with a nonlinear medium in-
side an optical cavity. As a result, three down converted fields are obtained outside
the cavity. We analyze this system by using the master equation, the phase-space
methods and the linearized fluctuation formalisms. In particular, we consider the
positive-P function and we obtain the intracavity spectrum in the frequency domain.
We certify bipartite, tripartite and genuine tripartite entanglement, as well as bipar-
tite one-way and two-way steering, and full tripartite two-way steering inseparability
in quadrature operators in the frequency domain by using different entanglement and
steering criteria. We also investigate the distribution of these quantum corrrelations
among the different parties of the system through the monogamy relations for the
entanglement and steering witnesses that we use throughout this work. Our results
determine frequency values where these correlations are present in the system under
consideration.
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Chapter 1

Introduction

Classical physics was able to describe the majority of the known phenomena until
the end of the nineteenth century. It was the quantization of radiation, proposed by
Max Planck, that led physics into a new era: the birth of the quantum mechanics.
Since then, quantum mechanics has been playing a crucial role in the understanding
of nature. Nonetheless, Einstein, Podolsky and Rosen (EPR) were not completely
convinced that quantum mechanics was a complete theory [1]. In their seminal paper,
they considered two systems which had interacted and had been spatially separated.
Both parties, say A and B, are correlated in their positions and momenta. They
considered the state of the system which is composed by parties A and B as:

Ψ(xA, xB) =
∞∑
n=1

ψn(xB)φn(xA) =
∞∑
n=1

ϕn(xB)υn(xA), (1.1)

where φn(xA) and υn(xA) (ψn(xB) and ϕn(xB)) are two set of eigenfunctions of A
(B). If one performs a measurement in A by choosing φn(xA) (υn(xA)), then B in-
stantaneously projects onto ψn(xB) (ϕn(xB)). Therefore, two different measurements
performed in A implies that B may be projected into two different states and, in
EPR words [1], “the two systems no longer interact, no real change can take place in
the second system in consequence of anything that may be done to the first system”.
Thus, they concluded that this nonlocality was due to the incompleteness of the
quantum theory.
Schrödinger, as a response to EPR, investigated the system proposed by EPR [2].
He remarked [2], “when two systems, of which we know the states by their respective
representatives, enter into temporary physical interaction due to known forces be-
tween them, and when after a time of mutual influence the systems separate again,
then they can no longer be described in the same way as before, viz. by endowing
each of them with a representative of its own”. In addition, he states [2]: “By the in-
teraction the two representatives (or ψ-functions) have become entangled”. So, here
he introduced the term entangled. In [2], Schrödinger pointed out what entanglement
is:

1
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“Let x and y stand for all the coordinates of the first and second systems respectively
and Ψ(x, y) for the normalized representative of the state of the composed system,
when the two have separated again, after the interaction has taken place. What
constitutes the entanglement is that Ψ is not a product of a function of x and a
function of y.”
This leads to the following definition of entanglement: In the case of a pure state, it
is said that the state |ψ〉 of a system composed by two spatially separated systems,
A and B, is entangled if we cannot express |ψ〉 as a product of the states of A (|ψA〉)
and B (|ψB〉) respectively. This can be expressed as [3, 4]

|ψ〉 6= |ψA〉 |ψB〉 . (1.2)

While in the case of mixed states, which are described by a density operator ρAB,
the definition of entanglement is given by [3]

ρAB 6=
∑
i

piρ
i
A ⊗ ρiB, (1.3)

where pi is the probability distribution and ρiA (ρiB) is the density operator of the
system A (B).
In [2], Schrödinger also introduced the term steer where he mentioned that [2]: “It is
rather discomforting that the theory should allow a system to be steered or piloted
into one or the other type of state at the experimenter’s mercy in spite of his having
no access to it”. That is, for a system composed by two parties, say A and B, A can
steer the state on B into an eigenstate of either position or momentum, by choosing
the measurements on A [5]. Notice that, the steerability of one of the systems, say
B, depends on the measurements performed by A. While in the case that B steers
A, is based on the measurements from B. Thus, steering has the property of being
asymmetric.
Nowadays, these nonlocal effects are known as quantum entanglement and steering,
respectively. Because of this nonlocal behaviour, quantum entanglement and steering
are quantum nonlocal correlations. It is worth mentioning that the set of steerable
states is a subset of the set of entangled states (see Figure 1.1). That is, not all
entangled states are steerable [6, 7]. For instance, the parametrized Werner state,
which is given by [6, 7]

W η
d =

(
d− 1 + η

d− 1

)
I

d2 −
(

η

d− 1

)
V

d
, (1.4)

is entangled iff η > 1/(d+1) [8], whereas W η
d is steerable iff (1−η)/d2 < 1/d3. If the

inequality (1− η)/d2 < 1/d3 is saturated, then ηsteer = 1− 1/d and thus, the Werner
state is unsteerable for η 6 ηsteer [6, 7]. Here, η ∈ R is the parameter, η ∈ [0, 1], I
and V are the identity and the flip operator (V |φ, ψ〉 = |ψ, φ〉), respectively, and d is
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Figure 1.1: The set of steerable states is a subset of the set of entangled states:
Quantum steering ⊆ Quantum entanglement.

the dimension of the Hilbert space. For d = 2, W η
d are entangled if η > 1/

√
2, while

these are steerable if η > 1/2 [6,7]. The one-way steerability of the Werner state has
been demonstrated by Wollmann et al. [9]. In this work, the authors considered a
parametrized Werner state with parameter µ ∈ [0, 1]. They showed that if the Werner
state is distributed through a lossy channel, then the Werner state is parametrized
by probability p. They found that the relation between the parameter of the Werner
state µ and the probability p must be p > (2µ+1)/3 in order to be one-way steerable
by one party, say Alice, and unsteerable by the other party, say Bob. Additionally,
they proposed a steering inequality, which is based on Bob’s choice of measurement
setting and Alice outcomes. Experimentally, the authors demonstrated that one-
way steering regime is parametrized by the value of µ of the Werner state and the
loss p. Another example is the work of Händchen, V. et al. [10], where the authors
experimentally generated two entangled Gaussian modes of light. They found that
these modes are steerable (both two-way and one-way) or not steerable, depending
on the contribution of the added vaccum to one of the modes.
Recently, these two quantum nonlocal correlations have been one of the main re-
source of quantum information (QI) protocols [3, 5, 11–18], and both have played a
crucial role in the development of quantum technologies [19–21]. These emergent
technologies take advantage of quantum principles to transform quantum states and
utilize its properties. Therefore, the scientific community has focused on new research
fields such as quantum communication [22], quantum computation [23], and quan-
tum metrology [24]. There exist two main type of systems that these technologies
use which are the discrete variable (DV) and the continuous variable (CV) system.
The first one has a finite-dimensional Hilbert space with a discrete spectrum. While
the second one has an infinite-dimensional Hilbert space and a continuous spectrum.
Additionally, one can form bases for the infinite-dimensional Hilbert space with the
eigenstates of the operators with continuous spectrum [25]. These operators are
known as quadrature operators.
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Currently, there has been great interest in CV quantum information protocols since
the information is encoded in their quadrature operators [26, 27]. An example of
these protocols is the CV Quantum Key Distribution (CV-QKD) [28–30] which is a
protocol use to establish secure communication between two distant locations. Some
CV-QKD protocols utilize the asymmetric property of steering to guarantee the se-
curity of the protocol [29, 31–33]. Another examples of CV QI protocols which take
advantage of entanglement and steering are the CV quantum teleportation (CV-
QT) [34–36] and the CV Quantum Secret Sharing (CV-QSS) [17,37–39]. The former
is an entanglement-based protocol which is utilized to teleport an unknown quan-
tum state between a sender and a receiver, which are spatially separated and both
share an entangled state. While the latter is a protocol in which the information is
split into n parties that share an entangled state (securely encoded) and it can be
reconstructed by a collaboration of the k number of parties where k 6 n. Additional
security in CV-QSS [17] and CV-QT [36] is provided when quantum steering is also
consider as a resource. Another way to guarantee the security of CV QI protocols
is through the monogamy relations for entanglement (steering) [40, 41], which give
information about the distribution of entanglement (steering) among the different
parties of the system. That is, monogamy relations establish a bound on the entan-
glement (steering) that two parties (say A and B) of the system share and, if a third
party (say C) interacts with A or B, the monogamy relations are violated. Thus,
since both quantum nonlocal correlations are important resources for potential appli-
cations in QI protocols, in recent years, there have been theoretical and experimental
investigation on the certification of quantum entanglement and steering, and also on
the generation of these correlations [42–51]. In fact, it has been demonstrated that
these correlations can be generated through nonlinear processes when the nonlinear
medium is placed inside a cavity [45, 52–64]. One of the most important nonlinear
process which can generate both correlations is the Spontaneous Parametric Down
Conversion (SPDC) process.
In the SPDC process, a photon, known as the pump photon with energy ωp, is con-
verted into a pair of photons with lower energies, namely signal (ωs) and idler (ωi)
photons [65]. The photons of the SPDC process must satisfy the phase-matching con-
ditions, which are the conservation of the energy and momentum. These conditions
are given by [65]

~ωp = ~ωs + ~ωi, (1.5)
−→
kp = −→ks +−→ki , (1.6)

where ωj and ~kj (j = p, s, i) are the energy and the wave vector, respectively, of the
j photon in the SPDC process.
In this thesis we focus on a CV system which can generate both entanglement and
steering. In particular, we consider three nonlinear processes inside an optical cavity.
That is, three input fields interact with the nonlinear medium and, through SPDC,



CHAPTER 1. INTRODUCTION 5

three output fields are generated. We also investigate the certification of the different
cases of entanglement and steering that this system can produce. Moreover, we study
the distribution of both correlations among the different parties of the system under
consideration.
This thesis is structured in the following way: In this Chapter 1, we give a brief
introduction which contains the important concepts for the development of this work.
Afterwards, the entanglement and steering criteria that we use for the certification
of both correlations are summarized in Chapter 2. As we are also interested in
investigating the distribution of both correlations among the different parties of the
system, we have summarized the monogamy relations for different entanglement and
steering criteria in Chapter 3. In Chapter 4, we describe the system that we propose
for the generation of entanglement and steering, the Hamiltonian and the master
equation of the system. While Chapter 5 contains the formalism to analyze the
system under consideration in the frequency domain. In Chapter 6 and Chapter 7,
we present our results which includes the certification of both correlations in the
frequency domain. The distribution of entanglement and steering among the parties
of the system is presented in Chapter 8. We discuss our results in Chapter 9. A
block diagram of the structure of this thesis is shown in Figure 1.2.
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Figure 1.2: Block diagram of the structure of this thesis.



Chapter 2

Criteria for the certification of
quantum entanglement and
steering

Quantum nonlocal correlations such as quantum entanglement and steering are cor-
relations that might be present in a system. A natural question that arises is: how to
certify entanglement and steering in a system? That is, how can one identify which
states are entangled or steerable and which are not? There are different criteria that
provide the answer to these questions depending on the system under consideration.
In this chapter, we review different entanglement and steering criteria for continuous
variable (CV) systems that certify these correlations in bipartite and multipartite
systems. It is important to mention that we focus on the certification of quantum
correlations, rather than their quantification.
In section 2.1 and section 2.2, we present the main criteria for the certification of
entanglement and steering, respectively. These criteria include the bipartite and
tripartite case.
We wish to emphasize that we have focused on the certification of entanglement and
steering in quadrature operators. These operators are defined as a function of the
creation (â†) and annihilation (â) bosonic operator:

X̂ = c

2
(
â+ â†

)
, Ŷ = c

2i
(
â− â†

)
.

Throughout this work we consider c = 2 [66, 67] such that the quadrature operators
are given by

X̂ = â+ â†, Ŷ = −i
(
â− â†

)
. (2.1)

7
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Thus, the commutator relation for this case is
[
X̂, Ŷ

]
= 2i. These operators satisfy

the uncertainty relation [68]〈
(∆A)2

〉 〈
(∆B)2

〉
>

1
4 |〈[A,B]〉|2 , (2.2)

where V (O) ≡ (∆O)2 is the variance of O (O = A,B). From our definition of the
quadrature operators and the uncertainty relation (Equation 2.2), the Heisenberg
realtion for X̂ and Ŷ is

V
(
X̂
)
V
(
Ŷ
)
> 1. (2.3)

The criteria that we use are expressed in terms of the variance V
(
X̂
)
(V

(
Ŷ
)
)

and covariance V
(
X̂, Ŷ

)
of our definition of the quadrature operators X̂ and Ŷ

(Equation 2.1), which satisfy the aforementioned relations.

2.1 Criteria for the certification of entanglement

In order to certify entanglement in a quantum system, first we focus on the certifica-
tion of bipartite entanglement utilizing the criteria developed by Tan, Duan-Giedke-
Cirac-Zoller (DGCZ) and Simon [69–71], Giovannetti-Mancini-Vitali-Tombesi (GMVT)
[72] and van Loock-Furusawa (VLF) [73]. Then, we describe the criteria derived by
Teh and Reid [74] to investigate tripartite entanglement in a system.

2.1.1 Bipartite entanglement

Bipartite quantum entanglement is present between different parties of the system if
any of the following inequalities are not satisfied:

Tan-Duan-Giedke-Cirac-Zoller-Simon criterion

The sum criterion, developed by Tan, Duan-Giedke-Cirac-Zoller and Simon (DGCZ)
[69–71], certifies bipartite entanglement between different parties of a system. This
is expressed in terms of sum of variances of the quadrature operators X̂j, Ŷj (j =
1, 2, . . .) in the following way:

DGCZij =
V
(
X̂i ± X̂j

)
+ V

(
Ŷi ∓ Ŷj

)
4 > 1, (2.4)

where the variance of the operators X̂i and X̂j is given by

V
(
X̂i ± X̂j

)
=
〈(
X̂i ± X̂j

)2
〉
−
〈
X̂i ± X̂j

〉2
.
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Here, ij represent the different bipartitions of the system. For instance, in a tripartite
system, we have i, j = 1, 2, 3 and we can investigate bipartite entanglement for the
bipartitions 12, 23 and 13.

Giovannetti-Mancini-Vitali-Tombesi criterion

The product criteria (GMVT) derived in [72] considers a bipartite system and a
couple of different observables r̂j and ŝj (j = 1, 2) to define the operators

Ĉj = i [r̂j, ŝj] , j = 1, 2.

Then, for the following operators

û = a1r̂1 + a2r̂2,

v̂ = b1ŝ1 + b2ŝ2,

where aj, bj are arbitrary real parameters, the authors proved that a state that is
separable must satisfy〈

(∆û)2
〉 〈

(∆v̂)2
〉
> Õ2, (2.5)

where Õ = 1
2

(
|a1b1| Õ1 + |a2b2| Õ2

)
and Õj ≡

∑
k
wk
∣∣∣〈Ĉj〉

k

∣∣∣ (j = 1, 2). The violation
of Equation 2.5 demonstrate bipartite entanglement.

van Loock-Furusawa criterion

The van Loock-Furusawa (VLF) criterion is expressed in terms of the sum of vari-
ances which are linear combinations of the quadrature operators X̂ and Ŷ of the
different parties of the system [73]. Using the definition of the quadrature operators
(Equation 2.1), the VLF inequality is expressed in the following way:

V LFij =
V
(
X̂i − X̂j

)
+ V

(
Ŷi + Ŷj + gkŶk

)
4 > 1, (2.6)

where i 6= j 6= k and gk is a real parameter. It is important to notice that ij
represent different bipartitions of the system. For example, in a tripartite system we
have different bipartitions and therefore three different inequalities. Also, according
to van Loock and Furusawa [73], if at least two of the three inequalities are violated,
then we can certify genuine tripartite entanglement (GTE) which is the type of
entanglement that is present when all the parties of the system are inseparable from
each other [73]. It is important to mention that this criterion is a necessary, but not
sufficient condition to certify GTE.
In the next section, we summarize criteria that provide necessary and sufficient
conditions to demonstrate that GTE is present in a system.
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2.1.2 Tripartite entanglement

In order to certify tripartite entanglement, we will consider the following expressions
that are defined in terms of the variances and covariances of the parties of a system:

BI = V
(
X̂i − X̂j

)
+ V

(
Ŷi + Ŷj + gkŶk

)
,

BII = V
(
X̂j − X̂k

)
+ V

(
giŶi + Ŷj + Ŷk

)
, (2.7)

BIII = V
(
X̂i − X̂k

)
+ V

(
Ŷi + gjŶj + Ŷk

)
,

SI =
√
V
(
X̂i − X̂j

)
V
(
Ŷi + Ŷj + gkŶk

)
,

SII =
√
V
(
X̂i − X̂j

)
V
(
gkŶk + Ŷi + Ŷj

)
, (2.8)

SIII =
√
V
(
X̂i − X̂j

)
V
(
Ŷi + gkŶk + Ŷj

)
,

where gl is a real parameter for l = i, j, k and i 6= j 6= k.
Criteria that certify genuine tripartite entanglement (GTE) in quadrature operators
have been derived by Teh and Reid [74]. These are expressed in terms of Bα and Sα
(α = I, II, III) and state that if any of the following inequalities is violated, then
GTE is present in the system:

1.

B = BI +BII +BIII > 8, (2.9)

where BI > 4, BII > 4, and BIII > 4 are given in Equation 2.7.

2.

S = SI + SII + SIII > 4, (2.10)

where SI > 2, SII > 2, and SIII > 2 are given in Equation 2.8.

3.

∆2V > 2, (2.11)

where ∆2V ≡ V
(
X̂i − X̂j+X̂k√

2

)
+ V

(
Ŷi + Ŷj+Ŷk√

2

)
for i 6= j 6= k.

4.

∆V > 1, (2.12)

where ∆V ≡
√
V
(
X̂i − X̂j+X̂k√

2

)
V
(
Ŷi + Ŷj+Ŷk√

2

)
for i 6= j 6= k.

We notice that Equation 2.10 and Equation 2.12 are the product version of the cri-
teria given in Equation 2.9 and Equation 2.11, respectively.
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2.2 Criteria for the certification of steering

In this section we summarize the different criteria that certify quantum steering
in quadrature operators. We focus on the certification of bipartite and tripartite
steering which include the cases of full tripartite two-way steering inseparability and
genuine tripartite steering.

2.2.1 Bipartite steering

Criterion that certify bipartite steering was developed by Reid [75]. This states that
bipartite steering is present in the system if the inequality

EPRi|j = V{inf |j}
(
X̂i

)
V{inf |j}

(
Ŷi
)
> 1 (2.13)

is violated. The inference variances V{inf |j}
(
X̂i

)
and V{inf |j}

(
Ŷi
)
are defined as [4]

V{inf |j}
(
X̂i

)
= V

(
X̂i

)
−

[
V
(
X̂i, X̂j

)]2
V
(
X̂j

) , (2.14)

V{inf |j}
(
Ŷi
)

= V
(
Ŷi
)
−

[
V
(
Ŷi, Ŷj

)]2
V
(
Ŷj
) , (2.15)

where V
(
Â, B̂

)
is the covariance of the operators Â and B̂ given by

〈
ÂB̂+B̂Â

2

〉
−〈

Â
〉 〈
B̂
〉
. Here, V{inf |j}

(
Ôi

)
represent the inference variance of the operator Ôi

from measurement of Ôj. This criterion shows the asymmetric property of steering.
Thus, EPRi|j < 1 means that mode j steers mode i and there is no steering from
i to j. This type of steering is known as one-way steering. If mode i also steers
mode j, that is, if EPRj|i < 1 and EPRi|j < 1, then this case is known as two-way
steering.

2.2.2 Tripartite steering

In the tripartite case, there are two types of steering that we consider which are full
tripartite two-way steering inseparability and genuine tripartite steering
(GTS). Both consider bipartitions of the system, however, these are different concepts
[76].
In the case of full tripartite two-way steering inseparability, there exist a certification
of steering in at least one direction, for each one of all bipartitions of the system [76].
On the other hand, genuine tripartite steering consider the bilocality of the system
which can be described as the local behaviour of one party of the system with respect
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to the system composed by other two parties [76]. This type of steering confirms
that steering is present for all the different bipartitions in the system. Therefore,
genuine tripartite steering is the strongest condition and, according to Teh, Gessner,
Reid and Fadel [76], full tripartite two-way steering inseparability is the necessary
condition for genuine tripartite steering.
Both full and genuine tripartite steering can be certified following the criteria derived
in [76]. These are given in terms of Bα and Sα (α = I, II, III) which were defined
in Equation 2.7-Equation 2.8.
We can certify full tripartite two-way steering inseparability if any two of the three
following inequalities are violated:

BI > 2, BII > 2, BIII > 2. (2.16)

The criterion express in terms of Sα states that if any two of the inequalities

SI > 1, SII > 1, SIII > 1, (2.17)

are not satisfied, then we can also certify full tripartite two-way steering insepara-
bility.
For example, suppose that BI > 2, BII < 2 and BIII < 2. The simultaneous
violation of BII and BIII implies that we can certify full tripartite two-way steering
inseparability in the system. Similarly for Sα. Thus, both criteria (Equation 2.16
and Equation 2.17) allow us to certify full tripartite two-way steering inseparability.
In the genuine tripartite steering case, two main criteria are considered. If either

BI +BII +BIII > 4, (2.18)

or

SI + SII + SIII > 2, (2.19)

is violated, then genuine tripartite steering is present in the system.
We also consider four criteria that certify GTS when gl = 1 (l = i, j, k). These
express that if either of the following inequalities are satisfied:

1.

Bα +Bβ < 2, (2.20)

2.

Sα + Sβ < 1, (2.21)
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3.

BI +BII +BIII < 4, (2.22)

4.

SI + SII + SIII < 2, (2.23)

where α, β = I, II, III and α 6= β, then GTS is present in the system.



Chapter 3

Monogamy relations for quantum
entanglement and steering
witnesses

In a bipartite or multipartite system that generate quantum entanglement and steer-
ing, it is possible to investigate how these correlations are shared among the different
parties of the system. One can determine the amount of entanglement and steering
that each part of the system share with other parties through monogamy relations.
These relations constrain the shareability of entanglement and steering among par-
ties.
On one hand, the monogamy of entanglement was introduced by Coffman, Kundu
and Wootters (CKW) [77]. This monogamy inequality is expressed in terms of the
concurrence which is a measure of entanglement. Since then, a great deal of work has
been done to develop monogamy inequalities for CV systems [78–80] which include
the tripartite [81, 82] as well as the multipartite case [80,83–87].
On the other hand, monogamy inequalities for bipartite steering were derived by
Reid [88]. These relations constrain the distribution of steering among the different
bipartitions of a system. In the case of multipartite systems, monogamy relations
have been developed similar to monogamy CKW-type inequalities [89–92], and ex-
perimental demonstrations of these relations have been accomplished [91,93,94].
The study of the distribution of entanglement and steering is crucial for quantum
information protocols such as Quantum Key Distribution (QKD) [31], which is a
protocol between two distant parties of a system that utilize cryptography, in par-
ticular secret keys, to establish secure communication between the sender and the
receiver. For instance, the monogamy of entanglement is essential to guarantee secu-
rity in QKD protocols [95] and quantum cryptography [96–100]. Also, the steering
monogamy relations allow secure communication between two distant parties even if
only one of the parties is considered trusted [32,101–103].

14
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The following sections summarize the monogamy relations for entanglement and
steering witnesses that we have described in chapter 2.

3.1 Monogamy relations for quantum entanglement
witnesses

The monogamy of entanglement constrains the amount of entanglement that can
be shared among different parties of a system. Monogamy relations for different
entanglement witnesses have been derived in [41]. Below we describe the monogamy
inequalities.
In a system that consist of three parties A, B and C, the monogamy relations for
DGCZ and GMVT entanglement witnesses states that the following inequalities must
hold:

DBA +DBC > 1, (3.1)

DBA +DBC > max
{

1, SB|{AC}
}
, (3.2)

4GBAGBC > max
{

1, S2
B|{AC}

}
, (3.3)

where Dij and Gij (i, j = A, B, C; i 6= j) are the DGCZ and GMVT witnesses
respectively. Here, Si|{jk} (i, j, k = A, B, C; i 6= j 6= k) is the steering parameter
defined as the product of inference variances of the quadrature operators [88]

Si|{jk} = Vinf |{jk}(X̂i)Vinf |{jk}(Ŷi), (3.4)

where Vinf |{jk}(Ôi) is the inference variance of part i from measurement of the com-
bined parts {jk} and is given by

Vinf |{jk}(X̂i) = V (X̂i)−

[
V (X̂i, X̂j ± X̂k)

]
V (X̂j ± X̂k)

,

Vinf |{jk}(Ŷi) = V (Ŷi)−

[
V (Ŷi, Ŷj ± Ŷk)

]
V (Ŷj ± Ŷk)

.

The covariance of the operators Ôi, Ôj and Ôk is defined as [104]

V (Ôi, Ôj ± Ôk) =
〈
Ôi

(
Ôj ± Ôk

)
±
(
Ôj ± Ôk

)
Ôi

2

〉
−
〈
Ôi

〉 〈
Ôj ± Ôk

〉
.

Equation 3.1-Equation 3.3 show the distribution of entanglement among different
bipartitions of a tripartite system.
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3.2 Monogamy relations for quantum steering wit-
ness

The distribution of steering in a system composed of three different parties i, j and
k, is constrained by the monogamy relations for the steering witness (Equation 2.13)
[75]. These relations were derived by Reid [40] and quantify the amount of steering
shared among i, j and k.
In a system where bipartite steering is present for different bipartitions, one can also
consider bipartitions of the form i − {jk}, where {jk} is the composed system of
two parties j and k. The following monogamy relations for bipartite steering witness
(Equation 2.13) must hold:

1. If party j steers party i, that is if EPRi|j < 1, then the third party k cannot
steer i and the monogamy relation is given by

EPRi|jEPRi|k > 1. (3.5)

2. We consider the steering parameter given by Si|{jk} in Equation 3.4 [104,105].
The monogamy inequality is expressed as

Si|{jk} 6 EPRi|j, (3.6)

where EPRi|j is the bipartite steering between parties i and j (i 6= j).

3. For the three parties i, j, and k, the inequality

EPRi|jEPRi|k > S2
i|{jk} (3.7)

must hold.

4. The sum of the steering witness for the bipartitions ij and ik follows the
monogamy relation

EPRi|j + EPRi|k > 2Si|{jk}, (3.8)

where Si|{jk} is the steering parameter given in Equation 3.4.

5. The product of EPR witness for the bipartitions ij and ik is constrained by
either 1 or the steering parameter Si|{jk} as

EPRi|jEPRi|k > max{1, S2
i|{jk}}. (3.9)

where Si|{jk} has been described in Equation 3.4.



Chapter 4

Nonlinear Hamiltonian model and
its master equation

Quantum entanglement and steering can be generated through different nonlinear
processes such as triple photon generation (TPG) [42–44], third-harmonic genera-
tion (THG) [45,46,57,64], spontaneous parametric down-conversion (SPDC) [47,48,
61, 106–110], four-wave mixing (FWM) [49, 50, 111, 112], sum/difference frequency
generation (SFG/DFG) [46,55,57,113–116], or cascaded nonlinear processes [45,49,
57,58,114,115,117,118].
In recent years, there have been proposals that use the so called intracavity con-
figurations which consist of a nonlinear medium inside an optical cavity. These
configurations have the advantages of enhancing the nonlinear processes and min-
imizing losses. It has been demonstrated that intracavity nonlinear processes can
generate bipartite, tripartite and multipartite entanglement [45, 52–64] as well as
steering [53,63,107,109,110,115–122] in the frequency domain.
For instance, in reference [45], the author investigated the nonlocal correlations that
can be generated in two different intracavity configurations. One of these schemes
consider the cascaded THG process which is generated by SHG cascaded with a SFG,
while the other is a direct THG process. Both configurations produce CV bipartite
entanglement and steering, in the frequency domain. However, the direct process
shows a wide range of frequencies where the steering criterion is violated. While in
the cascaded process, the three outputs present steering different frequencies.
In [119] an intracavity cascaded processes was considered. Here, two cascaded sum
frequency processes occur inside an optical cavity. This system generates both bi-
partite and genuine tripartite quantum steering among pump, SHG, and THG in
the frequency domain. The authors analyzed the changes that both bipartite and
tripartite quantum steering exhibits when the values of the frequency or the non-
linear coupling coefficients are modified. The former analysis shows the violation of
steering criteria across the whole range of the frequency under consideration. While

17
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in the latter, the system cannot generate genuine tripartite steering for all values of
the nonlinear coupling coefficients, whereas bipartite steering is present.
It has also been demonstrated that cavities which contain a nonlinear medium can
generate higher correlations such as quadripartite quantum steering [115,118,123]. In
reference [123], quadripartite quantum steering is generated by an optical parametric
amplification cascaded with a sum-frequency process. While genuine quadripartite
quantum steering, which is the steering that is shared among all 4-parties, has been
confirmed in references [51, 115, 118]. In reference [115] a SPDC process cascaded
with a sum-frequency process was used whereas in reference [118] a SPDC cascaded
with two sum-frequency processes in an optical superlattice.
In this thesis, we focus on a system that can generate both quantum entanglement
and steering. That is, we wish to investigate if bipartite and tripartite entanglement
and steering can be certified in the frequency domain as well as in a wide range of
frequencies.
The system consists of an optical cavity with a nonlinear medium inside. The cavity
is pumped with three electromagnetic fields at frequency ωi (i = 1, 2, 3). Each field
interacts with the nonlinear medium and, through SPDC process, each input field
produce two down-converted fields at frequencies ωj and ωk (j, k = 4, 5, 6; j 6= k) re-
spectively as shown in Figure 4.1. It is worth pointing out that this system generates
three fields at the output of the cavity through direct SPDC processes rather than
cascaded. It is important to mention that this system had also been investigated by
Bradley et al. [52] and Olsen and Corney [61].
In both references [52, 61] the system was analysed in the regime of below and
above threshold with the condition of a doubly resonant Optical Parametric Os-
cillator (OPO). In [52], the authors demonstrated that the system can generate
tripartite quantum entanglement and bipartite quantum steering in quadrature op-
erators. While in [61], the authors also certified bipartite quantum entanglement as
well as tripartite quantum steering, but they also extended the work of [52] in order
to show that genuine tripartite entanglement can be generated as the value of the
pump increases. Here, we investigate whether bipartite and tripartite entanglement
and steering can be certified when there is no threshold condition of an OPO, and
how these correlations are shared among the three output fields.
Below we describe the Hamiltonian which model the nonlinear processes inside the
cavity and the master equation that describe the system of Figure 4.1.

4.1 Nonlinear Hamiltonian model

Nonlinear processes that occurs in intracavity configurations can be described by a
Hamiltonian that models the interaction between the incident field and the nonlinear
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ω2

ω1

ω3

ω4

ω5

ω6

χ (2)

Figure 4.1: Triple SPDC process inside an optical cavity. Three input fields interact
with the nonlinear medium and, through SPDC, generate three output fields with
frequencies ω4, ω5, ω6, respectively. The two down-converted fields are represented
with the same color.

medium. The interaction Hamiltonian of the system (see Figure 4.1) is

Ĥint = i~
[
χ1â1â

†
4â
†
5 + χ2â2â

†
5â
†
6 + χ3â3â

†
6â
†
4

]
+H.C., (4.1)

where each field is represented by bosonic operators âi and â†i , χi (i = 1, 2, 3) is the
nonlinear coupling strength which is proportional to the nonlinear coefficient of the
medium χi ∝ χ(2) and H.C. is the Hermitian conjugate of the former terms.
The input fields are described by the Hamiltonian, Ĥp, which is given by

Ĥp = i~
3∑
i=1

(
Eiâ

†
i − E∗i âi

)
, (4.2)

where Ei is the amplitude of the field. We also consider the cavity losses which can
be included by the Liouvillian operator acting on the density matrix of the system
ρ̂ as

Lρ̂ =
6∑
i=1

(
2γiâiρ̂â†i − γiâ

†
i âiρ̂− γiρ̂â

†
i âi
)
, (4.3)

where γk is the kth cavity loss.
We refer the reader to Appendix A for further details of the relation among the cou-
pling strength, the cavity losses and the amplitude of the field with real parameters,
such as length and volume of the nonlinear medium, and the power of the pump.
In order to analyse the dynamics of the system, we follow the formalism of the master
equation which, in this case, includes the Liouvillian operator. This allows us to find
an equation of motion for the density matrix of the system. In next section we
present this formalism.
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4.2 Master equation of the system

So far, we have described the parametric interaction inside the cavity as well as
the cavity losses through the Hamiltonians, Ĥint and Ĥp, and the Liouvillian, Lρ̂,
respectively. Since we are interesting in investigate the dynamics of the system, we
need to write an equation of motion for the density matrix of the system under
consideration. This can be obtained by the so called master equation of the system.
The master equation of this model (see Figure 4.1) is expressed as the Lindblad form
[124, 125]. That is, this includes the interaction Hamiltonian Ĥint, the Hamiltonian
of the pump field Ĥp, and the cavity losses Lρ̂ as

∂ρ̂

∂t
= 1

i~
[
Ĥsys, ρ̂

]
+ Lρ̂, (4.4)

where Ĥsys = Ĥint + Ĥp.
In order to write the master equation for the density matrix of the system, first we
calculate the corresponding commutator

[
Ĥsys, ρ̂

]
=
[
Ĥint + Ĥp, ρ̂

]
with Equation 4.1

and Equation 4.2.
Next, we substitute the result of the commutator as well as Equation 4.3 into Equation 4.4.
In this way, we obtain:

∂ρ̂

∂t
=χ1â1â

†
4â
†
5ρ̂+ χ2â2â

†
5â
†
6ρ̂+ χ3â3â

†
6â
†
4ρ̂− χ1â

†
1â4â5ρ̂− χ2â

†
2â5â6ρ̂− χ3â

†
3â6â4ρ̂

−χ1ρ̂â1â
†
4â
†
5 − χ2ρ̂â2â

†
5â
†
6 − χ3ρ̂â3â

†
6â
†
4 + χ1ρ̂â

†
1â4â5 + χ2ρ̂â

†
2â5â6 + χ3ρ̂â

†
3â6â4

+E1â
†
1ρ̂− E∗1 â1ρ̂+ E2â

†
2ρ̂− E∗2 â2ρ̂+ E3â

†
3ρ̂− E∗3 â3ρ̂− E1ρ̂â

†
1 + E∗1 ρ̂â1

−E2ρ̂â
†
2 + E∗2 ρ̂â2 − E3ρ̂â

†
3 + E∗3 ρ̂â3 + 2γ1â1ρ̂â

†
1 − γ1â

†
1â1ρ̂− γ1ρ̂â

†
1â1

+2γ2â2ρ̂â
†
2 − γ2â

†
2â2ρ̂− γ2ρ̂â

†
2â2 + 2γ3â3ρ̂â

†
3 − γ3â

†
3â3ρ̂− γ3ρ̂â

†
3â3 + 2γ4â4ρ̂â

†
4

−γ4â
†
4â4ρ̂− γ4ρ̂â

†
4â4 + 2γ5â5ρ̂â

†
5 − γ5â

†
5â5ρ̂− γ5ρ̂â

†
5â5 + 2γ6â6ρ̂â

†
6 − γ6â

†
6â6ρ̂

−γ6ρ̂â
†
6â6,

(4.5)

which is the operator master equation of the system which describes the time evolu-
tion of ρ̂.
Although, it is not always possible to solve the master equation, one way to do it is
by using phase-space methods. These methods are quasi-probability representations
that behave similarly to classical probabilities, although these may not always be
non-negative. These representations transform the operator master equation of ρ̂
into an equation of motion of the phase-space representation. One can use different
representations such as the Glauber-Sudarshan P function [126,127], the W Wigner
function [128] or the positive-P function [129].
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In this thesis, we use the positive-P function, P (α,β), which is a positive phase-
space distribution defined as [129,130]

ρ̂ =
∫
P (α,β) Λ̂ (α,β) dµ (α,β) , (4.6)

where dµ (α,β) = d2αd2β and

Λ̂ (α,β) = |α〉 〈β
∗|

〈β∗|α〉
= exp

(
αâ† −αβ

)
|0〉 〈0| exp (βâ) , (4.7)

is the projection operator of a pair of coherent states α and β. Here, α = αx + iαy
and β = βx + iβy stands for complex vectors.
The next step to solve Equation 4.5 is to transform the master equation into an
equation of motion for the P (α,β) representation. This can be done by using the
positive-P operator mappings which are given by [129]

âρ̂→ αP+, ρ̂â† → α†P+, ρ̂â→
(
α− ∂

∂α†

)
P+, â†ρ̂→

(
α† − ∂

∂α

)
P+, (4.8)

where we have defined P+ ≡ P (α,β).
We now apply the corresponding mappings of Equation 4.8, to transform Equation 4.5,
and after some simplifications we obtain

∂P+

∂t
=
[
− ∂

∂α1
(−γ1α1 − χ1α4α5 + E1)− ∂

∂α†1

(
−γ1α

†
1 − χ1α

†
4α
†
5 + E∗1

)
− ∂

∂α2
(−γ2α2 − χ2α5α6 + E2)− ∂

∂α†2

(
−γ2α

†
2 − χ2α

†
5α
†
6 + E∗2

)
− ∂

∂α3
(−γ3α3 − χ3α6α4 + E3)− ∂

∂α†3

(
−γ3α

†
3 − χ3α

†
6α
†
4 + E∗3

)
− ∂

∂α4

(
−γ4α4 + χ1α1α

†
5 + χ3α3α

†
6

)
− ∂

∂α†4

(
−γ4α

†
4 + χ1α

†
1α5 + χ3α

†
3α6

)
− ∂

∂α5

(
−γ5α5 + χ1α1α

†
4 + χ2α2α

†
6

)
− ∂

∂α†5

(
−γ5α

†
5 + χ1α

†
1α4 + χ2α

†
2α6

)
− ∂

∂α6

(
−γ6α6 + χ2α2α

†
5 + χ3α3α

†
4

)
− ∂

∂α†6

(
−γ6α

†
6 + χ2α

†
2α5 + χ3α

†
3α4

)
+ 1

2
∂2

∂α4α5
(2χ1α1) + 1

2
∂2

∂α5α6
(2χ2α2) + 1

2
∂2

∂α6α4
(2χ3α3) + 1

2
∂2

∂α†4α
†
5

(
2χ1α

†
1

)
+1

2
∂2

∂α†5α
†
6

(
2χ2α

†
2

)
+ 1

2
∂2

∂α†6α
†
4

(
2χ3α

†
3

)]
P+,

(4.9)
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which is the time evolution equation of the positive-P function. This can be expressed
as a Fokker-Planck (FP) equation of the form [130,131]

∂P+

∂t
=
−∑

i

∂

∂xi
Ai (x) + 1

2
∑
ij

∂2

∂xi∂xj
Dij (x)

P+, (4.10)

where A (x) is the drift matrix, D (x) is the diffusion matrix, x is the vector of N
variables which, in this case, is x ≡ α = α1, α

†
1, . . . , α6, α

†
6.

As long as the diffusion matrix is positive semidefinite, and that it can be factorized
as D (α) = B(α)BT (α), one can map the FP equation (Equation 4.10) into a set
of stochastic differential equations (SDEs) in the following form [125,130]:

dα(t)
dt

= A(α) +B(α)ξi(t), (4.11)

where ξi(t) (i = 1, 2, . . .) is a real and independent Gaussian noise with 〈ξi(t)〉 = 0.
An equivalent form of Equation 4.11 is given by

dαi = Ai(α)dt+Bij(α)dWj, (4.12)

where dWj are the corresponding terms to real δ correlated Gaussian noise which
satisfy

〈dWi(t)dWj(t′)〉 = δijδ(t− t′). (4.13)

For our model, the drift matrix A(α) and the diffusion matrix D (α) are given by

A(α) =



−γ1α1 − χ1α4α5 + E1

−γ1α
†
1 − χ1α

†
4α
†
5 + E∗1

−γ2α2 − χ2α5α6 + E2

−γ2α
†
2 − χ2α

†
5α
†
6 + E∗2

−γ3α3 − χ3α6α4 + E3

−γ3α
†
3 − χ3α

†
6α
†
4 + E∗3

−γ4α4 + χ1α1α
†
5 + χ3α3α

†
6

−γ4α
†
4 + χ1α

†
1α5 + χ3α

†
3α6

−γ5α5 + χ1α1α
†
4 + χ2α2α

†
6

−γ5α
†
5 + χ1α

†
1α4 + χ2α

†
2α6

−γ6α6 + χ2α2α
†
5 + χ3α3α

†
4

−γ6α
†
6 + χ2α

†
2α5 + χ3α

†
3α4



, (4.14)

D (α) =
(

06×6 06×6
06×6 d6×6

)
, (4.15)
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where

d =



0 0 χ1α1 0 χ3α3 0
0 0 0 χ1α

†
1 0 χ3α

†
3

χ1α1 0 0 0 χ2α2 0
0 χ1α

†
1 0 0 0 χ2α

†
2

χ3α3 0 χ2α2 0 0 0
0 χ3α

†
3 0 χ2α

†
2 0 0


.

The matrix B(α) which satisfies D (α) = B(α)BT (α) is given by

B(α) =
(

06×6 06×6
06×6 b6×6

)
,

where

b15 = −i
√
i
χ1χ3α1α3

χ2α2
, b16 = −

√
i
χ1χ3α1α3

χ2α2
, b23 = −

√√√√χ1χ3α
†
1α
†
3

2χ2α
†
2
,

b24 = −i

√√√√χ1χ3α
†
1α
†
3

2χ2α
†
2
, b31 = −i

√
i
χ1χ2α1α2

χ3α3
, b35 =

√
i
χ1χ2α1α2

χ3α3
,

b42 = −i

√√√√2χ1χ2α
†
1α
†
2

χ3α
†
3

, b43 = −

√√√√2χ1χ2α
†
1α
†
2

χ3α
†
3

, b51 =
√
i
χ2χ3α2α3

χ1α1
,

b56 = i

√
i
χ2χ3α2α3

χ1α1
, b63 = −

√√√√χ2χ3α
†
2α
†
3

2χ1α
†
1
, b64 = i

√√√√χ2χ3α
†
2α
†
3

2χ1α
†
1
.
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Finally, we obtain the set of SDEs

dα1 = (−γ1α1 − χ1α4α5 + E1) dt,
dα†1 =

(
−γ1α

†
1 − χ1α

†
4α
†
5 + E∗1

)
dt,

dα2 = (−γ2α2 − χ2α5α6 + E2) dt,
dα†2 =

(
−γ2α

†
2 − χ2α

†
5α
†
6 + E2

)
dt,

dα3 = (−γ3α3 − χ3α6α4 + E3) dt,
dα†3 = (−γ3α3 − χ3α6α4 + E∗3) dt,

dα4 =
(
−γ4α4 + χ1α1α

†
5 + χ3α3α

†
6

)
dt−

√
i
χ1χ3α1α3

χ2α2
(idW11 + dW12) ,

dα†4 =
(
−γ4α

†
4 + χ1α

†
1α5 + χ3α

†
3α6

)
dt−

√√√√χ1χ3α
†
1α
†
3

2χ2α
†
2

(dW9 + idW10) ,

dα5 =
(
−γ5α5 + χ1α1α

†
4 + χ2α2α

†
6

)
dt+

√
i
χ1χ2α1α2

χ3α3
(dW11 − idW7) ,

dα†5 =
(
−γ5α

†
5 + χ1α

†
1α4 + χ2α

†
2α6

)
dt−

√√√√2χ1χ2α
†
1α
†
2

χ3α
†
3

(idW8 + dW9) ,

dα6 =
(
−γ6α6 + χ2α2α

†
5 + χ3α3α

†
4

)
dt+

√
i
χ2χ3α2α3

χ1α1
(dW7 + idW12) ,

dα†6 =
(
−γ6α

†
6 + χ2α

†
2α5 + χ3α

†
3α4

)
dt−

√√√√χ2χ3α
†
2α
†
3

2χ1α
†
1

(dW9 − idW10) . (4.16)

These SDEs can be solved numerically to obtain the dynamics of the system in the
time domain. However, in this thesis we are interested in investigating the dynamics
of the system in the frequency domain. This can be done by following the linearized
fluctuation theory [130] which we will describe in the next chapter.



Chapter 5

Linearized fluctuation analysis

In this chapter, we present the formalism that we follow to obtain the variances and
covariances of the quadrature operators, X̂ and Ŷ , of each output field as a function
of the frequency. This is known as the linearized fluctuation theory [132, 133] and
it allows us to obtain fluctuations about the steady state in the frequency domain.
This linearization has been widely used to investigate the output fluctuations that
arise from the interaction between light and a nonlinear medium inside a cavity
[45,52–56,58,59,62,63,107,109,110,114,115,117,119,120,123,130,134–137]. Below,
we describe this formalism.

5.1 Linearized fluctuation theory

After a system has already reached its steady state (SS), one can characterize the
fluctuations about the SS following the linearized fluctuation theory. This consist
in adding small fluctuations around the steady-state solutions to obtain the output
spectrum S(ω) [130].
We consider small fluctuations around the steady-state solutions of the system. That
is, the variable αi is expressed in terms of the steady-state solution ᾱi and the
fluctuation δαi as

αi = ᾱi + δαi, α†i = ᾱ†i + δα†i , (5.1)

where δαi � ᾱi (i = 1, 2, . . .).
This linearization allows one to obtain a set of motion equations for the fluctuations
whenever one substitute Equation 5.1 into Equation 4.12. The set can be expressed
in terms of matrices Ā (drift) and B̄, and a vector δα =

[
δα1, δα

†
1, . . . , δαn, δα

†
n

]
such that

dδαi = −Āiδαidt+ B̄ijdW j, (5.2)
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where both Ā and B̄ contain the SS solutions. Here, dW j is the vector

dW j =
[
ξ1(t), ξ†1(t), . . . , ξn(t), ξ†n(t)

]T
dt. (5.3)

The validity of this linearization can be checked by the positivity of the eigenvalue
spectrum of the drift matrix Ā. This means that the real part of all the eigenvalues
must be positive.

5.2 Spectrum outside the cavity

As long as the linearization of the fluctuations is valid, one can relate the fluctuations
of the output spectrum in the following way [138–140]:

S(ω) = (Ā+ iωI)−1BBT (ĀT − iωI)−1. (5.4)

In addition, the variances and covariances can be obtained directly from the elements
of S(ω) utilizing the input-output relations as [141]

SX̂i
(ω) = 1 + 2γiSX̂i

(ω),
SX̂i,X̂j

(ω) = 2√γiγjSX̂i,X̂j
(ω). (5.5)

Next, we obtain the spectrum outside the cavity for our model.
First, we substitute Equation 5.1 for i = 1− 6 into Equation 4.16 in order to get the
following set of motion equations for the fluctuations:
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dδα1 = − (γ1δα1 + χ1α5δα4 + χ1α4δα5) dt,
dδα†1 = −

(
γ1δα

†
1 + χ1α

†
5δα

†
4 + χ1α

†
4δα

†
5

)
dt,

dδα2 = − (γ2δα2 + χ2α6δα5 + χ2α5δα6) dt,
dδα†2 = −

(
γ2δα

†
2 + χ2α

†
6δα

†
5 + χ2α

†
5δα

†
6

)
dt,

dδα3 = − (γ3δα3 + χ3α6δα4 + χ3α4δα6) dt,
dδα†3 = −

(
γ3δα

†
3 + χ3α

†
6δα

†
4 + χ3α

†
4δα

†
6

)
dt,

dδα4 = −
(
−χ1α

†
5δα1 − χ3α

†
6δα3 + γ4δα4 − χ1α1δα

†
5 − χ3α3δα

†
6

)
dt

−
√
i
χ1χ3α1α3

χ2α2
(idW11 + dW12) ,

dδα†4 = −
(
−χ1α5δα

†
1 − χ3α6δα

†
3 + γ4δα

†
4 − χ1α

†
1δα5 − χ3α

†
3δα6

)
dt

−

√√√√χ1χ3α
†
1α
†
3

2χ2α
†
2

(dW9 + idW10) ,

dδα5 = −
(
−χ1α

†
4δα1 − χ2α

†
6δα2 − χ1α1δα

†
4 + γ5δα5 − χ2α2δα

†
6

)
dt

+
√
i
χ1χ2α1α2

χ3α3
(dW11 − idW7) ,

dδα†5 = −
(
−χ1α4δα

†
1 − χ2α6δα

†
2 − χ1α

†
1δα4 + γ5δα

†
5 − χ2α

†
2δα6

)
dt

−

√√√√2χ1χ2α
†
1α
†
2

χ3α
†
3

(idW8 + dW9) ,

dδα6 = −
(
−χ2α

†
5δα2 − χ3α

†
4δα3 − χ3α3δα

†
4 − χ2α2δα

†
5 + γ6δα6

)
dt

+
√
i
χ2χ3α2α3

χ1α1
(dW7 + idW12) ,

dδα†6 = −
(
−χ2α5δα

†
2 − χ3α4δα

†
3 − χ3α

†
3δα4 − χ2α

†
2δα5 + γ6δα

†
6

)
dt

−

√√√√χ2χ3α
†
2α
†
3

2χ1α
†
1

(dW9 − idW10) .

(5.6)

This can be expressed as a vector such that dδα = −Āδαdt+ B̄dW , where

δα =
[
δα1, δα

†
1, δα2, δα

†
2, δα3, δα

†
3, δα4, δα

†
4, δα5, δα

†
5, δα6, δα

†
6

]T
. (5.7)

In this way, the drift matrix is given by

Ā =
(
A1 A2

−A†2 A3

)
, (5.8)
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where A1 = diag (γ1, γ1, γ2, γ2, γ3, γ3),

A2 =



χ1α5 0 χ1α4 0 0 0
0 χ1α

†
5 0 χ1α

†
4 0 0

0 0 χ2α6 0 χ2α5 0
0 0 0 χ2α

†
6 0 χ2α

†
5

χ3α6 0 0 0 χ3α4 0
0 χ3α

†
6 0 0 0 χ3α

†
4


,

A3 =



γ4 0 0 −χ1α1 0 −χ3α3

0 γ4 −χ1α
†
1 0 −χ3α

†
3 0

0 −χ1α1 γ5 0 0 −χ2α2

−χ1α
†
1 0 0 γ5 −χ2α

†
2 0

0 −χ3α3 0 −χ2α2 γ6 0
−χ3α

†
3 0 −χ2α

†
2 0 0 γ6


,

and

B̄ =
(

06×6 06×6
06×6 b6×6

)
, (5.9)

where the non-zero elements in the submatrix b6×6 are

b15 = −i
√
i
χ1χ3ᾱ1ᾱ3

χ2ᾱ2
, b16 = −

√
i
χ1χ3ᾱ1ᾱ3

χ2ᾱ2
, b23 = −

√√√√χ1χ3ᾱ
†
1ᾱ
†
3

2χ2ᾱ
†
2
,

b24 = −

√√√√χ1χ3ᾱ
†
1ᾱ
†
3

2χ2ᾱ
†
2
, b31 = −i

√
i
χ1χ2ᾱ1ᾱ2

χ3ᾱ3
, b35 =

√
i
χ1χ2ᾱ1ᾱ2

χ3ᾱ3
,

b42 = −i

√√√√2χ1χ2ᾱ
†
1ᾱ
†
2

χ3ᾱ
†
3

, b43 = −

√√√√2χ1χ2ᾱ
†
1ᾱ
†
2

χ3ᾱ
†
3

, b51 =
√
i
χ2χ3ᾱ2ᾱ3

χ1ᾱ1
,

b56 = i

√
i
χ2χ3ᾱ2ᾱ3

χ1ᾱ1
, b63 = −

√√√√χ2χ3ᾱ
†
2ᾱ
†
3

2χ1ᾱ
†
1
, b64 = i

√√√√χ2χ3ᾱ
†
2ᾱ
†
3

2χ1ᾱ
†
1
.

As long as the real part of the eigenvalues of the drift matrix Ā is positive, the results
of the linearization are valid. The analytical expressions for eigenvalue spectrum of
Ā are not easily obtained. However, we investigate the particular case when

αSSi =

Ei/γi, i = 1, 2, 3,
0, j = 4, 5, 6,

(5.10)

where we have defined αSSi ≡ ᾱi.
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The eigenvalues of the drift matrix Ā for αSSi are given by

λ1,2 = γ1,

λ3,4 = γ2,

λ5,6 = γ3,

λ7 = −
3
√

2ζ
ξ+
− ξ+

3 3
√

2γ2
1γ

2
2γ

2
3
,

λ8 =

(
1 +
√

3i
)
ζ

3
√

4ξ+
+

(
1−
√

3i
)
ξ+

6 3
√

2γ2
1γ

2
2γ

2
3
, (5.11)

λ9 =

(
1−
√

3i
)
ζ

3
√

4ξ+
+

(
1 +
√

3i
)
ξ+

6 3
√

2γ2
1γ

2
2γ

2
3
,

λ10 = −
3
√

2ζ
ξ−
− ξ−

3 3
√

2γ2
1γ

2
2γ

2
3
,

λ11 =

(
1 +
√

3i
)
ζ

3
√

4ξ−
+

(
1−
√

3i
)

6 3
√

2γ2
1γ

2
2γ

2
3
ξ−,

λ12 =

(
1−
√

3i
)
ζ

3
√

4ξ−
+

(
1 +
√

3i
)

6 3
√

2γ2
1γ

2
2γ

2
3
ξ−,

where

ζ = χ2
3E

2
3γ

2
1γ

2
2 + χ2

2E
2
2γ

2
1γ

2
3 + χ2

1E
2
1γ

2
2γ

2
3 ,

ξ± = 3
√
∓ξ1 +

√
ξ2,

ξ1 = 54χ1χ2χ3E1E2E3γ
5
1γ

5
2γ

5
3 ,

ξ2 = 2916χ2
1χ

2
2χ

2
3E

2
1E

2
2E

2
3γ

10
1 γ

10
2 γ

10
3 − 108γ6

1γ
6
2γ

6
3ζ

3.

For simplicity, here we consider γi ≡ γ = 1 and χi = κ = 0.01. Since we are
interested in real values of the SS solutions, we use the values E3 = 50 and E1, E2 ∈
[50, 100]. For these values, the real part of all the eigenvalues are positive and thus
the linearization is valid. While for the case γj ≡ γ = 1 (j = 1 − 6), χi = κ = 0.01
and Ei ≡ E ∈ [51, 100] (i = 1, 2, 3), we investigate the real part of all the eigenvalues
obtaining that all of these are positive. Thus, the linearization is still valid for these
values.
Next, we calculate the spectrum outside the cavity for γ = 1 (j = 1 − 6), κ = 0.01
and E ∈ [51, 100] by using Equation 5.4. The elements of the matrix S(ω) and the
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input-output relations [141] are used to obtain the variances and covariances as [55]:

V
(
X̂i

)
= 1 + 2γiSX̂i

(ω),

V
(
X̂i, X̂j

)
= 2√γiγjSX̂i,X̂j

(ω),

V
(
Ŷi
)

= 1 + 2γiSŶi
(ω),

V
(
Ŷi, Ŷj

)
= 2√γiγjSŶi,Ŷj

(ω). (5.12)

We utilize these quantities to express the entanglement and steering criteria described
in chapter 2 as a function of the frequency. The following chapters are focus on the
certification of these correlations in the frequency domain. In Figure 5.1 we show
the steps that we follow to obtain the spectrum outside the cavity in terms of the
frequency and the parameters of the system (E, κ, γ).
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Total Hamiltonian

Schrödinger picture

Master equation of the system

           (Lindblad form)

      Phase-space methods:

Positive-P  operator mappings

Fokker-Planck equation for

the positive-P representation

Equations of motion: set of

Stochastic Differential

Equations (SDEs)

Linearization of SDEs: α = α + δα
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Equations of motion for 
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Fourier transform

         Output spectrum:
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of quadratures X and Y ˆ ˆ

i

ii

Figure 5.1: Block diagram of the steps to obtain the spectrum outside the cavity in
the frequency domain.



Chapter 6

Certification of quantum
entanglement among the output
fields

In chapter 5, we have described the formalism to obtain the output spectrum S(ω)
as a function of the frequency. This includes the steady-state solutions as well as
the parameters of the system which are the amplitude of the incident fields E, the
nonlinear coupling strength κ, and the intracavity losses γ. In order to certify quan-
tum correlations, such as entanglement and steering, among the output fields we
calculate the output spectrum S(ω). Then, we utilize the elements of the matrix
S(ω) in the relations given in Equation 5.12 to obtain the variances and covariances
of the output fields. Since these quantities depend on the value of the parameters of
the system, we have performed simulations for different values of E, κ and γ.
Firstly, we consider that the input cavity losses (γin) are different to the output
ones (γout). That is, γ1 = γ2 = γ3 ≡ γin, γ4 = γ5 = γ6 ≡ γout and γin 6= γout.
We recall that the subscript in refers to the input fields, while out corresponds
to the output fields. We performed simulations for γk ∈ [0.01, 1] (k = in, out),
Ei ≡ E = 100 and χi ≡ κ = 0.01 (i = 1 − 3). We find that bipartite quantum
entanglement, genuine tripartite quantum entanglement, bipartite steering and full
tripartite two-way steering inseparability can be certified whenever γin = γout and
γin, γout > 0.81. For γin 6 0.51 and γout 6 0.91, genuine tripartite steering cannot
be certified. However, for γin < 0.51 and γout < 0.91, this correlation is certified at
specific frequency intervals.
Secondly, we analyze both quantum entanglement and steering for Ei ≡ E (i =
1 − 3). In this case, the cavity losses and the nonlinear coupling strength are γj =
1 (j = 1 − 6) and χi ≡ κ = 0.01 (i = 1 − 3), respectively. We consider E ∈
[51, 100] since the steady-state solutions must be real and different from zero. From
the results of our simulations, we find that the interval of interest is E ∈ [91, 105]
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since in this interval bipartite quantum entanglement, genuine tripartite quantum
entanglement, bipartite steering and full tripartite two-way steering inseparability are
certified simultaneously in a wide range of frequencies. It is important to mention
that for values of the pump below E = 91, quantum entanglement and steering
cannot be certified simultaneously. In addition, we find that the certification of both
quantum correlations is related to the value of the pump amplitude.
Thirdly, for values of the nonlinear coupling strength χi ≡ κ ∈ [0.01, 0.3], with losses
γj = 1 (j = 1 − 6) and the amplitude of the fields Ei ≡ E = 100, we find that the
certification of both quantum entanglement and steering holds, even if the value of
κ increases.
Therefore, from our analysis of the different values of the parameters of the system
and the results of our simulations, we determine that the optimal values of E, κ and
γ to certify both quantum entanglement and steering in a wide range of frequencies
are E = 100, κ = 0.01 and γ = 1. These values are considered throughout this
thesis.
Therefore, in this chapter, we utilize the previously mentioned values and the criteria
for the certification of entanglement, which have been described in section 2.1, to
demonstrate whether bipartite and tripartite quantum entanglement in quadrature
operators among the output fields exists or not. The following results are based on
the published work by Ornelas-Cruces and Rosales-Zárate [142].

6.1 Certification of bipartite entanglement

We investigate bipartite entanglement between the output fields by using the Tan-
Duan-Giedke-Cirac-Zoller-Simon (DGCZ), the Giovannetti-Mancini-Vitali-Tombesi
(GMVT) and the van Loock-Furusawa (VLF) criteria described in subsection 2.1.1.
As we have previously mentioned, these criteria consider two different parties of the
system. Therefore, we analyze the bipartitions of the system {45}, {56} and {46}
where each of them correspond to a pair of the down converted output fields (see
Figure 4.1).
In the case of the VLF criterion, for each bipartition we obtain an inequality which
depends on the real parameter gl (l = 4, 5, 6). That is,

V LF45 =
V
(
X̂4 − X̂5

)
+ V

(
Ŷ4 + Ŷ5 + g6Ŷ6

)
4 > 1,

V LF56 =
V
(
X̂5 − X̂6

)
+ V

(
Ŷ5 + Ŷ6 + g4Ŷ4

)
4 > 1,

V LF46 =
V
(
X̂4 − X̂6

)
+ V

(
Ŷ4 + Ŷ6 + g5Ŷ5

)
4 > 1. (6.1)
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In order to express gl as a function of the variances of the quadrature operators X̂i and
Ŷi (i = 4, 5, 6), we minimize the above equations with respect to the corresponding
gl.
In Figure 6.1 the DGCZ, GMVT and VLF criteria are shown. We observe that
DGCZ45 = DGCZ56 = DGCZ46, GMV T45 = GMV T56 = GMV T46 and V LF45 =
V LF56 = V LF46. Therefore, we denote DGCZij, GMV Tij and V LFij as the en-
tanglement criteria for the different bipartitions where i, j = 4, 5, 6 and i 6= j. As
mentioned in subsection 2.1.1, bipartite entanglement between the output fields in
quadrature operators can be certified whenever the values of DGCZij, GMV Tij and
V LFij are below one (represented by the black solid line in Figure 6.1). We observe
that the values for DGCZ criterion are below one for ω < 1.018, while the values
for GMVT criterion are below one for ω < 1.234. On the other hand, the values for
VLF criterion are below one for ω < 1.756.
Even though, bipartite entanglement was certified by Bradley et al [52] using the
VLF criterion, our results cannot be compared with the VLF values in [52] since the
real parameters g4, g5 and g6 were considered equal to one. Moreover, the matrix
B(α) is not the same as the one presented in [52]. We go further in the bipartite
analysis by using two additional criteria and we demonstrate that VLF criterion is
more robust than the DGCZ and GMVT criteria for this system. Therefore, we
have certified bipartite entanglement in the low frequencies regime. Throughout this
thesis, we consider the low frequencies regime for frequency values ω < 1. We wish
to mention that all quantities that we have plotted in this thesis are dimensionless.

0 0.5 1 1.5 2 2.5 3

0.2

0.4

0.6

0.8

1

1.2

1.4

Figure 6.1: DGCZ, GMVT and VLF criteria for E = 100, κ = 0.01 and γ = 1.
Bipartite entanglement for the bipartitions of the output fields {45}, {56} and {46}
is certified whenever DGCZij < 1, GMV Tij < 1 and V LFij < 1 (i, j = 4, 5, 6,
i 6= j). Here, the black solid line represents the bound of the DGCZ, GMVT and
VLF criteria.
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6.2 Certification of tripartite entanglement

In order to investigate tripartite entanglement among the output fields, we use the
different criteria described in subsection 2.1.2. In the last section, we have demon-
strated that the inequalities of the VLF criterion for the different bipartitions are
violated for ω < 1.756. The simultaneous violation of these inequalities implies
that tripartite entanglement is present among the output fields [73]. However, this
criterion is not sufficient to confirm genuine tripartite entanglement [74]. We deter-
mine whether tripartite entanglement among the output fields is genuine or not by
checking the violation of the inequalities given in Equation 2.9-Equation 2.12.
For the criteria given in Equation 2.9 and Equation 2.10, we consider the bipartitions
of the system {46}− 5 and {56}− 4 for BI (SI), {45}− 6 and {46}− 5 for BII (SII),
{45} − 6 and {56} − 4 for BIII (SIII), where

BI = V
(
X̂4 − X̂5

)
+ V

(
Ŷ4 + Ŷ5 + g6Ŷ6

)
> 4,

BII = V
(
X̂5 − X̂6

)
+ V

(
g4Ŷ4 + Ŷ5 + Ŷ6

)
> 4, (6.2)

BIII = V
(
X̂4 − X̂6

)
+ V

(
Ŷ4 + g5Ŷ5 + Ŷ6

)
> 4,

SI =
√
V
(
X̂4 − X̂5

)
V
(
Ŷ4 + Ŷ5 + g6Ŷ6

)
> 2,

SII =
√
V
(
X̂5 − X̂6

)
V
(
g4Ŷ4 + Ŷ5 + Ŷ6

)
> 2, (6.3)

SIII =
√
V
(
X̂4 − X̂6

)
V
(
Ŷ4 + g5Ŷ5 + Ŷ6

)
> 2.

We minimize BI (SI), BII (SII) and BIII (SIII) with respect to g6, g4 and g5, respec-
tively.
For the chosen values of the parameters of the system, the values of the set of
inequalities given in Equation 6.2, and B = BI + BII + BIII are shown in 6.2a.
While the values of Equation 6.3 and S = SI + SII + SIII are depicted in 6.2b. In
6.2a and 6.2b, we observe that BI = BII = BIII and SI = SII = SIII , respectively.
In addition, we notice that there exist frequencies where the conditions Bα < 4
and B < 8, and Sα < 2 and S < 4 (α = I, II, III) are satisfied. We find that
Bα < 4 for ω < 1.756 and B < 8 for ω < 1.013, while Sα < 2 for ω ∈ [0, 3] and
S < 4 for ω < 1.079. The simultaneous violation of Equation 6.2 and B > 8, as
well as Equation 6.3 and S > 4, confirms genuine tripartite entanglement among
the output fields. Therefore, we can certify genuine tripartite entanglement with
the criteria given in Equation 2.9 and Equation 2.10 for ω < 1.013 and ω < 1.079,
respectively. This demonstrates that the criterion given in Equation 2.10 certifies
genuine tripartite entanglement over a wider range of frequencies than the criterion
given in Equation 2.9.
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Figure 6.2: Genuine tripartite entanglement among the output fields is certified
whenever (a) Bα < 4 and B < 8, or (b) Sα < 2 and S < 4 (α = I, II, III) for
E = 100, κ = 0.01 and γ = 1. The black solid lines in (a) and (b) represent the
bound for the entanglement criteria of Equation 2.9 and Equation 2.10, respectively.

In addition, we investigate the certification of genuine tripartite entanglement by
using the criteria given in Equation 2.11 and Equation 2.12. For our system, these
criteria can be written as

∆2V ≡ V

(
X̂4 −

X̂5 + X̂6√
2

)
+ V

(
Ŷ4 + Ŷ5 + Ŷ6√

2

)
> 2, (6.4)

∆V ≡

√√√√V (X̂4 −
X̂5 + X̂6√

2

)
V

(
Ŷ4 + Ŷ5 + Ŷ6√

2

)
> 1. (6.5)

The violation of any inequality, ∆2V > 2 or ∆V > 1, certifies genuine tripartite
entanglement among the output fields.
In 6.3a and 6.3b, the values of ∆2V and ∆V are shown, respectively. We find that
the violation of both inequalities, ∆2V < 2 and ∆V < 1, occurs for ω < 1.065. We
conclude that the certification of genuine tripartite entanglement with these criteria
is also present at low frequencies.
So far, we have proved that genuine tripartite entanglement among the output fields
is present in the system by using four different criteria. From our analysis, we
find that the criterion given by Equation 6.3, is the one that certifies this type of
entanglement in a wide range of frequencies which correspond to ω ∈ [0, 1.079).
In conclusion, we have certified bipartite, tripartite as well as genuine tripartite quan-
tum entanglement among the output fields in the low frequency regime for E = 100,
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Figure 6.3: If (a) ∆2V is below two (black solid line) or (b) ∆V is below one (black
solid line) is sufficient to prove genuine tripartite entanglement among the output
fields for E = 100, κ = 0.01 and γ = 1.

κ = 0.01 and γ = 1. In the case of bipartite entanglement, the VLF criterion cer-
tifies this type of entanglement for ω ∈ [0, 1.756). This criterion also demonstrates
tripartite entanglement. While, in the case of genuine tripartite entanglement, the
criterion given in Equation 6.3 certifies this correlation for ω < 1.079. In refer-
ence [52], Bradley et al showed that this system generate tripartite entangled fields.
However, the authors analyzed this system by considering both above and below the
oscillation threshold of an OPO. We go further in the entanglement analysis, that is,
we have investigated the system beyond threshold limits and we have demonstrated
that this system produces both tripartite and genuine tripartite entangled fields.
In the next chapter we investigate whether the down converted fields can be steerable
for the same values of the parameters of the system which are E = 100, κ = 0.01
and γ = 1.



Chapter 7

Certification of quantum steering
among the output fields

In chapter 6, we have certified bipartite, tripartite and genuine tripartite entangle-
ment among the output fields in the low frequency regime (ω < 1). Although this
correlation exists between the output fields, we are also interested in investigating
another nonlocal correlation: quantum steering, which is a stronger correlation than
quantum entanglement [6, 7]. It is important to mention that the certification of
quantum entanglement in a system does not guarantee the certification of quantum
steering [5–7].
In this chapter, we investigate whether the output fields can be steerable or not. In
order to certify bipartite and tripartite quantum steering among the output fields, we
use the output spectrum to obtain the variances and covariances of the quadrature
operators. We utilize the criteria described in section 2.2 with the same values of
the parameters of the system which are Ei = E=100, χi = κ =0.01 and γj = γ=1
(i = 1, 2, 3 and j = 1 − 6). The results presented in this chapter are based on the
work by Ornelas-Cruces and Rosales-Zárate [143].

7.1 Certification of bipartite steering

Bipartite steering between the output fields can be certified with the criterion de-
veloped by Reid [4,75]. As previously mentioned, steering has the property of being
asymmetric. In this sense, it is important to investigate whether one party of the
system j, can steer the party i, as well as the steerability of i from j. This criterion
states that bipartite steering is present between two parties of the system whenever
EPRi|j < 1 is satisfied [4, 75]. For the output fields, i, j = 4, 5, 6 (i 6= j), this
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criterion is expressed by the following inequalities:

EPR4|5 = V{inf |5}
(
X̂4
)
V{inf |5}

(
Ŷ4
)
< 1, (7.1)

EPR5|4 = V{inf |4}
(
X̂5
)
V{inf |4}

(
Ŷ5
)
< 1, (7.2)

EPR5|6 = V{inf |6}
(
X̂5
)
V{inf |6}

(
Ŷ5
)
< 1, (7.3)

EPR6|5 = V{inf |5}
(
X̂6
)
V{inf |5}

(
Ŷ6
)
< 1, (7.4)

EPR4|6 = V{inf |6}
(
X̂4
)
V{inf |6}

(
Ŷ4
)
< 1, (7.5)

EPR6|4 = V{inf |4}
(
X̂6
)
V{inf |4}

(
Ŷ6
)
< 1. (7.6)

The inference variances V{inf |j}
(
X̂i

)
and V{inf |j}

(
Ŷi
)
are explicitly given by [4]

V{inf |5}
(
X̂4
)

= V
(
X̂4
)
−

[
V
(
X̂4, X̂5

)]2
V
(
X̂5
) ,

V{inf |5}
(
Ŷ4
)

= V
(
Ŷ4
)
−

[
V
(
Ŷ4, Ŷ5

)]2
V
(
Ŷ5
) , (7.7)

V{inf |4}
(
X̂5
)

= V
(
X̂5
)
−

[
V
(
X̂5, X̂4

)]2
V
(
X̂4
) ,

V{inf |4}
(
Ŷ5
)

= V
(
Ŷ5
)
−

[
V
(
Ŷ5, Ŷ4

)]2
V
(
Ŷ4
) , (7.8)

V{inf |6}
(
X̂5
)

= V
(
X̂5
)
−

[
V
(
X̂5, X̂6

)]2
V
(
X̂6
) ,

V{inf |6}
(
Ŷ5
)

= V
(
Ŷ5
)
−

[
V
(
Ŷ5, Ŷ6

)]2
V
(
Ŷ6
) , (7.9)

V{inf |5}
(
X̂6
)

= V
(
X̂6
)
−

[
V
(
X̂6, X̂5

)]2
V
(
X̂5
) ,

V{inf |5}
(
Ŷ6
)

= V
(
Ŷ6
)
−

[
V
(
Ŷ6, Ŷ5

)]2
V
(
Ŷ5
) , (7.10)
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V{inf |6}
(
X̂4
)

= V
(
X̂4
)
−

[
V
(
X̂4, X̂6

)]2
V
(
X̂6
) ,

V{inf |6}
(
Ŷ4
)

= V
(
Ŷ4
)
−

[
V
(
Ŷ4, Ŷ6

)]2
V
(
Ŷ6
) , (7.11)

V{inf |4}
(
X̂6
)

= V
(
X̂6
)
−

[
V
(
X̂6, X̂4

)]2
V
(
X̂4
) ,

V{inf |4}
(
Ŷ6
)

= V
(
Ŷ6
)
−

[
V
(
Ŷ6, Ŷ4

)]2
V
(
Ŷ4
) , (7.12)

where V
(
X̂i, X̂j

)
and V

(
Ŷi, Ŷj

)
is the covariance of the operators X̂i and X̂j, and

Ŷi and Ŷj, respectively. These values are obtained from the output spectrum and the
expressions given in Equation 5.12.
Figure 7.1 shows bipartite steering criterion between the output fields for E = 100,
κ = 0.01 and γ = 1, where the product of the inference variances for the different
bipartitions of the system are given by Equation 7.1-Equation 7.6. We observe that
EPR 4|5 = EPR 5|4, EPR 5|6 = EPR 6|5 and EPR 4|6 = EPR 6|4. Furthermore,
the condition EPR i|j < 1 is satisfied for i, j = 4, 5, 6 (i 6= j). This demonstrate
that each party j steers party i. Thus, the violation of EPR i|j > 1 implies one-
way steering for ω < 1.755 between the output fields. Additionally, we notice that
EPR j|i < 1 is satisfied for ω < 1.755 which shows that party i steers party j. The
violation of both EPR i|j > 1 and EPR j|i > 1 implies two-way steering. Thus, for
this system, both bipartite one-way and two-way steering are certified between the
down-converted fields for the different bipartitions of the system in the low frequency
regime.

7.2 Certification of full tripartite two-way steering
inseparability

In this section, we investigate whether full tripartite two-way steering inseparability
for the different bipartitions of the output fields exists or not. We use the criteria
described in section 2.2 where Bα and Sα (α = I, II, III) are given by

BI = V
(
X̂4 − X̂5

)
+ V

(
Ŷ4 + Ŷ5 + g6Ŷ6

)
,

BII = V
(
X̂5 − X̂6

)
+ V

(
g4Ŷ4 + Ŷ5 + Ŷ6

)
,

BIII = V
(
X̂4 − X̂6

)
+ V

(
Ŷ4 + g5Ŷ5 + Ŷ6

)
, (7.13)
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Figure 7.1: Bipartite quantum steering between the output fields for E = 100,
κ = 0.01 and γ = 1. This is certified whenever EPRi|j is below one (black solid
line). That is, EPRi|j < 1 (i, j = 4, 5, 6, i 6= j).

SI =
√
V
(
X̂4 − X̂5

)
V
(
Ŷ4 + Ŷ5 + g6Ŷ6

)
,

SII =
√
V
(
X̂5 − X̂6

)
V
(
g4Ŷ4 + Ŷ5 + Ŷ6

)
,

SIII =
√
V
(
X̂4 − X̂6

)
V
(
Ŷ4 + g5Ŷ5 + Ŷ6

)
. (7.14)

We minimize Bα and Sα (α = I, II, III) with respect to g6, g4 and g5, respectively.
It is important to mention that BI (SI) is related to bipartitions {46}−5 and {56}−4,
while BII (SII) corresponds to bipartitions {54}− 6 and {64}− 5, and BIII (SIII) to
{45} − 6 and {65} − 4.
The criteria are shown in Figure 7.2 for the same values of the parameters of the
system. First, we observe that BI = BII = BIII and SI = SII = SIII , respectively.
Second, full tripartite two-way steering inseparability is certified only for specific
intervals of frequency. For instance, 7.2a shows that Bα < 2 (α = I, II, III)
in the interval ω ∈ (0.363, 0.712). While in 7.2b, we observe that Sα < 1 (α =
I, II, III) for ω ∈ (0.207, 0.808). Both criteria certify full tripartite two-way steering
inseparability for different range of frequencies. That is, steering is present at least in
one direction, for all bipartitions of the system which we have considered as {AB}−C
for A, B, C = 4, 5, 6 (A 6= B 6= C). However, the criterion Sα < 1 (α = I, II, III)
certifies full tripartite two-way steering inseparability in a wide frequency interval.
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Figure 7.2: Full tripartite two-way steering inseparability among the output fields
for E = 100, κ = 0.01 and γ = 1 is certified whenever (a) Bα < 2 or (b) Sα < 1. The
black solid line represents the corresponding bound for Bα and Sα, respectively.

7.3 Certification of genuine tripartite steering

Once we have certified full tripartite two-way steering inseparability for the different
bipartitions of the output fields, we wish to investigate if genuine tripartite steering
is also present in the system.
We use the criteria given in Equation 2.18 and Equation 2.19, where Bα and Sα
correspond to Equation 7.13 and Equation 7.14, respectively. As we have previously
considered, Bα and Sα are minimized with respect to g6, g4 and g5, respectively.
Since this type of steering consider the bilocality of the system [76], we utilize the
same bipartitions for Bα (Sα) as we have described in the preceding section.The
criteria are shown in Figure 7.3. We observe that there is no violation of either
BI + BII + BIII > 4 or SI + SII + SIII > 2 for any value of frequency under
consideration. This demonstrates that genuine tripartite steering is not present in
the system for the chosen values of the parameters of the system.

7.3.1 Certification of genuine tripartite steering: gi = 1

In the previous section, we have investigated whether genuine tripartite steering is
present in the system by using different criteria which depend on the real parameter
gi (i = 4, 5, 6). In that case, we have minimized Bα and Sα (α = I, II, III)
with respect to g6, g4, and g5, respectively, in order to obtain gi (i = 4, 5, 6) in
terms of the variances and covariances of the quadrature operators of the output



CHAPTER 7. CERTIFICATION OF FULL TRIPARTITE TWO-WAY STEERING 43

0 0.5 1 1.5 2 2.5 3

4

6

8

10

12

(a)

0 0.5 1 1.5 2 2.5 3

0

1

2

3

4

5

6

7

(b)

Figure 7.3: Genuine tripartite steering among the output fields is certified whenever
(a) BI + BII + BIII < 4 or (b) SI + SII + SIII < 2 for E = 100, κ = 0.01 and
γ = 1. Here, neither of (a) or (b) are below the bound four or two (black solid lines),
respectively.

fields X̂j, Ŷj (j = 4, 5, 6). However, it was not possible to certify genuine tripartite
steering for any value of the frequency under consideration.
In this section, we investigate if genuine tripartite steering exists among the output
fields by considering gi = 1 (i = 4, 5, 6). Figure 7.4 shows both criteria given
in Equation 2.20 and Equation 2.21, while the criteria given in Equation 2.22 and
Equation 2.23 are depicted in Figure 7.5. From these figures, we observe that neither
of the criteria is satisfied for any value of the frequency for gi = 1 (i = 4, 5, 6).
Therefore, genuine tripartite steering is not present in the system.
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Figure 7.4: Genuine tripartite steering for gi = 1 (i = 4, 5, 6) is certified whenever
(a) Bα + Bβ < 2 or (b) Sα + Sβ < 1 for α, β = I, II, III and α 6= β. The values
of the parameters of the system are E = 100, κ = 0.01 and γ = 1. The black solid
lines in (a) and (b) represent the bound two and one, respectively.
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Figure 7.5: Genuine tripartite steering is present in the system if either (a) BI +
BII +BIII < 4 or (b) SI +SII +SIII < 2 for gi = 1 (i = 4, 5, 6), E = 100, κ = 0.01,
and γ = 1. In both (a) and (b) the black solid line represents the bound four and
two, respectively.

In conclusion, for the chosen values of the parameters of the system we have certified
bipartite one-way and two-way steering between the output fields in the low frequency
regime. In addition, there exists full tripartite two-way steering inseparability among
the output fields for specific frequency values. However, for the strongest type of
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steering, which is the genuine tripartite case, it was not possible to certify for any
value of the frequency.
In the next chapter, we investigate the distribution of both quantum entanglement
and steering among the different parties of the system by using the monogamy re-
lations. These relations are expressed in terms of the entanglement and steering
witnesses which we have used throughout this thesis.



Chapter 8

Distribution of entanglement and
steering among the output fields

In the preceding chapters, we have demonstrated that the output fields are entangled
and these are also steerable in the low frequency regime. In particular, the entan-
glement that we have certified for the down-converted fields includes the bipartite,
tripartite and genuine tripartite cases. While the steering cases are bipartite one-way
and two-way steering, and full tripartite two-way steering inseparability. Although
these correlations exist in the system, we have no knowledge about their distribution
among the different parties of the system. In fact, the shareability of entanglement
and steering among the three output fields is constrained. That is, the amount of
entanglement (steering) that two parties parties, i and j, share limits the amount
of entanglement (steering) that one of those parties (say i) can share with a third
party k. It is worth mentioning that the monogamy relations presented in chapter 3
do not quantify the amount of entanglement (steering) that the parties share among
them.
In this chapter, we investigate the distribution of these correlations by using the
monogamy relations for entanglement and steering witnesses [41,88], which we have
described in chapter 3.

8.1 Distribution of entanglement between the out-
put fields

In order to investigate the shareability of entanglement between the output fields,
we utilize the monogamy relations for DGCZ and GMVT witnesses which we have
described in section 3.1. For the system under consideration, the first monogamy

46
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relations for DGCZ witness, for the different bipartitions, are given by

D45 +D46 > 1, (8.1)
D54 +D56 > 1, (8.2)
D64 +D65 > 1. (8.3)

We can interpret these relations as follows. For instance, in Equation 8.1, the down-
converted fields 4 and 5 share certain amount of entanglement which constrains the
entanglement that 4 can share with 6. That is, the entanglement that 4 shares with
5 is not available to be shared with 6. In other words, as the amount of entanglement
between 4 and 5 becomes maximum (which corresponds toD45 → 0), the value ofD46
increases, which can be expressed as D46 →∞ . This relation does not measure the
amount of entanglement, however, it provides a distribution of entanglement between
the different bipartitions of the system. Equation 8.1-Equation 8.3 are depicted in
Figure 8.1a. We observe that, for the different bipartitions, D45+D46 = D54+D56 =
D64 +D65 and this monogamy of entanglement for the DGCZ certifier is satisfied.
Another set of monogamy relations for DGCZ witness for the different bipartitions
is given by

D45 +D46 > max
{

1, S4|{56}
}
, (8.4)

D54 +D56 > max
{

1, S5|{46}
}
, (8.5)

D64 +D65 > max
{

1, S6|{45}
}
. (8.6)

These relate the monogamy bound to a steering parameter SB|{AC}, respectively.
SB|{AC} certifies that the bipartition {AC} steers B (A, B, C = 4, 5, 6) where

S4|{56} = Vinf |{56}(X̂4)Vinf |{56}(Ŷ4), (8.7)
S5|{46} = Vinf |{46}(X̂5)Vinf |{46}(Ŷ5), (8.8)
S6|{45} = Vinf |{45}(X̂6)Vinf |{45}(Ŷ6), (8.9)

and

Vinf |{56}(X̂4) = V (X̂4)−

[
V (X̂4, X̂5 + X̂6)

]
V (X̂5 + X̂6)

,

Vinf |{56}(Ŷ4) = V (Ŷ4)−

[
V (Ŷ4, Ŷ5 + Ŷ6)

]
V (Ŷ5 + Ŷ6)

, (8.10)

Vinf |{46}(X̂5) = V (X̂5)−

[
V (X̂5, X̂4 + X̂6)

]
V (X̂4 + X̂6)

,

Vinf |{46}(Ŷ5) = V (Ŷ5)−

[
V (Ŷ5, Ŷ4 + Ŷ6)

]
V (Ŷ4 + Ŷ6)

, (8.11)
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Vinf |{45}(X̂6) = V (X̂6)−

[
V (X̂6, X̂4 + X̂5)

]
V (X̂4 + X̂5)

,

Vinf |{45}(Ŷ6) = V (Ŷ6)−

[
V (Ŷ6, Ŷ4 + Ŷ5)

]
V (Ŷ4 + Ŷ5)

. (8.12)

In Figure 8.1b, we show the monogamy relations given in Equation 8.4-Equation 8.6.
We observe that D45 +D46 = D54 +D56 = D64 +D65 and S4|{56} = S5|{46} = S6|{45}.
In addition, we notice that the amount of bipartite entanglement for the different
bipartitions is always greater than the monogamy bound, either 1 or SB|{AC}. These
results also demonstrate that there exists steering of B by {AC} for the different
bipartitions of the system.
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Figure 8.1: Monogamy relations for the DGCZ witness. Both (a)DBA+DBC > 1 and
(b) DBA + DBC > max

{
1, SB|{AC}

}
must satisfy for the bipartitions of the system

{45}-{46}, {54}-{56}, and {64}-{65}, respectively. The black solid line represents
the monogamy bound of (a) and (b), respectively.

For the GMVT witness, the monogamy relations for the different bipartitions are
given by

4G54G56 > max
{

1, S2
5|{46}

}
, (8.13)

4G45G46 > max
{

1, S2
4|{56}

}
, (8.14)

4G64G65 > max
{

1, S2
6|{45}

}
, (8.15)

where S2
B|{AC}(A, B, C = 4, 5, 6) is the steering parameter. These are shown in

Figure 8.2 where we can observe that 4G54G56 = 4G45G46 = 4G64G65 and S2
5|{46} =

S2
4|{56} = S2

6|{45}. We notice that the maximum between the steering parameter
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S2
B|{AC} and one, for all the frequency interval under consideration, is one. In

addition, the saturation of these monogamy relations, 4GBAGBC = 1, occurs at
ωsat = 0.878. Thus, this monogamy relation is valid for frequency values greater
than ωsat. This is due to the fact that there is no steering of the system B by the
composite system {AC} for all the frequency values in ω ∈ [0, ωsat]. Actually, this
is consistent with our results for the certification of full-tripartite two-way steer-
ing inseparability where we have certified steering at least in one direction for all
bipartitions of the system only in the frequency interval ω ∈ (0.207, 0.808).
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Figure 8.2: Monogamy relations for the GMVT witness. For the bipartitions
{54}-{56}, {45}-{46}, and {64}-{65}, respectively, it must hold that 4GBAGBC >
max

{
1, S2

B|{AC}

}
. Here, the one of this monogamy relation is represented by the

black solid line.

8.2 Distribution of steering among the output fields

In chapter 7, we have certified three types of steering among the output fields for the
different bipartitions of the system: one-way and two-way steering, and full tripartite
two-way steering inseparability. Unfortunately, the strongest form of steering, which
is the genuine tripartite steering, is not present in the system. In this section we
investigate the distribution of steering for the different bipartitions of the system.
We use the monogamy relations derived by Reid [40].
The first monogamy relation for steering witness that we consider is the one de-
scribed in Equation 3.5. This monogamy relation states that if the criterion EPRi|j
is violated between parties i and j such that j steers i, then the third party k cannot
steer i. For the different bipartitions of the system, we obtain a set of monogamy
relations given by
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EPR4|5EPR4|6 > 1, (8.16)
EPR5|6EPR5|4 > 1, (8.17)
EPR6|5EPR6|4 > 1. (8.18)

These are shown in Figure 8.3, where we can observe clearly that neither of these
are satisfied at any frequency value. That is, steering is not only shared between
two parties of the system, but also occurs across different bipartitions of the system.
This is due to fact that, for the different bipartitions of the system, full tripartite
two-way steering inseparability is certified in the system.
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Figure 8.3: EPRi|j criterion and the monogamy relation for steering witness EPRi|j.
(a) Bipartite steering between two parties is certified whenever EPRi|j < 1, and (b)
monogamy relation EPRi|jEPRi|k > 1, for i, j, k = 4, 5, 6 (i 6= j 6= k). In both (a)
and (b), the black solid line represents the bound of the EPRi|j criterion and the
monogamy relation, respectively.

The second monogamy relation that we have investigated is given in Equation 3.6.
This is related to the steering parameter Si|{jk} and it states that Si|{jk} 6 EPRi|j.
For all the possible bipartitions of the system, this monogamy relation is given by

S4|{56} 6 EPR4|5, S4|{65} 6 EPR4|6, (8.19)
S5|{46} 6 EPR5|4, S5|{64} 6 EPR5|6, (8.20)
S6|{45} 6 EPR6|4, S6|{54} 6 EPR6|5. (8.21)

It is worth mentioning that Equation 8.19 corresponds to the bipartitions {45}
and {46}, while Equation 8.20 is related to the bipartitions {46} and {56}, and
Equation 8.21 to {45} and {56}, respectively. In addition, Si|{jk} = Si|{kj} since

Si|{jk} = Vinf |{jk}(X̂i)Vinf |{jk}(Ŷi), (8.22)
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Figure 8.4: Monogamy relations for bipartite steering witness EPRi|j for the different
bipartitions of the output fields. Si|{jk} 6 EPRi|j is satisfied for i, j, k = 4, 5, 6
(i 6= j 6= k), where (a) S6|{45} 6 EPR6|4 and S6|{45} 6 EPR6|5, (b) S6|{45} 6 EPR6|4
and S6|{45} 6 EPR6|5, and (c) S5|{46} 6 EPR5|4 and S5|{46} 6 EPR5|6.

where

Vinf |{jk}(X̂i) = V (X̂i)−

[
V (X̂i, X̂j + X̂k)

]
V (X̂j + X̂k)

,

Vinf |{jk}(Ŷi) = V (Ŷi)−

[
V (Ŷi, Ŷj + Ŷk)

]
V (Ŷj + Ŷk)

, (8.23)

and

Si|{kj} = Vinf |{kj}(X̂i)Vinf |{kj}(Ŷi), (8.24)
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Vinf |{kj}(X̂i) = V (X̂i)−

[
V (X̂i, X̂k + X̂j)

]
V (X̂k + X̂j)

,

Vinf |{kj}(Ŷi) = V (Ŷi)−

[
V (Ŷi, Ŷk + Ŷj)

]
V (Ŷk + Ŷj)

. (8.25)

In Figure 8.4, we show Equation 8.19-Equation 8.21. First, we observe that EPRi|j =
EPRi|k for i, j, k = 4, 5, 6 (i 6= j 6= k). Second, EPRi|j = EPRi|k is always greater
than the steering parameter Si|{jk}. Thus, the steering of i from the bipartition {jk},
Si|{jk}, cannot be better than the steering of i from j, EPRi|j, since EPRi|j is only
distributed between two parties.
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Figure 8.5: Monogamy relations for bipartite steering witness EPRi|j for the differ-
ent bipartitions of the system states that S2

i|{jk} 6 EPRi|jEPRi|k. This inequality
is satisfied for (a) EPR4|5EPR4|6 > S2

4|{56}, (b) EPR5|6EPR5|4 > S2
5|{46} and (c)

EPR6|5EPR6|4 > S2
6|{54}.
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Another monogamy relation for the steering witness EPRi|j is the one which re-
lates the product of bipartite steering for the different bipartitions of the system,
EPRi|jEPRi|k, and the square of the steering parameter, S2

i|{jk}. This is given in
section 3.2 and states that EPRi|jEPRi|k > S2

i|{jk}. For all the possible bipartitions
of the system and the square of the steering parameter, we have the following set of
monogamy relations

EPR4|5EPR4|6 > S2
4|{56}, (8.26)

EPR5|4EPR5|6 > S2
5|{46}, (8.27)

EPR6|4EPR6|5 > S2
6|{45}, (8.28)

which are shown in Figure 8.5. We notice that for the different bipartitions of the
system, the inequality EPRi|jEPRi|k > S2

i|{jk} is always satisfied for i, j, k = 4, 5, 6
and i 6= j 6= k. That is, once steering is shared between the bipartitions {ij} and
{ik}, the steering for the bipartition i− {jk} will certainly decrease.
We also consider the monogamy relation which relates the sum of two EPR crite-
rion for different bipartitions of the system as EPRi|j + EPRi|k > 2Si|{jk}. For
the different bipartitions of the system, this monogamy relation gives the following
inequalities

EPR4|5 + EPR4|6 > 2S4|{56}, (8.29)
EPR5|4 + EPR5|6 > 2S5|{46}, (8.30)
EPR6|4 + EPR6|5 > 2S6|{45}. (8.31)

These are shown in Figure 8.6 where we observe that for the different bipartitions of
the system, it is always true that EPRi|j+EPRi|k > 2Si|{jk}. That is, the individual
steering of {ij} and {ik} is bounded by the steering from the bipartition {jk} over
i (Si|{jk}).
Finally, we consider the monogamy relation for the steering witness EPRi|j given
by EPRi|jEPRi|k > max{1, S2

i|{jk}}, which gives as a bound, either 1 or S2
i|{jk}. For

the different bipartitions of the system, we obtain the following set of monogamy
relations which are shown in Figure 8.7:

EPR4|5EPR4|6 > max{1, S2
4|{56}}, (8.32)

EPR5|4EPR5|6 > max{1, S2
5|{46}}, (8.33)

EPR6|4EPR6|5 > max{1, S2
6|{45}}. (8.34)
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Figure 8.6: Monogamy relation for bipartite steering witness EPRi|j for the different
bipartitions of the system: EPRi|j+EPRi|k > 2Si|{jk}. This inequality is satisfied for
(a) EPR4|5 +EPR4|6 > 2S4|{56}, (b) EPR5|4 +EPR5|6 > 2S5|{46} and (c) EPR6|4 +
EPR6|5 > 2S6|{45}.

Each monogamy relation, depicted in figures 8.7a- 8.7c, shows important behaviour
which is worth mentioning. Firstly, we observe that the maximum between 1 and
the steering parameter S2

i|{jk} is always 1. Secondly, from our results we find that
the saturation occurs at ωsat = 1.756 for each EPRi|jEPRi|k for i, j, k = 4, 5, 6
(i 6= j 6= k). Thirdly, for any frequency value that satisfies ω > ωsat, the monogamy
relation holds. While below this value, ωsat, we can observe that neither of these
monogamy relations are satisfied at any frequency value. Lastly, the violation of these
monogamy relations is consistent with the violation of Equation 8.16-Equation 8.18
due to the fact that we have certified another type of steering which is full tripartite
two-way steering inseparability.
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Figure 8.7: Monogamy relations for bipartite steering witness EPRi|j for the dif-
ferent bipartitions of the system states that EPRi|jEPRi|k > max{1, S2

i|{jk}}. (a)
EPR4|5EPR4|6 > max{1, S2

4|{56}}, (b) EPR5|4EPR5|6 > max{1, S2
5|{46}} and (c)

EPR6|4EPR6|5 > max{1, S2
6|{45}}. In (a), (b) and (c), the bound of one is repre-

sented by the black solid line.

In conclusion, in order to investigate the distribution of both correlations, entan-
glement and steering, among the different parties of the system, we have used the
monogamy relations for different entanglement and steering witnesses. From our
results, we conclude that if these relations are satisfied, then the distribution of the
correlations between different bipartitions is constrained. That is, once the correla-
tion is distributed in a bipartition of the system, then for the other bipartition, the
correlation is reduced and it is also bounded.
We claim that the monogamy relations may be considered as a form of conservation
law since if these are not satisfied, then there exist other type of correlation in
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the system. We have demonstrated this in the cases of the monogamy relation for
GMVT entanglement witness, 4GBAGBC > max

{
1, S2

B|{AC}

}
, where the relation is

violated for frequency values ω < 0.878, while for steering, EPRi|jEPRi|k > 1 and
EPRi|jEPRi|k > max{1, S2

i|{jk}}, both are violated for ω < 1.757 and ω < 1.756,
respectively. The violation of the three monogamy relations confirms the existence
of full tripartite two-way steering inseparability in the system.



Chapter 9

Conclusions

In this thesis, we have investigated the generation of quantum entanglement and
steering by an intracavity down conversion process. That is, we have considered the
interaction of three fields with a nonlinear medium inside an optical cavity. As a
result, three down converted fields are obtained outside the cavity.
We analyzed this system by following three main formalisms: the master equation,
the phase-space methods and the linearized fluctuation theory. In particular, we
have used the positive-P function and we have obtained the intracavity spectrum
in the frequency domain. This methodology allowed us to obtain the variances and
covariances of the quadrature operators of the down-converted fields in the frequency
domain, which are completely determined by the parameters of the system: the
nonlinear coupling strength χi, the intracavity losses γi and the amplitude of the
field Ei. Throughout this work, we consider the simplest case which corresponds
to the symmetric case of the parameters of the system. That is χi ≡ κ, γi ≡ γ
and Ei ≡ E. In addition, we have performed simulations in order to obtain the
values of these parameters that can certify simultaneously quantum entanglement
and steering. The values are κ = 0.01, γ = 1 and E = 100.
We utilized different entanglement and steering criteria to investigate the presence
of these correlations in the frequency domain for the system under consideration.
We have certified bipartite, tripartite and genuine tripartite entanglement as well as
bipartite one-way and two-way steering, and full tripartite two-way steering insep-
arability in quadrature operators among the output fields. In the case of bipartite
entanglement, we have showed that the VLF criterion certifies this type of entan-
glement for ω ∈ [0, 1.756). For these frequency values, this criterion also certifies
tripartite entanglement. While, in the case of genuine tripartite entanglement, the
criterion given in Equation 6.3 certifies this correlation for ω < 1.079. For steering,
we have determined that the output fields are steerable. In particular, we have certi-
fied bipartite one-way and two-way steering between the output fields for ω < 1.755.
We have also showed that there exists full tripartite two-way steering inseparabil-
ity for ω ∈ (0.207, 0.808). In addition, we have investigated the distribution of
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these quantum correlations among the different parties of the system by using the
monogamy relations for the entanglement and steering witnesses. The monogamy
relations are valid and these also confirm the existence of full tripartite two-way steer-
ing inseparability among the output fields. Our results determine frequency values
where both correlations, entanglement and steering, are present in the system under
consideration. These may be used for applications in quantum information protocols,
such as Quantum Key Distribution (QKD) and Quantum Secret Sharing (QSS). For
instance, since the system under consideration presents both one-way and two-way
steerable EPR-like states, it can be used for a secure QSS protocol [17,37,38].
Future work consist of extending this model to a multipartite system and investi-
gating if both, entanglement and steering, are still present in the system, as well as
whether it is possible to certify them in a wider range of frequency values rather
than in the low frequency regime. Additionally, we wish to examine the existence of
other correlations, such as genuine tripartite steering in the multipartite case.



Appendix A

Relation between the theoretical
and experimental parameters of
the system

In section 4.1, the system was described by a nonlinear Hamiltonian model which
considers the interaction Hamiltonian Ĥint, the Hamiltonian of the input fields Ĥp

and the Liouvillian operator Lρ̂ which includes the cavity losses. Our model considers
theoretical parameters such as the field amplitude Ei, the coupling strength χi and
the cavity losses γi which can be related to experimental parameters. This can be
done by following the works of Yariv and Louisell [144] and Cassedy and Jain [145].
In both references [144,145] the Optical Parametric Oscillator (OPO) is analysed. In
the former [144], the authors derived the oscillation threshold condition, the power
output, and the relation between the loss parameters and the Q-cavity factor. While
in [145] the authors analysed the injection tuning of an OPO where they generalised
the theory developed in reference [144], and they also derived analytical expressions
for N -modes.
In this Appendix we include an analysis between the theoretical parameters, which
are considered in the nonlinear Hamiltonian model (section 4.1), and the experimen-
tal parameters, but this is beyond the scope of this work. As we have described
in chapter 4, the system under consideration consists of three nonlinear interactions
inside an optical resonant cavity (see Figure 4.1). Each input field (api

) creates
two down-converted fields (ans and ani

) via SPDC such that the dynamics can be
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described by the following three coupled nonlinear equations [144,145]

dap
dt

= −iωpap −
ωp

2Qp

ap −
N∑
n=1

κnani
ans + iλp exp (−iωpt) ,

dans

dt
= −iωnsans −

ωns

2Qs

ans + κna
∗
ni
ap, (A.1)

dani

dt
= −iωni

ani
− ωni

2Qi

ani
+ κna

∗
ns
ap,

where ns (ni) is the nth signal (idler) mode which arise from the nonlinear process
and both satisfy the condition ωp = ωns + ωni

. Qs (Qi) is the cavity-Q factor of
the signal (idler) mode, κn is the nonlinear coupling strength and λp is the pumping
parameter which are define as [144–146]

Qj = ωjεj
2σj

, (A.2)

λp = 1
2

√
ωp
2ε

∫
Ēp · P̄ ′dv, (A.3)

Here, σj is the volume conductivity which consider the losses in the cavity, Ēp, P̄ ′
and ωp are the electric field, polarization and frequency of the pump respectively.
Also,

κn = 1
2
√
ωpωni

ωns

dijk
ε3/2V 1/2F (∆knL) , (A.4)

where ωj (j = p, ns, ni) is the frequency of field, dijk is the nonlinear coefficient of
the medium, V and L are the volume and length of the cavity, respectively, and
F (∆knL) is a function defined by

F (∆knL) =
sin

(
1
2∆knL

)
1
2∆knL

, (A.5)

where the phase-matching is ∆kn = kp − kns − kni
.

For ∆kn = 0,

F (∆knL) =
sin

(
1
2∆knL

)
1
2∆knL

= 1,

and thus

κn = 1
2
√
ωpωni

ωns

dijk
ε3/2V 1/2 . (A.6)
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Also, the power of the input field is given by [144]

Pj =
ω2
j

Qj

E∗jEj =
ω2
j

Qp

|Ej|2, (A.7)

where Ej is the amplitude of the field (pump, signal or idler). It is worth pointing
out that it has been demonstrated that the efficiency of an OPO is directly related
to the pump intensity [147,148].
Furthermore, the cavity losses can be related to the effective reflectances R and the
length of the cavity L by [144]

γj = c (1−R)
2L (j = 1−N). (A.8)

However, there exist other type of losses to take into account.
So far, we have expressed the theoretical parameters, which are the amplitude of the
field Ej, the nonlinear coupling κn and the cavity losses γj, in terms of experimental
parameters such as the power of the pump Pj (Equation A.7), the nonlinear coef-
ficient dijk, the volume of the cavity V (Equation A.6), the effective reflectances R
and the length of the cavity L (Equation A.8). Further considerations for cavity-
enhanced SPDC can be found in [149].
Additionally, we wish to mention that there exist other parameters and properties
to describe a cavity. For instance, for a linear cavity, the parameters are the optical
path length for one round, the distance between the input and the output mirror,
the intensity transmission and reflectivity of the input (output) mirror. While the
properties of the cavity include the free spectral range or the finesse. More details
can be found in [150].
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