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ABSTRACT

GENERATION OF HYPERENTANGLED N00N STATES WITH RADIAL AND

ORBITAL ANGULAR MOMENTUM LAGUERRE-GAUSS MODES AND

DETECTION-BASIS CONTROL

Name: Guerra Vazquez, Jose Cesar

University of Dayton

Advisor at CIO: Dr. Roberto Ramirez Alarcon

Advisor at UD: Dr. William N. Plick

Hyperentanglement of photonic light modes, or entanglement occurring in systems with

one or more degrees of freedom, o↵ers a valuable resource in quantum communication and

information processing. Communication systems, for example, use hyperentanglement to

increase channel capacity. Hyperentanglement, however, has not been the only valuable

quantum resource. Maximally path-entangled states, or N00N states, have led the develop-

ment of quantum information protocols. To advance quantum technology, it is necessary to

establish reliable protocols that can generate both hyperentangled and N00N states. In this

dissertation, we propose two methods for the generation of hyperentangled N00N states in

the spatial degrees of freedom of light. The first approach centers on (but is not limited

to) the radial degree of freedom of Laguerre-Gauss modes. In this study, the pump beam

is shaped by superpositions of Laguerre-Gauss radial modes to generate hyperentangled

radial N00N states via spontaneous parametric down-conversion. This method illustrates

how the spatial spectrum of the down-converted state can be modulated by engineering

the input pump. The resultant state, however, is noisy in nature and the cross-correlated

terms limit the generation of clean, useful entangled states. The second method is a novel

protocol based on the interference of two optical nonlinearities and the control of the de-

tection basis in the orbital angular momentum degree of freedom. This configuration can
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produce both maximally-entangled and hyper-entangled states in at least four dimensions.

The resultant state in the four-dimensional case can be characterized as a generalization

of the N00N state. As long as experimental imperfections are excluded, the production of

this state is “perfect” i.e., noiseless. Using the presented setup, a vast parameter space of

arbitrarily large dimensionality can be searched for other states of interest using control

over the detection and pumping protocols. In addition, we demonstrate the versatility of

this system through a few specific examples.
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is superpose and aligned with the optical path of the signal photon produced by

BBO2. At this stage there are four photons in the device, two photons in mode

A, and one photon each in modes B and C. The third stage is the interference:

the four photons are mixed on 50:50 beam splitters (represented by the blue

boxes) to produce the HOM e↵ect. The final stage is the heralding on particular

OAM superpositions: we use spatial-light modulators (SLMs) for the heralding

of modes A and D, and to project the desired state between modes B and C. After

projection the state is couple into single-mode fibers (yellow lines) connected to

a detector. The elements Lnumber are lenses with a focus length according to

the number in front of the L. We use these lenses to focus the beam into the

nonlinear crystals. We use the lenses also to map the crystal planes of BBO1
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CHAPTER I

INTRODUCTION

1.1 Historical context and motivation

Light is central to our daily lives and to the development of the most innovative tech-

nologies, such as lasers, LEDs, and solar power. Light has fascinated scientists for thousands

of years, but the most significant breakthroughs in understanding occurred within the last

one-hundred and fifty. At the end of the nineteenth century, light was thought to con-

sist of waves of electromagnetic fields which propagated according to Maxwell’s equations.

However, not all the natural phenomena could be characterized as wavelike. Scientists re-

alized that electromagnetic radiation also exhibits particle-like behavior and is emitted or

absorbed only in tiny packets of energy called photons. The photon is a quantum of energy

in the electromagnetic field, the carrier of electromagnetic forces.

The study of photons was of central importance to scientists in the twentieth century.

Photons were first introduced by Planck as energy-quanta to make sense of black-body

radiation [1]. Einstein used the concept of energy-quanta to explain the photo-electric

e↵ect and the wave-particle duality of light [2]. Compton built on these ideas to explain

the now well-known Compton Scattering in which these light-quanta or photons behave

like tiny billiard balls. Compton’s work characterizes the scattering of photons after their

interaction with stationary charged particles [3]. Thanks to the work of these minds and

others, we know that all matter exhibits properties of both particles and waves, an idea first

conceived by de Broglie [4]. The wave-particle nature of light and matter is fundamental to

quantum physics and a pillar of our modern worldview.
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In the last decades, photons have underpinned the development of photonic technologies

now integral to daily life. Examples include advances in information technology such as free-

space optical communications, fiber-optics networking, optical computing, and optical data

processing and storage [5]. All of these innovations exploit the extremely long decoherence

times of photons propagating at the speed of light. The minimal interaction of propagat-

ing photons with their environment makes them perfect candidates not only for exploring

entanglement preservation, but also for the encoding of qubits in optical communication

channels.

Procedures for quantum information processing and communication with entangled pho-

tons blossomed in the last decades. These advances are based on both exploitation of the

photon’s degrees of freedom to encode the information and the technological platforms able

to generate, manipulate and detect single photons [6–9]. Quantum information can be en-

coded on a photon, for example, within polarization, optical path, time-bin, and orbital

angular momentum degrees of freedom. Figure 1.1, taken from Ref. [10], illustrates how

a photon can encode information based on these degrees of freedom. In the orbital an-

gular momentum degree of freedom, for example, the most common tool used to encode

the information is a spatial-light modulator (SLM). Figure 1.2 (from Ref. [10]) provides an

example of some of the technological platforms, such as hardware, algorithms, and networks

used in quantum communications. The blue dots illustrate a large-scale quantum network

comprised of blind quantum computing, quantum repeaters for long-distance transmission,

and quantum key distribution (QKD) managed by fiber networks or by free-space links.

Entangled photons have contributed to the development of quantum communication

protocols. Among these protocols are quantum key distribution (QKD), superdense cod-

ing, quantum teleportation, and entanglement swapping. These key protocols enable the
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Figure 1.1: Encoding quantum information in a single photon exploiting di↵erent degrees of
freedom. Possible choices include polarization (only a qubit of information can be carried
in this case), path, time-bin and orbital angular momentum (larger dimensionalities can
be reached). Legend—QWP: quarter-wave plate, HWP: half-wave plate, PBS: polarizing
beam splitter, BS: beam splitter, �: phase shift, SLM: spatial light modulator. Taken from
Ref. [10], with copyright permission from the journal.

Figure 1.2: Schematic view of the main nodes in a large-scale quantum network, comprising
blind quantum computing stages for the end user, quantum repeaters for long-distance
transmission and quantum key distribution performed either via fiber networks or via free-
space links. Taken from Ref. [10], with copyright permission from the journal.
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Figure 1.3: Entanglement swapping of two independent quantum networks. Taken from
Ref. [11], with copyright permission from the journal.

deployment of next-generation global networks. Quantum networks o↵er substantial advan-

tages over classical networks. In terms of security, QKD, for example, can utilize a classical

communication channel and transform it into a secure channel by sending photons across

an optical link. Observation of a quantum state causes perturbation in the communication,

and any eavesdropper trying to observe the transmitted photons will disrupt the system

causing transmission errors detectable to legitimate users [11–13].

Entanglement swapping is an important method in the construction of global quantum

networks. Using this method, two independent entangled states are entangled without

interacting directly. Entanglement swapping and quantum teleportation play an important

role in the connection of nodes across the quantum network. Figure 1.3 shows an example

of entanglement swapping demonstrated by Su et al. [11]. When entanglement swapping

is performed, the two independent multipartite entangled states are merged into a larger

entangled state which contains all unmeasured quantum modes.

A special interest in quantum computing revolves around the use of qubits to perform

tasks di�cult for classical computers. A qubit, or quantum bit, is the basic unit of infor-

mation in quantum computing. The main di↵erence between a bit and a qubit is that a
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Figure 1.4: Geometrical representation of a qubit through a Bloch Sphere. Taken from
https://www.quantum-inspire.com. The poles (✓ = 0,⇡) represent the states |0i and |1i,
respectively. Around the equator (� = 0, 2⇡; ✓ = ⇡/2) are the equally weighted superposi-
tions of |0i and |1i.

classical bit will only encode either 0 or 1, while a quantum bit can be both 0 and 1 at the

same time. This phenomenon highlights the principles of superposition and entanglement

inherent to quantum systems. Figure 1.4 shows a geometrical representation of a qubit. The

North and the South poles (✓ = 0,⇡) represent the states |0i and |1i, respectively. Around

the equator (� = 0, 2⇡; ✓ = ⇡/2) are the equally weighted superpositions of |0i and |1i. A

quantum system can be in a superposition of all possible states at the same time, and these

states can be entangled with each other. These quantum properties allow a system with N

qubits to execute 2N calculations in parallel. Quantum computers possess far greater capa-

bilities than classical computers for processing, storing, and securing information [14, 15].

A natural extension of the two-dimensional quantum system, or qubit into a d -dimensional

quantum system is the qudit. Exploration of high-dimensional quantum spaces has gained
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Figure 1.5: Photograph of the 53-qubits Sycamore Processor. Taken from Ref. [21], with
copyright permission from the journal.

popularity over the last decade, a challenging research area that is rich in potential. The

spatial modes of light, also known as structured light, o↵er a natural route toward high-

dimensional quantum channels and spaces. Structured light provides a larger state-space to

store and process information, as large as the experimental parameters tolerate [16–18]. In

addition to increased noise tolerance and eavesdropping, qudits also allow higher informa-

tion capacity per single photon: log2(d) bits/photon, where d is the dimensionality of the

quantum space [19].

Quantum technology is also yielding incredible advances in computing. Entanglement al-

lows computations to perform exponentially faster than any traditional computing method,

a phenomenon known as quantum supremacy [20]. The Sycamore Processor (Figure 1.5)

implemented by Arute et al. [21] provides an example of quantum supremacy with 53 qubits,

representing a quantum state-space of 1016 dimensions. The powerful quantum processor

takes about 200 seconds to sample one quantum circuit a million times, while a classical

supercomputer would take approximately 10,000 years to complete this task!
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Quantum computing is now a cutting-edge field, but it was conceived by Feynman

over forty years ago. Feynman theorized that the only e�cient simulation of a quantum

system would come from another quantum system. He was first to suggest building a

more powerful computer using quantum physics [22]. Following Feynman’s ideas Grover

demonstrated a faster algorithm for estimating the median from an N-element database

search [23]. Shor built on these ideas to develop a quantum algorithm for prime factorization

that is exponentially faster than all known classical algorithms [24].

Photonic systems are the most commonly used platforms for the development of quan-

tum technologies. Great e↵ort has been applied to the study and implementation of quan-

tum protocols for these systems using entangled photons with dimensionalities beyond the

two-dimensional limit of polarization. Focus areas include path, number, time, frequency,

and the complex-spatial degrees of freedom of a photon, [16, 25–27].

A large amount of research with spatial degrees of freedom has focused on the orbital

angular momentum (OAM) of entangled photon pairs generated by spontaneous parametric

down-conversion (SPDC) processes. The OAM of light is associated with the azimuthal

phase of the complex electric field eil�, and it carries a value of lh̄ per photon, where l is

the topological charge of the beam, [28–30].

In recent years, there have been theoretical and experimental demonstrations of maximally-

entangled states (MESs) with OAM. The generation of high-dimensional maximally-entangled

OAM states has been performed using a pump in a superposition of Laguerre-Gauss modes

[31,32], and later, a broader and flatter OAM spectrum was produced by shaping the pump

beam profile [33]. Applications of high-photon-number N00N states, or maximally path-

entangled states, have also been investigated, including angular super-resolution, bunching
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two photons into di↵erent OAM N00N states [34], and quantum information processing

using entanglement in systems with multiple degrees of freedom, also known as hyperentan-

gled states [35]. Furthermore, a source of hyperentangled states encoded in time-frequency

and vector-vortex-structured modes was recently reported [36], as well as the measurement

of a N00N state with 1012 spatio-temporal modes [37].

The preparation and measurement of high-dimensional maximally-entangled states with

OAM is still challenging despite the aforementioned progress. Much of this di�culty can be

attributed to the noisiness inherent in the down-conversion process for OAM. Every possible

OAM mode is produced, so without post-selection or heralding, some unwanted terms in

the density matrix are always non-zero.

In this dissertation, we propose two methods for the generation of hyperentangled N00N

states in the spatial degrees of freedom of light. In the first method we generate hyperentan-

gled radial N00N states by shaping the pump in superpositions of Laguerre-Gauss radial

modes. This method illustrates how the spatial spectrum of the down-converted state can

be modulated by engineering the input pump. The second method is a novel protocol for the

generation of hyperentangled OAM N00N states with tunable dimensionality which in the

four-dimensional case results in a perfect state. The intrinsic characteristic of this method

is interference between two nonlinearities on two beam splitters with a general heralding

(detection) protocol on two of the four resulting modes that we call detection-basis control.

1.2 Dissertation outline

The introduction provides a review of the literature on quantum information processing

and communication where photonic quantum systems play an instrumental role. Our re-

search is motivated by an overview of experimental demonstrations of quantum protocols in
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low and high dimensions. We have a special interest in spatial degrees of freedom with radial

and OAM modes. Chapter II outlines the theoretical background that is required for the

generation of hyperentangled OAM N00N states. In Chapter III we present our method of

the generation of hyperentangled N00N states with Laguerre-Gauss radial modes. Chapter

IV introduces our protocol for hyperentanglement generation based on interference between

two nonlinearities on two beam splitters. We also present a novel detection method that

we call detection-basis control. In Chapter V we present several specific implementations of

the detection-basis control, generating two, three, four, and even higher-dimensional hyper-

entangled OAM N00N states. The experimental implementation of our protocol is presented

in Chapter VI. Chapter VII shows an outlook of our research and discuss future prospects.

Finally, Chapter VIII provides a summary of our key findings and concluding remarks.
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CHAPTER II

THEORETICAL FRAMEWORK

2.1 Transverse spatial modes of light

The description of electromagnetic phenomena is enclosed in Maxwell’s equations, which

in the case of free space that contain no free charges ⇢ = 0, and no free currents J = 0, in

SI units are given by

r ·D = 0 (2.1)

r⇥E+
@B

@t
= 0 (2.2)

r ·B = 0 (2.3)

r⇥H� @D

@t
= 0. (2.4)

For an isotropic medium, the constitutive relations connecting the fields are simple linear

relations

D = "E and B = µH, (2.5)

where D is the electric displacement, H is the magnetic field, E is the electric field, and

B is the magnetic induction. The electric permittivity and the magnetic permeability of

the medium are represented by " and µ, respectively. We emphasize that E and B are the

fundamental fields [38].

Maxwell’s equations tell us that there exist traveling waves that represent the transport

of energy from one point to another. To derive the mathematical representation of these

traveling waves we assume solutions of Maxwell’s equations with harmonic time dependence

e�i!t. Then combining equations (2.1)-(2.4) lead to the Helmholtz wave equation for the
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electromagnetic field

�
r2 + k2

�
E = 0, (2.6)

where k is the wavenumber k = nc/!. The quantity n is called the index of refraction and

is related to the phase velocity of the wave v = c/n. The simplest solutions of Eq. (2.6) are

the most fundamental electromagnetic waves, the plane waves

E(x) = ⇠(x)e�ik·x
ê, (2.7)

where k = (kx, ky, kz) is the wavevector. The magnitude of k is the wavenumber k. The

vector ê = (êx, êy, êz) is the basis vector.

To construct a paraxial wave in which their wavefront normals must be paraxial rays,

we have to modulate the complex envelope ⇠(x) of the plane wave (2.7), making it a slowly

vary function of position. So that, assuming that the wave propagates along the optical axis

z, the complex amplitude of the modulated wave is given explicitly by the paraxial wave

E(x) = ⇠(x)e�ikz. (2.8)

For the paraxial wave (2.8) to satisfy the Helmholtz equation (2.6), the slowly-varying

envelope approximation provides that

����
@2⇠

@z2

���� ⌧ k

����
@⇠

@z

���� , (2.9)

which leads to the complex envelope ⇠(x) must satisfy the Paraxial Helmholtz Equation or

Paraxial Wave Equation (PWE)

r2
T ⇠ � i2k

@⇠

@z
= 0, (2.10)

where r2
T
= @2/@x2+@2/@y2 is the transverse Laplacian operator in Cartesian coordinates.

The equation displayed in (2.10) has some similarity to the Schrödinger equation of quantum
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physics
✓
� h̄2

2m
r2 + V (x, t)

◆
 (x, t)� ih̄

@ (x, t)

@t
= 0. (2.11)

Here, the complex wave function  (x, t) describes the behavior of a single particle of mass

m in a potential energy V (x, t) that characterizes the environment of the particle. The

PWE (2.10) as well as the Schrödinger equation (2.11) have an infinity number of solutions,

in principle at least. For the Schrödinger equation these solutions depend on the form of

the potential energy. Take for example a potential independent of time which leads to the

time-independent Schrödinger equation

✓
� h̄2

2m
r2 + V (x)

◆
 (x) = E (x), (2.12)

where E is the energy of the system. Note that equation (2.12) is similar to the Helmholtz

wave equation (2.6). The solutions of the time-independent Schrödinger equation describe

stationary states that correspond to standing waves, and provide the allowed values of the

energy E of the system. In the PWE (2.10) the potential V (x) is zero, and the solutions

depend on a given coordinate system in an inertial frame of reference, and are constructed

base on the physical symmetry of the system. The fundamental solution, in cylindrical

coordinates, is the Gaussian beam given by

EG(x) =
w0

w(z)
exp


�ikz � r2

w2(z)
� ik

r2

2R(z)
+ i�g(z)

�
, (2.13)

with beam parameters

w(z) = w0

s

1 +

✓
z

z0

◆2

, (2.14)

R(z) = z


1 +

⇣z0
z

⌘2�
, (2.15)

�g(z) = tan�1

✓
z

z0

◆
, (2.16)

z0 =
⇡w2

0

�
, (2.17)
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where z0 is the Rayleigh range, �g(z) is the Gouy phase, R(z) is the radius of the spherical

wavefront, w(z) is the beam width or beam radius, w0 correspond to the beam width at

z = 0, and r =
p
x2 + y2 is the radial position.

As we mentioned, the di↵erent solutions of the PWE (2.10) depend on the symmetry

of the coordinate system. Some of the beamlike solutions result in di↵erent kinds of beams

that exhibit helical wavefronts, that is, optical beams carrying orbital angular momentum

(OAM). Examples of solutions carrying OAM are Laguerre-Gauss modes [39], Ince-Gauss

modes [40], and non-di↵racting beams such as Bessel modes [41], Airy modes [42] and

Mathieu modes [43]. In the next sections and chapters we present some of these solutions. In

particular, we exploit Laguerre-Gauss (LG) modes carrying an OAM of lh̄ per photon in our

protocol for “Generation of four-dimensional hyperentangled NOON states and beyond with

photonic orbital angular momentum and detection-basis control” [44], which is introduced

in the following chapters. We devote a whole chapter, Chapter III, to study the LG radial

modal number and its applications to quantum information protocols.

2.2 Orbital angular momentum and the classical-quantum correspondence

It is well-known that light fields have angular momentum. In other words, light fields

could carry spin angular momentum (SAM) and/or orbital angular momentum (OAM).

This behavior is illustrated in Figure 2.1. SAM is associated with the polarization of the

complex electric field and carries a spin momentum of ±h̄ per photon. OAM is intrinsic in

the azimuthal phase of the complex electric field carrying a value of lh̄ per photon, being

l the topological charge of the beam, and can take infinite values. If a particle absorbs

a beam carrying spin angular momentum it rotates around its own axis, while a particle

absorbing orbital angular momentum rotates about the optical axis. [45, 46].
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Spin Angular Momentum (SAM) Orbital Angular Momentum (OAM)

Figure 2.1: Angular momentum of light. Light fields have spin angular momentum (SAM)
and/or orbital angular momentum (OAM). SAM is associated with the polarization of
the complex electric field, and OAM is intrinsic in the azimuthal phase of the complex
electric field. A particle that absorbs spin angular momentum rotates around its own axis,
while a particle absorbing orbital angular momentum rotates about the optical axis. Taken
from [47].

In this dissertation we focus on the OAM degree of freedom. In this degree of freedom

the PWE (2.10) has simple sets of solutions in the form of optical beams. One of the most

widely use are the Laguerre-Gauss (LG) beams which in cylindrical coordinates at z = 0

have the form [48]

LGl

p(⇢,�) =
1

w0

s
2p!

⇡(p+ |l|)!

 
⇢
p
2

w0

!|l|

L|l|
p

✓
2⇢2

w2
0

◆
exp

✓
�⇢2

w2
0

◆
exp (il�) , (2.18)

where the parameters are described as follows. The beam waist radius at z = 0 is described

by w0. The index l corresponds to the OAM lh̄ per photon in the beam and describes

the helical structure around a wave-front singularity, p is the number of radial nodes in

the intensity distribution or, in terms of the intensity cross-section, p + 1 describes the

number of concentric rings of radial intensity maxima, and L|l|
p (·) is the associated Laguerre

polynomial. � and ⇢ are the azimuthal and radial coordinates, respectively.
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Figure 2.2: Transverse spatial profiles in both intensity and phase of several Laguerre-Gauss
beams. Taken from Ref. [49].

Figure 2.2 shows the transverse spatial profiles in both intensity and phase of several

Laguerre-Gauss beams, as found in Xie et al. [49]. As illustrated in the referenced figure,

all beams with l 6= 0 have zero intensity at the beam center, and those with p > 0 take the

form of multiple rings, while the phase rotation of the beam in the azimuthal direction is

equal to 2⇡l, and the radial structure displays p concentric discontinuities with no smooth

transitions as opposed to the azimuthal direction.

Until now, we have presented optical beams carrying angular momentum from a classical

point of view. To show the connection between classical and quantum beams carrying

angular momentum we introduce the notion of photon wave functions through the Riemann-

Silberstein vector formalism developed in [50].

Following Ref. [50] closely, we write the electromagnetic field in terms of the Riemann-

Silberstein (RS) vector

F =

r
"0
2
(E+ icB), (2.19)

where "0 is the permittivity of the vacuum, c is the speed of light in vacuum, and E and

B are the electric and magnetic fields, respectively. In this formalism Maxwell’s equations
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reduce to two equations (see equations (2.1) - (2.4))

r · F(x, t) = 0, (2.20)

@

@t
F(x, t) = �icr⇥ F(x, t). (2.21)

The electromagnetic field can be written using the gauge transformations

B(x, t) = r⇥A(x, t) (2.22)

E(x, t) = �@A(x, t)

@t
�r�(x, t) (2.23)

where A(x, t) and �(x, t) are the vector potential and scalar potential, respectively. Ex-

pressed in terms of the field potentials the Maxwell equations (2.1) - (2.4) become

✓
1

c2
@2

@t2
�r2

◆
A(x, t) = 0 (2.24)

✓
1

c2
@2

@t2
�r2

◆
�(x, t) = 0 (2.25)

r ·A(x, t) +
1

c2
@�(x, t)

@t
= 0. (2.26)

Substituting Eqs. (2.22) and (2.23) into Eq. (2.19), the RS vector takes the form

F(x, t) = r⇥
✓
i

c

@Z(x, t)

@t
+r⇥ Z(x, t)

◆
, (2.27)

where Z(x, t) is a generalized form of the two field potentials A(x, t) and �(x, t). Expressed

in terms of the field potentials the Maxwell equations (2.20) and (2.21) become

✓
1

c2
@2

@t2
�r2

◆
Z(x, t) = 0. (2.28)

As we know, the simplest solutions of the wave equation are plane waves. To describe these

solutions it is convenient to write Z in the form Z(x, t) = (0, 0, 1)�(x, t), where �(x, t) is, in

general, a complex function that describes the true degrees of freedom of the electromagnetic

25



field. For the case of plane waves � is a scalar function of the form

�(x, t) =

Z
dkN(k)

⇣
f+(k)e�i!kt+ik·x + f�(k)ei!kt�ik·x

⌘
, (2.29)

where N(k) represents a normalization factor. Then the RS vector can be written as a

superposition of plane waves given by

F(x, t) =

Z
dke(k)

⇣
f+(k)e�i!kt+ik·x + f�(k)ei!kt�ik·x

⌘
, (2.30)

where e(k) is a normalized polarization vector that is determined by the choice of the

vector part of the potential Z. This exhibit the gauge freedom. f±(k) are two arbitrary

complex amplitudes (f�(k) = (f+(k))⇤), and !k = kc represents the oscillations of the

electromagnetic field.

Our interest is in optical beams with angular momentum, so we have to rewrite the

plane waves in Eq. (2.30) in a beamlike basis. We have to perform a change of basis

from Cartesian coordinates to cylindrical coordinates, for instance. To do this we use the

following expansion

eik·x = eikzz
1X

m=�1
im eim(��k�)Jm(k?⇢), (2.31)

where, in position space, � and ⇢ are the polar and radial coordinates, respectively. k� is

the polar coordinate in momentum space, and k? is both the transverse momentum and

the radial coordinate in momentum space. The functions Jm are the Bessel functions of the

first kind. In this case, plane waves become Bessel waves, and Eq. (2.29) transforms into

�(x, t) =
1X

m=�1

Z 1

�1

dkz
2⇡

Z 1

0

dk?
2⇡

k?
⇣
f+
mkzk?

�+
mkzk?

(⇢,�, z, t)

+ f�
mkzk?

��
mkzk?

(⇢,�, z, t)
⌘
, (2.32)

where

�±
mkzk?

(⇢,�, z, t) =
(±i)m

kk?
p
2
e⌥i(!kt�kzz�m�)Jm(k?⇢), (2.33)
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and

f±
mkzk?

=
1

2⇡

Z 2⇡

0
d' f±(k)e⌥im'. (2.34)

Hence, the RS vector in the beamlike basis is given by

F
±
mkzk?

(⇢,�, z, t) =
(±i)m

k
p
2

e±i(!kt�kzz�m�)

0

BBBBB@

±ikz
@

@(k?⇢) + i mk

k?⇢

⌥k @

@(k?⇢) �
mkz
k?⇢

k?

1

CCCCCA
Jm(k?⇢), (2.35)

where kz and k? (�1 < kz < 1, 0 < k? < 1) are the z and ⇢ components of the wave

vector, respectively. The parameter m takes all integer values. These Bessel beams given by

Eq. (2.35) are exact solutions of the Maxwell equations and form a complete set. Therefore,

any other solution can be derived by combining Bessel beams linearly.

We have constructed beamlike functions using classical fields. The next step would be

to construct photon wave functions through a similar procedure as described in the classical

case, but using quantum fields as a means for connecting the classical and quantum functions

respectively.

In quantum optics the RS vector takes the form of the field operator described by

bF(x, t) =
r
"0
2

⇣
bE(x, t) + ic bB(x, t)

⌘
. (2.36)

Following the model of harmonic oscillators in the canonical quantization of the electro-

magnetic field, we find the equal-time commutation relations

h
bFi(x, t), bFj(x

0
, t)
i
= 0,

h
bF
†
i (x, t), bF

†
j(x

0
, t)
i
= 0,

h
bFi(x, t), bF

†
j(x

0
, t)
i
= �h̄c✏ijk@k�

(3)(x� x
0
). (2.37)
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To obtain plane waves we replace the classical field amplitudes in Eq. (2.30) by creation

(b̂†) and annihilation (â) operators,

bF(x, t) =
p
h̄

Z
dke(k)

⇣
â(k)e�i!kt+ik·x + b̂†(k)ei!kt�ik·x

⌘
, (2.38)

where the operators â and b̂ satisfy the following commutation relations

h
â(k), â†(k

0
)
i
= (2⇡)3!�(3)(k� k

0
),

h
b̂(k), b̂†(k

0
)
i
= (2⇡)3!�(3)(k� k

0
). (2.39)

The operators â†(k) and b̂†(k) create di↵erent photons with opposite circular polarization.

Let’s analyze the expansion of the RS field operator into beams carrying angular mo-

mentum. The steps are the same as in the classical case. The operator bF(x, t) takes the

form

bF(x, t) =
p
h̄

1X

m=�1

Z 1

�1

dkz
2⇡

Z 1

0

dk?
2⇡

k?
⇣
F
+
mkzk?

(⇢,�, z, t) â(m, kz, k?)

+ F
�
mkzk?

(⇢,�, z, t) b̂†(m, kz, k?)
⌘
, (2.40)

where the new creation and annihilation operators ĵ(m, kz, k?), with j = a, a†, b, b†, are

defined as

ĵ(m, kz, k?) =
1

2⇡

Z 2⇡

0
d' eim' ĵ(k). (2.41)
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The two functions F±
mkzk?

(⇢,�, z, t) are the mode functions of the electromagnetic field
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CCCCCA
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Furthermore, F
+
mkzk?

is the wave function    +
mkzk?

of the photon annihilated by â, and

F
�
mkzk?

is the complex conjugate of the wave function    �
mkzk?

of the photon created by

b̂†. This leads to the more appropriate term of photon wave functions. Therefore, the

wave functions    ±
mkzk?

describe single-photon states and their quantum numbers may serve

as labels characterizing the classical solutions. This exhibits the connection between the

angular momentum of the classical beam and the angular momentum of a single photon

characterized by the quantum numbers m in Eqs. (2.42) and (2.43).

2.3 Entangled states with the complex spatial modes of light via spontaneous para-
metric down-conversion

The most common method used to generate an entangled state in the photon’s degrees

of freedom is the spontaneous parametric down-conversion (SPDC) in a nonlinear crystal.

In the SPDC process a photon from the pump interacting with the nonlinear crystal sponta-

neously splits in two daughter photons of lower energy called the signal photon and the idler

photon. To achieve the maximal probability of the process all the photons must satisfy the
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Figure 2.3: Spontaneous parametric down-conversion (SPDC) process in a nonlinear crystal
(BBO), and phase matching conditions: energy and linear momentum conservation. k

represents the wave vector and ! denotes the frequency. The subscripts p, s and i stand
for the pump, signal, and idler photon, respectively. Taken from Ref. [35] with copyright
permission from the journal.

phase matching conditions termed energy conservation and linear momentum conservation.

Figure 2.3 illustrates the SPDC process and phase matching conditions. In the figure k

represents the wave vector, and kp = ks + ki denotes the linear momentum conservation.

! is the frequency of the photon, and the energy conservation is represented by the energy

diagram and the equation !p = !s + !i. The subscripts p, s and i stand for the pump,

signal, and idler photon, respectively.

The fact that photons have well-defined OAM numbers, along with their negligible

decoherence times, makes them ideal candidates for encoding large amounts of information.

Even though the OAM space is an infinite-space, the finite amount of OAM information in

an optical communication system is limited by the experimental space-bandwidth. However,
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the usage of photons with OAM as information carriers results in a substantial advantage

due to their natural large number of communication channels as compared to the capacity

of any other traditionally used degrees of freedom such as polarization [51]. In addition

to optical communications, light-beams carrying OAM have wide applications in quantum

information processing, super-resolution imaging, optical tweezers, microscopy, metrology,

biosensing and biomedicine. For further information we refer the interesting reader to check

the review articles [10, 47, 52–55] which include many of the key papers.

In 2001, Zeilinger and coworkers [28] demonstrated that photon pairs generated in the

SPDC process exhibit quantum entanglement and conservation of OAM. Their results con-

ducted to a wide variety of experiments researching the generation, manipulation and mea-

surement of single and entangled photons carrying OAM [6, 16, 18, 26]. For example, to

generate and analyze the desired OAM modes numerous devices have been developed, such

as digital micro-mirror devices (DMD), spiral phase plates (SPP), and spatial-light modu-

lators (SLM), that in combination with a single-mode fiber act as a mode filter allowing to

measure the OAM of the photon with photo-detectors, or an ICCD camera triggered with

a photo-detector [48].

Photon pairs generated by SPDC are entangled in the photon’s degrees of freedom,

such as polarization and the spatial degree of freedom. In the spatial degree of freedom the

down-converted state can be describe as a superposition of Laguerre-Gauss (LG) modes (

see Eq. (2.18)).
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Following Ref. [44] closely, we write the down-converted entangled state, generated by

a pump that is shaped in a single LG-mode |lp, ppi, as

| SPDCi =
X

ls,ps

X

li,pi

Bls,li
ps,pi

|ls, psi|li, pii, (2.44)

where the states |ls, psi and |li, pii represent a photon pair in the signal and idler mode,

respectively. The coe�cients |Bls,li
ps,pi |2 represent the probability to generate a photon pair

with signal and idler modes given a pump with LG-mode |lp, ppi, and the coincidence

probability amplitudes of the same are given by the overlap integral [56]:

Bls,li
ps,pi

= h i, s| SPDCi

=

Z 2⇡

0
d�

Z 1

0
⇢ d⇢LG

lp
pp(⇢,�)[LG

ls
ps
(⇢,�)]⇤[LGli

pi
(⇢,�)]⇤. (2.45)

If the entangled state is generated by a pump that is in a superposition of LG-modes then

it is given by the superposition of the states generated by a pump with a single LG-mode,

Eq. (2.44). So for that case we have

| pumpi =
X

lp,pp

a
lp
pp |lp, ppi. (2.46)

The entangled state can be rewritten as

| SPDCi =
X

ls,ps

X

li,pi

C ls,li
ps,pi

|ls, psi|li, pii, (2.47)

where

C ls,li
ps,pi

=
X

lp,pp

a
lp
pp B

lp; ls,li
pp; ps,pi . (2.48)

These are the full coincidence amplitudes, where B
lp; ls,li
pp; ps,pi are the coincidence amplitudes

given by Eq. (2.45), calculated for each individual Laguerre-Gauss component |lp, ppi of the

initial pump.
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Figure 2.4: Spiral spectrum distributions of a three-dimensional maximally entangled state
(MES). The x and y axes represent the azimuthal values of signal ls photon and idler
li photon, respectively, and the z axis represents the coincidence probability amplitudes
|C ls, li

0, 0 |2 of finding a photon pair with signal and idler modes |ls, lii. Those amplitudes on
the diagonal (in red) constitute the target state, whereas other components are unwanted
noise. Taken from Ref. [44], with copyright permission from the journal.

For example consider the case from Ref. [32], where the pump is put into a superposition

of three pure azimuthal Laguerre-Gauss modes |lpi, with complex amplitudes alp

| pumpi = N
⇣p

2.5 |� 2i+ |0i+
p
2.5 |2i

⌘
, (2.49)

whereN is the normalization constant. The generated entangled state is a three-dimensional

maximally entangled state (MES). The resulting probability amplitudes (density matrix)

are shown in Figure 2.4. Note that the entangled state here is given by the diagonal elements

(shown in red). The other amplitudes constitute unwanted noise.
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Figure 2.5: Diagram for enhancement in phase sensitivity. The states |1ia and |1ib are two
input photons in modes a and b, respectively. The blue boxes represent 50:50 beam splitters.
The element on green is a phase shift �. The red lines illustrate the photon’s paths. After
interference on the second beam splitter we have an enhance in phase sensitivity that scales
with the number of photons �� ⇠ 1/N .

2.4 N00N states and hyperentangled states

N00N states are superpositions of path-entangled states of the form

|N00Ni = 1p
2
(|Nia|0ib + |0ia|Nib). (2.50)

The first term has N photons in mode a with zero photons in mode b, while the second

term has zero photons in mode a with N photons in mode b.

N00N states have been widely use in quantum information processing, metrology, and

to enhance the phase sensitivity of interferometers [29, 57, 58]. To achieve an enhance in

phase sensitivity, for example, we consider the diagram shown in Figure 2.5. The blue boxes

represent two symmetric beam splitters. The states |1ia and |1ib are two input photons

in modes a and b, respectively. The element on green represents a phase shift � in one

of the arms. The red lines illustrate the paths of the photons. So, for phase sensitivity

enhancement, we bring two photons in modes a and b in the first beam splitter, being

|1ia|1ib the incident state. Thus, after beam splitter transformations we may write the
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state

|N00Ni = 1p
2
(|2ia|0ib + |0ia|2ib), (2.51)

which is a N00N state that has two photons in mode a with zero photons in mode b,

and vice versa. Note that the two photons emerge together for either output-port of the

beam splitter, and never leave the beam splitter separately through di↵erent output-ports.

This is the so-called HOM e↵ect, since Hong, Ou, and Mandel were first performing the

experimental demonstration of this e↵ect [59]. Sec. 4.1 discuss the HOM-e↵ect in detail.

Then, we put another beam splitter, and after interference we have an enhance in phase

sensitivity that scales with the number of photons [60]

�� ⇠ 1

N
. (2.52)

The more photons we use, the better the phase sensitivity.

If in the aforementioned process we use two input photons entangled within their orbital

angular momentum, after interference in the first beam splitter, we have an OAM N00N

state

|N00Ni = 1p
2
(|lia|0ib + |0ia|lib), (2.53)

where l is the OAM number. The first term of this OAM N00N state has two photons

in mode a with OAM l and zero photons in mode b. Similarly, the second term has zero

photons in mode a and two photons in mode b with OAM l. At the output of the second

beam splitter in Figure 2.5 we get angular super-sensitivity [61]

�✓ ⇠ 1

lN
, (2.54)

which scales with the number of photons N and with the OAM quantum number l. The

more OAM modes we use, the better the angular sensitivity for a fixed number of photons.
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In this dissertation, we are interested in the generation of hyperentangled N00N states in

the orbital angular momentum (OAM) degree of freedom via a SPDC process. Hyperentan-

glement occurring in systems with one degree of freedom is high-dimensional entanglement.

If the quantum system has several degrees of freedom, hyperentanglement is the entan-

glement in the multiple degrees of freedom simultaneously. For example, a system can

be hyperentangled in polarization, momentum, and time-energy, or combinations of them.

Ref. [35] shows a review of this.
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CHAPTER III

HYPERENTANGLED STATES WITH LAGUERRE-GAUSS RADIAL MODES

3.1 Down-conversion and Laguerre-Gauss radial modes

In this chapter we review the current state-of-the-art on the radial quantum number

of Laguerre-Gauss modes, and present our approach for the generation of hyperentangled

N00N states with radial modes.

The orbital angular momentum (OAM) of light has received a lot of attention in both

classical and quantum regimes since Allen and co-workers [62] demonstrated that LG modes

carry an OAM of lh̄ per photon along the propagation direction. In the quantum domain,

nonlinear interactions involving not only polarization and energy, but also several degrees

of freedom such as the transverse profile of a single photon have become crucial in the

implementation of novel quantum protocols and quantum communication systems in high-

dimensional spaces. An example of this is the variety of quantum information protocols

and their applications to quantum communication schemes based on the OAM of light

[10, 16,35,63]. Radial modes of light, however, have not been investigated as OAM modes.

Even though, in a similar way to OAM, high-dimensional quantum spaces can be explored

through radial modes leading to potential applications in quantum information processing

as we discuss below.

Although the study of the spatial structure of light initially focuses on the generation

and detection of the azimuthal component of LG modes, over the last decade research on the

forgotten radial quantum number [64] has been gradually gaining attention, showing several

experimental demonstrations and theoretical investigations. To date, the radial mode entan-

glement has been characterized through full quantum state tomography in a 4-dimensional
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Figure 3.1: State tomography for the OAM subspace. Experimental and theoretical plots
of the bi-photon density matrix in an OAM subspace (li = �ls = 1) for the LG pump beam
with lp = 0 and (a) pp = 0 and (b) pp = 1. We considered the subspace spanned by radial
values of ps and pi going from 0 to 3. Taken from Ref. [65].

radial mode space [65], and up to 26 in a 43-dimensional radial and azimuthal space using

an intensity-flattening technique [66], as shown in figures 3.1 and 3.2, respectively. In Figure

3.1 the down-converted state is generated tailoring the pump beam in a superposition of

di↵erent LG-modes. After projection of the state, the entangled photons are reconstructed

using tomography. The top and bottom rows show the experimental and theoretical results

of the density matrix in the subspace spanned by OAM values li = �ls = 1, and radial

values ps and pi from 0 to 3. Using a LG pump beam with (a) lp = 0 and pp = 0, and in

(b) with lp = 0 and pp = 1.

Figure 3.2 shows the full LG-mode entanglement in a 43-dimensional subspace. It also

describes that measurements in multiple LG mutually unbiased bases (MUBs) can signifi-
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Figure 3.2: Full LG-mode entanglement in a 43-dimensional subspace. (a) Two-photon
coincidence counts showing correlations in the standard LG basis of radial and azimuthal
modes belonging to nine di↵erent mode groups (indicated by the pink lines). (b)–(e) Two-
photon coincidence counts showing correlations in the first four mutually unbiased bases
(LG MUBs) with respect to the standard basis. Correlations in 21 mutually unbiased bases
allow us to lower bound the fidelity of our state to a maximally entangled state, and certify
an entanglement dimensionality of dent = 26. The advantage of using measurements in
more LG MUBs is shown in (f), where the estimated fidelity allows us to violate higher
dimensionality bounds (Bdent�1), thus allowing us to certify higher entanglement dimen-
sionality as the number of MUBs used increases. Taken from Ref. [65].

cantly increase the noise-robustness of high-dimensional entanglement certification. MUBs

are fully equivalent basis (to the LG basis) that can be use to describe the entangled state.

Measurements in one basis do not provide any information about possible results in an-

other basis, thus they are mutually unbiased. Figure 3.2(a) shows the full correlations of

the down-converted state in the LG basis. The pink lines represent nine di↵erent groups of

the radial and azimuthal modes. Examining the modes in relation to their mode group (a

pink square on the plot), there is not much cross-talk between them. Experimental imper-

fections, however, produce cross-talk between adjacent mode groups (adjacent pink squares)

ModeGroup idler = ModeGroup signal ± 1. Figure 3.2(b) shows the correlations in the

first four MUBs. Figure 3.2(f) shows the fidelity as a function of MUBs. This method

enables the violation of higher dimensionality bounds Bdent�1, and certify high-dimensional

entanglement.
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To achieve these high-dimensional radial spaces and beyond, we need first to spatially

characterize the quantum space. SPDC-generated entangled photon pairs have traditionally

been used for this purpose. The photon’s degrees of freedom make it a natural candidate for

studying high-dimensional entanglement in nature and they can also be easily manipulated

in a laboratory setting. To the best of our knowledge, the first attempt to characterize

and measure the radial correlations of down-converted LG-modes was done by Miatto et

al. [67] and Salakhutdinov et al. [68], respectively. Figure 3.3 (from Ref. [68]) shows the

radial quantum correlations with a good agreement between theory and experiment. The

horizontal and vertical axes represent the signal and the idler radial modes, ps and pi,

respectively. The color code describes the coincidence counts rates, being red the highest

rates, and dark blue the lowest rates. It also illustrates that the smaller the detection-mode

waist w (which is related to the pump beam waist through the ratio � = wp/w), the less

cross-correlated terms (the o↵-diagonal elements in the density matrix). These results of

characterize and measure radial correlations with negligible cross-correlations demonstrate

that the radial degree of freedom in the transverse profile of down-converted photons is a

useful entanglement resource upon fine-tuning of the pump and detected mode waists.

Other studies have explored the quantum nature of the radial number presenting inter-

esting insights through Hong-Ou-Mandel (HOM) interference [69], and operator formalism

applying traditional and non-traditional methods such as group theory based on Lie alge-

bra [70] and di↵erential-operator formalism [71]. From these investigations we know that

the LG-radial index is a quantum number. So, together with the OAM index could sig-

nificantly increase the information capacity per single photon. In Ref. [69] the quantum

test of the radial degree of freedom was performed using two-photon interference in a beam

splitter. Figure 3.4(a) shows the indistinguishability between the two photons through the
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Figure 3.3: Quantum correlations between radial modes with di↵eren p for (ls = li = 0).
Shown are the normalized (divided by maximum) coincidence count rates (colorcoded)
as a function of the radial-mode numbers ps (horizontal axis) and pi (vertical axis) of
the detection modes. Di↵erent rows depict results for di↵erent detection-mode waists as
indicated. Left column, experimental data; right column: theoretical prediction. It is clearly
visible that the smaller the detection-mode waist gets, the smaller the o↵-diagonal counts
will be. This is a sign that we approach the Schmidt basis for � ! �⇤. The detection-mode
waists corresponds to waist ratios of (from top to bottom) � = 2.4, 3, 4.9; see [67]. Taken
from Ref. [68], with copyright permission from the journal.

41



characteristic dip of the HOM e↵ect. Figure 3.4(b) shows the HOM coalescence pick, which

is used to verify the interference e↵ect. The coalescence enhancement test is less a↵ected

by experimental imperfections as compared to HOM interference. In Ref. [70], the authors

establish a connection between the operator of a two-dimensional harmonic oscillator in

cylindrical coordinates and the radial index of LG-modes. They also find that the action of

the displacement operator on the fundamental mode results in a radial coherent state with

fixed l. The probability distribution of the radial coherent state is given by

Wp = |hp, l|⇣i|2

=
(|l|+ 1)|l|+1(p+ |l|)!

p!|l|!
p̄p

(p̄+ |l|+ 1)p+|l|+1
, (3.1)

where |⇣i is a radial coherent state described by

|⇣i = D̂(⇠)|k, ki. (3.2)

The average number of rings is written as

p̄ =
|⇣|2

|⇣|2 � 1
(|l|+ 1). (3.3)

Figure 3.5 shows the probability distribution of a radial coherent state with fixed l. The x

and y axes represent the radial number p and the average number of rings p̄.

On the other hand, Plick et al. [71] explained the meaning of the radial quantum number

in terms of the intrinsic hyperbolic momentum charge through di↵erential operator formal-

ism in both the paraxial coordinate representation (position) and the exact momentum

space representation. They derive a general di↵erential operator for any value of z given by

bNz = � h̄w2
z

8
r2

t �
z

kw2
0

bPH �
bLz

2
+

h̄

2

✓
r2

w2
0

� 1

◆
, (3.4)

and identify the four terms of this operator with physical parameters. They conclude that

the radial degree of freedom arises from bPH , which is the hyperbolic momentum operator
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Figure 3.4: (a) Experimental data of the Hong-Ou-Mandel interference in the radial DOF
(coincidence detection with DA and DB): The HOM dip indicates indistinguishability be-
tween the two photons; the flat data (red) corresponds to two completely distinguishable
radial states, while the other two curves (magenta and blue) correspond to a pair of par-
tially distinguishable and indistinguishable radial states. The visibilities of the dips are
V = 0.014±0.027, V = 0.465±0.030, and V = 0.646±0.026, respectively. The inset shows
that the radius of each holographic kinoform displayed on the SLM-B which determined
the value of the distinguishability. (b) Experimental data of the Hong-Ou-Mandel coales-
cence enhancement (coincidence detection with DB and D

B
0 ); the enhancement increases

for indistinguishable photons in the radial DOF. The enhancements due to coalescence are
C = 1.113 ± 0.093, C = 1.590 ± 0.060, and C = 1.907 ± 0.047, respectively. The error
bars correspond to one standard deviation and were calculated from a Poisson distribution.
Solid curves are the best theoretical Gaussian fit. Note that the normalization factor for
(a) and (b) are di↵erent. Taken from Ref. [69], with copyright permission from the journal.
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Figure 3.5: Probability distribution Wp for a coherent state |⇣i with l = 1 as a function of
p and the ring average number p̄. Taken from Ref. [70], with copyright permission from the
journal.

that generates dilation. The other three terms are related to the beam parameters that

influence, but are not influenced by the radial mode. Hence, to define the radial index

requires precise propagation distance (z), OAM (l), and beam width (w0) measurements.

Figure 3.6 represents the expectation value of the hyperbolic momentum as a function of

the propagation distance for several values of the radial index n. Looking at the di↵erent

colors we can see that the scaling is linear, and cross the origin where the beam waist takes

its smallest value.

Clearly, the aforementioned results do not include all the scientific studies on radial

quantum numbers of Laguerre-Gauss modes. Nevertheless, the purpose of this brief review

is to illustrate some of the insightful results that have been achieved by taking a closer look

at the forgotten radial index. We refer the interested reader to the referenced articles and

references therein.
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Figure 3.6: Expectation value of the hyperbolic momentum as a function of propagation
distance for five di↵erent values of the radial index. In all cases the scaling is linear, passing
through the origin where the beam waist is smallest. Note that this does not include the
prefactor of �z/kw2

0 in Eq. (3.4). For that whole term together the z scaling is quadratic,
which, in the far field, is equivalent to the scaling of the Laplacian term. Note that the
hyperbolic momentum is scale invariant and thus unitless. Taken from Ref. [71], with
copyright permission from the journal.

3.2 Generation of entangled radial N00N states

In Ch. II we discussed that photon pairs generated by SPDC processes are entangled

in the spatial degree of freedom, and LG modes are the most commonly used basis to

describe the single-photon mode spaces. Hereafter in this chapter, we only consider the

radial component p of the optical fields namely the pump and SPDC beams. We also

consider that the other quantum numbers are identical, and in particular we take l = 0.

Therefore, from the results of Sec.(2.3) in the form of Eqs. (2.46), (2.47) and (2.48), we

have that the state of a pump that is put into a superposition of pure radial LG modes is

given by

|Ppumpi =
X

pp

app |ppi, (3.5)
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where app are complex amplitudes and
P

pp
|app |2 = 1. So for that case we have that the

radial entangled state can be rewritten as

| SPDCi =
X

ps

X

pi

Cps,pi |psi|pii, (3.6)

where

Cps,pi =
X

pp

app Bpp; ps,pi . (3.7)

These are the full coincidence radial amplitudes, where Bpp; ps,pi are the coincidence ampli-

tudes given by Eq. (2.45), calculated for each individual radial component |ppi of the initial

pump. For simplicity, we omit the superscript l = 0 in the description of radial states.

The working principle for the generation of MES with radial modes is to tailor the pump

beam with particular superpositions of radial modes to generate a target state. Then we

have to calculate the full coincidence amplitudes of the entangled state. If we chose the

right superposition for the pump beam, this is both the number of modes and their weights,

the down-converted state will be a maximally-entangled-state within their radial modes.

As a first example we would like to generate the two-dimensional maximally entangled

radial state

| i = 1p
2
(|01i+ |10i). (3.8)

So, we consider a pump that has been tailored into a superposition of two radial modes

given by

|Ppumpi =
1p
2
(|1i+ |2i) . (3.9)

Then we calculate the individual probability amplitudes Bpp; ps,pi for each individual radial

component of the pump. This is followed by calculating the full coincidence amplitudes. So
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we have

Cps,pi =
2X

pp=1

app Bpp; ps,pi

=a1B1; ps,pi + a2B2; ps,pi

=
1p
2
(B1; ps,pi +B2; ps,pi) , (3.10)

where

Bpp;ps,pi =

Z 2⇡

0
d�

Z 1

0
⇢ d⇢LGpp(⇢,�)[LGps(⇢,�)]

⇤[LGpi(⇢,�)]
⇤ (3.11)

with pp = {1, 2}. As a result, the radial down-converted state is given by

| SPDCi =
X

ps

X

pi

Cps,pi |psi|pii

=
X

ps

X

pi

1p
2
(B1; ps,pi +B2; ps,pi) |psi|pii, (3.12)

which contains a two-dimensional radial MES. Figure 3.7 shows the resulting coincidence

amplitudes or density matrix |Cps,pi |2 = h SPDC| SPDCi as a function of the signal and idler

radial modes, ps and pi, respectively. Note that the two-dimensional radial MES is given

by the elements shown in red. The other amplitudes constitute unwanted noise.

To generate the three-dimensional radial MES

| 0i = 1p
3
(|00i+ |01i+ |10i) , (3.13)

we first take into account a pump beam put into a superposition of three radial modes with

identical complex amplitudes (app = 1)

|P0
pumpi =

1p
3
(|0i+ |1i+ |2i) . (3.14)
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Figure 3.7: Spatial spectrum distributions of a two-dimensional radial maximally entangled
state (MES). The x and y axes are the signal ps and idler pi radial values of the photon
pair. The z axis shows the coincidence probability amplitudes |Cps, pi |2. The amplitudes
in red constitute the target state: | i = (|11i + |22i)/

p
2, and the other components are

unwanted noise.

Thus, following the aforementioned steps, the down-converted state is given by

| 0
SPDCi =

X

ps

X

pi

C
0
ps,pi

|psi|pii

=
X

ps

X

pi

1p
3

⇣
B

0
0; ps,pi +B

0
1; ps,pi +B

0
2; ps,pi

⌘
|psi|pii. (3.15)

The resulting probability amplitudes of the generated down-converted state are shown in

Figure 3.8a as a function of the signal and idler radial modes, ps and pi, respectively. Note

that the three-dimensional radial MES is given by the elements shown in red and yellow.

The other amplitudes constitute unwanted noise.

If we look at Figure 3.8a we can see that this is not a three-dimensional MES. To

generate such a state we need to increase the two smaller amplitudes of the down-converted
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states |01i and |10i shown in yellow. This can be accomplished by increasing the pump

mode amplitudes of the states |1i and |2i.

Mathematically, we have the pump state

|P00
pumpi =

1

2

⇣
|0i+

p
1.5 |1i+

p
1.5 |2i

⌘
. (3.16)

So that the entangled state becomes

| 00
SPDCi =

X

ps

X

pi

C
00
ps,pi

|psi|pii

=
X

ps

X

pi

1

2

⇣
B

00
0; ps,pi +B

00
1; ps,pi +B

00
2; ps,pi

⌘
|psi|pii. (3.17)

These coincidence amplitudes are depicted in Figure 3.8b. As we can see the entangled

state is not a MES yet. Thus we continue increasing the amplitude of the pump modes.

This time we set the pump mode amplitudes ap1 and ap2 equals to
p
2.25 to get the

pump state

|P000
pumpi =

1p
5.5

⇣
|0i+

p
2.25 |1i+

p
2.25 |2i

⌘
. (3.18)

Therefore the down-converted state can be written as

| 000
SPDCi =

X

ps

X

pi

C
000
ps,pi

|psi|pii

=
X

ps

X

pi

1p
5.5

⇣
B

000
0; ps,pi +B

000
1; ps,pi +B

000
2; ps,pi

⌘
|psi|pii. (3.19)

The resulting coincidence amplitudes are shown in Figure 3.8c as a function of the signal

and idler radial modes, ps and pi, respectively. Note that the generated entangled state

is a three-dimensional MES given by the elements shown in red. The other amplitudes

constitute unwanted noise.
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(a) (b)

(c)

Figure 3.8: Spatial spectrum distributions of three-dimensional radial entangled states.
(a)-(c) The spatial spectrum distribution for the input beam put into the superposition
1/
p
3(|0i+ |1i+ |2i), 1/2(|0i+

p
1.5 |1i+

p
1.5 |2i) and 1/

p
5.5(|0i+

p
2.25 |1i+

p
2.25 |2i),

respectively. (c) Three-dimensional radial maximally entangled state (MES). Those am-
plitudes in red constitute the target state: | 0i = (|00i + |01i + |10i)/

p
3, while the other

components are unwanted noise. The x and y axes are the signal ps and idler pi radial values
of the photon pair. The z axis shows the coincidence probability amplitudes |Cps, pi |2.
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(a) 2D MES (b) 3D MES

Figure 3.9: Radial forks of the two-dimensional and three-dimensional maximally-entangled-
states (MES), (a) and (b) respectively. If we neglect the very-low amplitudes (⇠ 10�6 and
lower, shown in dark blue) is clear to see that the number of “tines” on the radial-fork
increases with the dimensionality.

In the method presented in this chapter for the generation of radial MES, even if we

neglect the very-low amplitudes those of the order of 10�6 and lower (shown in dark blue

in the figures) we still have a lot of unwanted noise. This looks clear if we look at the

plots from a two-dimensional point of view as shown in Figure 3.9. In this figure we can

see (neglecting the very-low dark blue amplitudes) two and three main diagonals for the

two-dimensional and three-dimensional radial MES, respectively. We call them radial forks.

We find that the number of tines on the fork increases with the dimensionality of the MES.

This indicates the need for a better optimization process that controls the pump amplitudes

according to down-converted target states. Additionally, there is the problem of finding a

reliable norm function since the problem gets more complex as we go to higher dimensions.

We elaborate in Ch. VII.
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In this chapter we presented a method for the generation of maximally-entangled-states

(MES) with Laguerre-Gauss radial modes. Nevertheless, since these states are noisy in

nature, cross correlations between their eigenstates |ps, pii are expected, and this limits

their generation. Another limitation is the optimization process needed as we discuss in

Ch. VII. In the cases presented here, all the choices were made by inspection, so the next

step would be to optimize the weights (amplitudes) of the superposition of the input pump.
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CHAPTER IV

PROTOCOL FOR HYPERENTANGLEMENT GENERATION BASED ON

INTERFERENCE AND DETECTION-BASIS CONTROL

4.1 The Hong-Ou-Mandel e↵ect

Two-photon interference or Hong-Ou-Mandel (HOM) interference is an essential element

of quantum technologies such as quantum gates and quantum repeaters [14, 72]. HOM

interference is a method to quantify the two-photon interference at a beam splitter when

considering two indistinguishable photons incident at each input-port of a symmetric beam

splitter. This two-photon interference at a beam splitter exhibits the photon bunching e↵ect

attributed to their Bosonic nature in which indistinguishable photons go together to either

output-port of the beam splitter [59].

Let’s describe HOM interference in detail. To start assume two distinguishable photons

by polarization are incident to each input-port of a 50:50 beam splitter, so the initial state

is given by

| ini = â†
H
b̂†
V
|0i, (4.1)

where a†
H

and b̂†
V

are the creation operators corresponding to the modes of horizontally

polarized light in input-port a and vertically polarized light in input-port b, respectively,

and |0i = |0ia|0ib|0ic|0id is the vacuum state. The operators of each of these fields must

satisfy the bosonic commutation relations

h
âi, â

†
j

i
= �ij , [âi, âj ] = 0 =

h
â†
i
, â†

j

i
; i, j = 1, 2, 3, (4.2)

where âi and âj represent electromagnetic fields in mode i and j, respectively. For input

modes a and b, and output modes c and d in a beam splitter we use the notation â, b̂ and

ĉ, d̂ to represent annihilation operators in that modes.
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Figure 4.1: Action of a beam splitter. (a) Beam splitter with input ports labeled a and
b, and output ports labeled c and d. Arrows indicate the field propagation directions. (b)
The four ways the two photons can exit from the beam splitter–through the same port (top
row) or di↵erent ports (bottom row). Taken from Ref. [73], with copyright permission from
the journal.

After beam splitter transformations

â =
1p
2

⇣
ĉ� id̂

⌘
, (4.3)

b̂ =
1p
2

⇣
�iĉ+ d̂

⌘
, (4.4)

the output state is given by

a†
H
b̂†
V
|0i BS��! 1

2

⇣
ĉ†
H
+ id̂†

H

⌘⇣
iĉ†

V
+ d̂†

V

⌘
|0i

=
1

2

⇣
iĉ†

H
ĉ†
V
+ ĉ†

H
d̂†
V
� d̂†

H
ĉ†
V
+ id̂†

H
d̂†
V

⌘
|0i. (4.5)

Note that under these considerations we obtain all the classical expected outcomes. The first

and last terms represent that the two photons are going together through the same output-

port of the beam splitter, and the second and third terms show the two photons leaving

the beam splitter separately through di↵erent output-ports. This behavior is illustrated in

Figure 4.1(b). On the top row the two photons exit the beam splitter through the same

port, and on the bottom row they exit through di↵erent ports. Figure 4.1(a) illustrates the

input and output ports labels, a and b, and c and d, respectively. The red arrows indicate

the propagation direction of the fields.
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Now let’s consider identical photons coming in the beam splitter. So that from Eq. (4.5)

the output state becomes

a†
H
b̂†
V
|0i BS��! 1

2

0

@iĉ†ĉ† + ĉ†d̂† � d̂†ĉ†| {z }
=0

+id̂†d̂†

1

A |0i

=
i

2

✓⇣
ĉ†
⌘2

+
⇣
d̂†
⌘2◆

|0i

=
ip
2
(|2ic + |2id) . (4.6)

This result is the so-called HOM interference or two-photon interference e↵ect in a beam

splitter. We remark it is the overall two-photon states that interfere and not single photon

states. If we place single photon detectors in each output-port they should never register

coincidence counts. But when measuring the spatial correlations between the two overlapped

photons, an interference pattern can be observed in the relative separation between them.

This is achieved by changing the position of the beam splitter, or one of the path lengths

of the photons. This path variation will introduce a slight nonzero time delay, and the

photons independently will be reflected or transmitted through the beam splitter causing

both detectors sometimes to fire within a short time of each other.

4.2 Hyperentanglement generation in the spatial degree of freedom

Following Ref. [44] closely, figure 4.2 shows a diagram of our proposed setup. We consider

a laser that generates coherent light divided by a 50:50 beam splitter (not shown). P1 and

P2 are the pumps to the nonlinear crystals, NLC1 and NLC2, respectively. The modes A,

B, C and D are input modes to the device, originally all in the vacuum state.

The two nonlinear crystals, NLC1 and NLC2, are identical and placed in a non-colinear

configuration. We examine both processes in the SPDC regime, i.e. each adds one photon

each to the output modes. Entanglement between photon pairs A and B is generated in
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the first nonlinear crystal (NLC1). The photon in mode A is used as a seed to the second

crystal (NLC2). In other words, the signal beam generated by NLC1 is superposed and

aligned with the signal beam generated by NLC2. In such a situation the signal photon

from NLC1 can induce coherence without inducing emission [74–76]. Furthermore, since

the seed to NLC2 is a weak field compared to the pump field, it is extremely unlikely to

cause stimulated down-conversion, hence the down-conversion can be assumed to be totally

spontaneous for all practical purposes [77].

After this point there are assumed to be four photons in the device (this is ensured by

post-selection), two in mode A and one each in modes B and C. After that, modes A and

D, and modes B and C are mixed (interfered) on 50:50 beam splitters. This interference is

Hong-Ou-Mandel (HOM) interference, which exhibits the photon bunching e↵ect attributed

to their Bosonic nature in which indistinguishable photons go together to either output-port

of the beam splitter [59]. The spatial structure must be the same for HOM interference,

and we apply the beam-splitter transformations in each OAM mode individually. The final

step of the procedure is to herald on specific OAM superpositions as described in detail

below. The desired state is then produced between modes B and C.

Examining this process in detail we take as our input the vacuum state in modes A, B,

C and D. Hence, the initial state of the process (icon zero on Fig. 4.2), before interaction

with the nonlinear crystals, is given by

| 0i = |0i = |0iA|0iB|0iC |0iD. (4.7)
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Figure 4.2: Conceptual diagram of the process. P1 and P2 are the pumps to the non-
linearities NLC1 and NLC2, respectively, each producing a down-converted pair of photons
into the output modes. Entanglement between photon pairs A and B, generated in the
first nonlinear crystal (NLC1), is linked to the remaining modes using the second nonlinear
crystal (NLC2) in conjunction with the beam-splitters (light-blue boxes) that follow. A
coincidence detection protocol using OAM detection-basis control is then used on modes A
and D, heralding the desired state between modes B and C. The green icons represent the
stages of evolution of the state as it moves through the device. Taken from Ref. [44], with
copyright permission from the journal.

After interaction with the first nonlinear crystal (NLC1) the state of the system is described

by (icon one on Fig. 4.2)

| 1i =
X

l

C�l,l

AB â†�l
b̂†
l
|0i, (4.8)

where C�l,l

AB are the coincidence amplitudes of the down-converted state, see Eq. (2.45),

â†�l
and b̂†

l
are the creation operators for the signal and idler modes, respectively, and for

convenience we write the negative sign on the signal mode.

We now take the signal photon produced into the first nonlinear crystal (NCL1) and

seed it into the down-conversion process of the second nonlinear crystal (NLC2). The state

of the system after interaction with the second nonlinear crystal is then written as (icon
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two on Fig. 4.2)

| 2i =
X

L

X

l

��L,L
AC C�l,l

AB â†�l
â†�Lb̂

†
l
ĉ†L |0i, (4.9)

where ��L,L
AC are the coincidence amplitudes of the down-converted state, see Eq. (2.45)

and Eq. (2.48), and â†�L and ĉ†L are the creation operators for the signal and idler modes,

respectively.

After beam splitter transformations we have

| 3i =
X

L,l
�L,�L
AC C l,�l

AB (â†
l
� id̂†

l
)(â†L � id̂†L)⇥ (b̂†�l

� iĉ†�l
)(ĉ†�L � ib̂†�L)|0i. (4.10)

Expanding the products we have the state (icon three on Fig. 4.2)

| 3i =
X

L,l
��L,L
AC C�l,l

AB (â†�l
â†�L � iâ†�l

d̂†�L � id̂†�l
â†�L � d̂†�l

d̂†�L)

⇥ (b̂†
l
ĉ†L � ib̂†

l
b̂†L � iĉ†

l
ĉ†L � ĉ†

l
b̂†L) |0i. (4.11)

We can ensure we only have one photon each in modes A and D by heralding only on

the coincidence between those two modes, so eliminating terms that do not have such

coincidences, we obtain

| 3i =
X

L,l
��L,L
AC C�l,l

AB (�iâ†�l
d̂†�L � id̂†�l

â†�L)⇥ (b̂†
l
ĉ†L � ib̂†

l
b̂†L � iĉ†

l
ĉ†L � ĉ†

l
b̂†L) |0i. (4.12)

Then, for clarity of notation we act these operators onto the vacuum kets (|0i), resulting in

| 3i =
X

L,l
��L,L
AC C�l,l

AB (�i|� liA|�LiD � i|�LiA|� liD)

⇥ (|liB|LiC � i|l,LiB|0iC � i|0iB|l,LiC � |LiB|liC), (4.13)

where |l,LiB|0iC represents two photons in mode B with OAM l and L and zero photons in

mode C. Similarly, the state |0iB|l,LiC represents zero photons in mode B and two photons

in mode C with OAM l and L. The other states have one photon each.
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4.3 Hyperentanglement generation using detection-basis control

This section follows Ref. [44] closely. In the experiment a coherent light beam is symmet-

rically split by a beam splitter, and illuminate the two identical nonlinear crystals, NLC1

and NLC2. Thus, photon pairs are created via SPDC; see Figure 6.1. As mentioned in the

previous section, the signal beam (mode A) generated in NLC1, is superposed and aligned

with the signal beam generated by NLC2. Then, the signal states in mode A and vacuum

state in mode D, and idler states in modes B and C are mixed on 50:50 beam splitters. After

that, we project modes B and C on the desired state using spatial light modulators (SLM).

The SLM is programmed with a forked di↵raction grating to specify the state into which

the entangled state will be projected. After projection, the state is couple into single-mode

fibers connected to a detector. This spatial filtering ensures that only the desired state will

couple to the fiber, and a detector firing indicates a projection onto the desired state.

The desired state is produced between modes B and C by heralding on modes A and D

in coincidence using state projectors on specific OAM superpositions. To project the modes

B and C on the desired state we can use a process involving spatial light modulators (SLM),

as mentioned.

In practice the multi-photon heralding of modes A and D may lead to unwanted quantum

states in modes B and C, however, the production of multiple photon events is negligible due

to the low conversion e�ciency of the spontaneous process. For example, the probability

to have one pair of photons is proportional to the square of the second-order nonlinear

susceptibility �(2), while the probability to have two pairs is proportional to (�(2))4. For a

BBO nonlinear crystal (�(2) ⇠ 10�12m/V ) we have probabilities 10�24 and 10�48 for one
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and two pairs, respectively. Hence unwanted four-photon events would account for 10�22%

of the two-photon’s total [78].

The key to this protocol is the choice of the projectors. It is important here to note

that it is possible to project on any superposition of OAM modes up to an arbitrarily-

large dimensionality. Any arbitrary superposition of OAM modes is itself a solution to the

paraxial wave equation (due to linearity), and thus corresponds to a particular transverse

field pattern. If we wish to project on such a mode we can create the inverse of this field

pattern (for example with a spatial light modulator – SLM), and shine the photon on this

pattern. If the incident photon has the desired field pattern then the inverse operation of

the SLM will take it (and only it) to the fundamental Gaussian. If the photon is then shone

on a single-mode fiber connected to a detector, then since only the fundamental will couple

to the fiber, a detector firing indicates a projection onto programmed state.

It is important to note that in-principle phase and amplitude modulation is needed,

though phase-only modulation could possibly be su�cient. Other experimental implemen-

tations allowing projecting on particular states exist as well [33, 34, 48,79].

Mathematically, we use the projector operators on modes A and D given over the general

sums of the j and k modes

|P iD =
X

j

f⇤
j |jiD, (4.14)

|P iA =
X

k

g⇤
k
|kiA, (4.15)

where (ignoring normalization constants) |jiD = d̂†
j
|0iD, |kiA = â†

k
|0iA and, f⇤

j
and g⇤

k
are

complex amplitudes. Hence the final state is given by

| f i = DhP |AhP | 3i. (4.16)
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Substituting in the projector operators and the state | 3i we have

| f i =
X

L,l
��L,L
AC C�l,l

AB

X

j,k

fj gk (Dhj|Ahk|) · (�i|� liA|�LiD � i|�LiA|� liD)

⇥ (|liB|LiC � i|l,LiB|0iC � i|0iB|l,LiC � |LiB|liC). (4.17)

Then taking the inner product and simplifying we obtain

| f i =(�i)
X

L,l
��L,L
AC C�l,l

AB

X

j,k

fjgk(�j,�L�k,�l + �j,�l�k,�L)

⇥ (|liB|LiC � i|l,LiB|0iC � i|0iB|l,LiC � |LiB|liC). (4.18)

The entangled state described by Eq. (4.18) is a general state that allows the generation

of low-dimensional and high-dimensional entangled states with orbital angular momentum

(OAM).

Importantly, the dimensionality and structure of the entangled state | f i depends on

the number of projector modes we choose and their amplitude values. This is what we call

detection-basis control. In this expansion we can choose not only how many terms are in

each superposition, but also the weights of all of those terms. The state-space produced

is in principle infinite, and the experimenter is free to chose the size as they wish, or as

large as the experimental parameters allow them. This presents both an opportunity and

a problem. The opportunity is that it is a near certainty that many more states with

desirable structures exist in higher dimensions beyond what we present here. The problem

is that as dimensionality increases it becomes progressively-harder to search and find these

states. This problem is further compounded by the fact that there are many ways to search

for (and even define) entanglement. Also, some states that are entangled in very-many

dimensions cannot be used as a resource for currently known protocols because they do

not possess the necessary mathematical form (examples of states which do have this form

are: mutually-unbiased-basis states, Bell states, N00N states, Greenberger–Horne–Zeilinger
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states, etc.). Furthermore, the idea of “closeness” of quantum states becomes very muddy

as dimensionality increases, and a state being close to a target entangled state does not

generally mean that the state itself is strongly entangled itself. For further discussion of

these points see chapters V and VII.
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CHAPTER V

GENERATION OF N00N STATES WITH OAM AND TUNABLE DIMENSIONALITY

In this chapter we take the result of Sec. 4.2 in the form of equations (4.14), (4.15) and

(4.18), and present several specific implementations (choices of the detection-basis control)

and show that the state can be entangled in two and four dimensions, at minimum – and

in a couple cases noiselessly. In each of the next three subsections we take progressively

more projection modes and dimensions, one in section 5.1, two in section 5.2, three in

section 5.3. We also show how particular choices of the weights in the mode expansions

lead to entanglement in two modes or hyper-entanglement in four modes. Furthermore,

to show the generality of the setup, we examine some other modes with more-complicated

structures. Note that these values have been chosen “by inspection” without numerical

optimization which is a highly-challenging prospect on its own. Throughout this chapter,

we follow closely Ref. [44].

5.1 Generation of two-dimensional entangled OAM N00N states with single-mode
projectors

To generate maximally entangled OAM states in two dimensions, we take into account

projector operators with a single mode, j ⌘ k = �m. So that equations (4.14) and (4.15)

become

|P iD = f⇤
m|�miD, (5.1)

|P iA = g⇤m|�miA. (5.2)
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Since j ⌘ k = �m, equation (4.18) transforms into

| f1i = (�2i)
X

L,l
��L,L
AC C�l,l

AB fmgm(��m,�L��m,�l)

⇥ (|liB|LiC � i|l,LiB|0iC � i|0iB|l,LiC � |LiB|liC), (5.3)

which simplifies to

| f1i = �2��m,m

AC C�m,m

AB fmgm ⇥ (|m,miB|0iC + |0iB|m,miC). (5.4)

Clearly, this is an OAM N00N state entangled in a two-dimensional space, which depends

on the weights f and g of the OAM modes that we choose in the state projectors. Though

the dimensionality of this state does not beat what can be done without the techniques

in this paper we present it for completeness, to see how the dimensionality changes with

various choices of the detection-basis.

5.2 Generation of two-dimensional entangled or four-dimensional hyperentangled
OAM N00N states with two-mode projectors

To generate high-dimensional entangled OAM states, we first take into account projector

operators with two modes, j ⌘ k. Thus equations (4.14) and (4.15) become

|P iD = f⇤
m|�miD + f⇤

n|� niD, (5.5)

|P iA = g⇤m|�miA + g⇤n|� niA. (5.6)

The general equation described by Eq. (4.18) transforms into

| f2i =(�i)
X

L,l
��L,L
AC C�l,l

AB [2fmgm��m,�L��m,�l + 2fngn��n,�L��n,�l

+ (fmgn + fngm)⇥ (��m,�L��n,�l + ��m,�l��n,�L)]

⇥ (|liB|LiC � i|l,LiB|0iC � i|0iB|l,LiC � |LiB|liC). (5.7)
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Simplifying, we obtain

| f2i =� 2[��m,m

AC C�m,m

AB fmgm(|m,miB|0iC + |0iB|m,miC) + ��n,n

AC C�n,n

AB fngn

⇥ (|n, niB|0iC + |0iB|n, niC) + (��m,m

AC C�n,n

AB fmgn + ��n,n

AC C�m,m

AB fngm)

⇥ (|n,miB|0iC + |0iB|n,miC)], (5.8)

which can be made a two-dimensional or four-dimensional entangled OAM state depending

on the choice of amplitudes. To clarify, consider the case where all the amplitude values �s,

Cs, fs and gs are equals to one. Thus the entangled state described by Eq. (5.8) simplifies

to

| f2i =� 2[|m,miB|0iC + |0iB|m,miC + |n, niB|0iC + |0iB|n, niC

+ 2(|n,miB|0iC + |0iB|n,miC)]. (5.9)

Taking into account that we have two indistinguishable photons |n,mi = |m,ni, we may

write the state as

| f2i =� 2[|n, niB|0iC + |0iB|n, niC + (|miB + 2|niB)|miB|0iC

+ |0iB|miC(|miC + 2|niC)]. (5.10)

The state displays several N00N-like partitions, the |n, ni part is a simple N00N state and a

device tuned to detect those modes would see such a state with some other noise that is the

result of the |mi modes. The state could also be seen as a N00N state between a pure |mi

state and another state that is an unequal superposition of |mi and |ni states. In this case

the |n, ni states would appear as noise. Hence, this state is mathematically entangled in

at least two-dimensions to some degree depending on how it is partitioned and what states

the detectors are tuned to.
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If we take the amplitude values fm = 1, gm = 1, fn = 1and gn = �1, the result is a

four-dimensional hyper-entangled OAM N00N state

| 0
f2i =� 2[��m,m

AC C�m,m

AB (|m,miB|0iC + |0iB|m,miC)

� ��n,n

AC C�n,n

AB (|n, niB|0iC + |0iB|n, niC)], (5.11)

where the OAM modes m and n of two photons are entangled with the vacuum. The overall

constants (the �’s and C’s) may be chosen in tandem with the f ’s and g’s such that they

factor out. So we are left with a perfect, maximally-entangled, four-dimensional N00N state,

and this is the most significant result. To the best of our knowledge, this is the current

theoretical state of the art as we are not aware of any other setup that can produce a state

that is both entangled to this high of a dimensionality and also in a state of high practical

interest for the development of quantum technology.

So the dimensionality of the entangled state given by Eq. (5.8) depends on the amplitude

values that we choose for f and g. With specific choices we can generate four-dimensional

hyperentangled OAM N00N states and OAM entangled states in at least two-dimensions.

The fact that the dimensionality of entangled state that this setup produces may be “tuned”

may be of further theoretical and experimental interest.

5.3 Generation of complex hyperentangled OAM N00N states with three-mode pro-
jectors

To continue the investigation beyond our strongest result we now consider the case of

projector operators with three modes. We provide this in order to show how the setup

we propose can produce many di↵erent kinds of general states, and provides an excellent

test-bed for research in high-dimensional entanglement. The projector modes in this case
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are written as

|P iD = f⇤
m|�miD + f⇤

n|� niD + f⇤
r |� riD, (5.12)

|P iA = g⇤m|�miA + g⇤n|� niA + g⇤r |� riA. (5.13)

So, plugging this in to Eq. (4.18) and performing a simple transformation we get

| f3i =� 2[��m,m

AC C�m,m

AB fmgm ⇥ (|m,miB|0iC + |0iB|m,miC) + ��n,n

AC C�n,n

AB fngn

⇥ (|n, niB|0iC + |0iB|n, niC) + ��r,r

AC C�r,r

AB frgr(|r, riB|0iC + |0iB|r, riC)

+ (��m,m

AC C�n,n

AB fmgn + ��n,n

AC C�m,m

AB fngm)(|n,miB|0iC + |0iB|n,miC)

+ (��m,m

AC C�r,r

AB fmgr + ��r,r

AC C�m,m

AB frgm)(|r,miB|0iC + |0iB|r,miC)

+ (��n,n

AC C�r,r

AB fngr + ��r,r

AC C�n,n

AB frgn)(|r, niB|0iC + |0iB|r, niC)]. (5.14)

The dimensionality of this state depends on the amplitude values that we choose for f

and g. For example, taking the coincidence amplitudes �s and Cs equal to one, and then

choosing the f ’s and g’s equal to one, we obtain

| f30i =� 2[(|miB + 2|niB)|miB|0iC + |0iB|miC(|miC + 2|niC)

+ (|niB + 2|riB)|niB|0iC + |0iB|niC(|niC + 2|riC)

+ (|riB + 2|miB)|riB|0iC + |0iB|riC(|riC + 2|miC)], (5.15)

which contains several di↵erent terms that are non-separable (and potentially entangled).

Specifically there are three N00N-like OAM states between both path and OAM, with the

OAM modes being: |mi+ 2|ni (line 1), |ni+ 2|ri (line 2), and |ri+ 2|mi (lines 3). These

modes are not mutually-orthogonal, each has some projection on to the other, so the state as

a whole is not a six-dimensional N00N state – however since high-dimensional entanglement

witnesses may be constructed from lower-dimensional partitions (as in [80]), such states
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could exhibit high-dimensional entanglement, perhaps with some additional adjustment or

optimization.

To continue to see how many di↵erent states can be produced by tuning this projectors,

we set f ’s and g’s equal to one with the exception of gr = �1, the state given by Eq. (5.14)

then becomes

| 00
f3i =� 2[|n, niB|0iC + |0iB|n, niC + |r, riB|0iC + |0iB|r, riC

+ (|miB + 2|niB)|miB|0iC + |0iB|miC(|miC + 2|niC)]. (5.16)

Which again has a similar structure to Eq.5.16, with an important di↵erence. In this case

two of the OAM modes are mutually orthogonal – |n, ni, and |r, ri – and the |mi + 2|ni

mode is orthogonal to |r, ri. So it is clear that the fundamental structure of the output

state can be significantly altered by choice of the weights that we choose for each mode on

the state projectors |P iD and |P iA given by Eq. (5.12) and Eq. (5.13), respectively.

In cases where we do not achieve a perfect N00N state we do not quantify the amount

of entanglement. This is because the quantification of entanglement in high dimensions is a

di�cult prospect (as we will discuss in the next section) and we provide these other states

in order to stand in distinction to the ideal results, and also to show that the system is

highly tunable which will motivate our future work into expanding to higher dimensions

and optimizing the choice of weights. We elaborate in the following section.
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CHAPTER VI

EXPERIMENTAL IMPLEMENTATION

6.1 Generation of beams carrying OAM and hyperentangled states

In this chapter we present the first steps towards the experimental implementation of

our protocol “Generation of hyperentangled OAM N00N states”. Our experimental setup

is shown in Fig. 6.1, and consists of a pulsed Ti:Sapphire laser (Chameleon) centered at

810 nm, with a pulse width of 120 fs and a repetition rate of 80 MHz. An achromatic

lens of focal length of 50 mm focuses the laser onto a 2-mm-thick BiBO crystal to achieve

frequency doubling. The resultant sum frequency generation produces ⇡220 mW of UV

light at 405 nm. The remaining infrared light is eliminated using a shortpass filter which

stop wavelengths � > 600 nm, followed by a bandpass filter centered at 405 nm with 10 nm

bandwidth, see element SBF in the figure. We use a lens of focal length 50 mm to collimate

the up-converted light which is followed by a telescope composed of a lens of focal length

1000 mm and a lens of focal length 750 mm. This ensures a pump beam waist of 600 um at

the crystals plane used for the down-conversion generation, BBO1 and BBO2. The three

lenses are represented by element L1 on the diagram.

The generated entangled photon pairs by each BBO crystal are spectrally filtered by a

long-pass filter with transmission wavelength � > 500 nm, followed by a band-pass filter

centered at 810 nm with 10 nm bandwidth, see element LBF on the diagram. In this way,

we are certain that we are selecting photon pairs at 810 nm that are degenerate. Then all

the photons are mixed on beam splitters. We use telescopes with a magnification of two to

map each photon on spatial-light modulators (SLM) planes B, C, A and D. See elements
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Figure 6.1: Experimental setup for the generation and detection of hyperentangled states.
The first stage is the generation: the BiBO crystal is pumped by a Ti:Sapphire laser to
produce UV light via second-harmonic generation. The first BBO crystal (BBO1) produces
a down-converted photon pair, and BBO2 produces another down-converted photon pair
(A and B, and A and C, respectively, on figure 4.2). The second stage is the seeding: the
signal photon in mode A produced by BBO1 is superpose and aligned with the optical path
of the signal photon produced by BBO2. At this stage there are four photons in the device,
two photons in mode A, and one photon each in modes B and C. The third stage is the
interference: the four photons are mixed on 50:50 beam splitters (represented by the blue
boxes) to produce the HOM e↵ect. The final stage is the heralding on particular OAM
superpositions: we use spatial-light modulators (SLMs) for the heralding of modes A and
D, and to project the desired state between modes B and C. After projection the state is
couple into single-mode fibers (yellow lines) connected to a detector. The elements Lnumber

are lenses with a focus length according to the number in front of the L. We use these lenses
to focus the beam into the nonlinear crystals. We use the lenses also to map the crystal
planes of BBO1 and BBO2 into SLMs, and to map the SLMs planes into the single-mode
fibers.
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L250 and L500, and L200 and L400, which represent lenses with focal length indicated by

the number.

After the generation of hyperentangled states, by means of interference between the two

nonlinear crystals and beam splitters, we have to measure them. SLMs with programmed

phase masks, namely superpositions of OAM modes, are used to project hyperentangled

states. Modes A and D are used for heralding the hyperentangled state. So, the hyper-

entangled state is measured on modes B and C.

6.2 Observation of hyperentangled states using interference and detection-basis con-
trol

Figure 6.2 shows three photographs of the down-conversion process on each crystal. In

(a) we have the down-conversion process generated on BBO1. Picture (b) shows the down-

conversion process generated on BBO2. In (c) we have the seeded down-conversion process

on BBO2, where we superposed and aligned the idler beam generated by BBO1 (the seed)

with the idler beam generated by BBO2. On the left side of Fig.6.2c we can see that the

two idler beams are perfectly matched. If the connection between the two idler modes is

broken, on the CCD camera we will see that the seed disappear remaining only the SPDC

ring generated on BBO2. In the same sense, if we turn o↵ the SPDC e↵ect on the second

crystal we only will see the photon seed on camera.

We state that the characteristic of our method is interference between two nonlinearities

on two beam splitters (see Fig. 6.1) with a general heralding (detection) protocol on two of

the four resulting modes. As we discussed in Ch. IV, the dimensionality and structure of

the final entangled state | f i = DhP |AhP | 3i depends on the number of projector modes

we choose and their amplitude values, see Eq. (4.18). In this expansion we can choose not
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(a) Down-conversion process on BBO1 (b) Down-conversion process on BBO2

(c) Seeded down-conversion process on BBO2

Figure 6.2: Seeded spontaneous parametric down-conversion. (a) A photograph of the down-
conversion process on the first crystal, BBO1. (b) A photograph of the down-conversion
process on the second crystal, BBO2. (c) A photograph of the seeded down-conversion
process on BBO2, where we superposed and aligned the idler photon generated by BBO1
(the seed) with the idler photon generated by BBO2. The seeded e↵ect is shown on the left
side of the picture.
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l = �1 l = �2

l = +1 l = +2

Figure 6.3: Phase masks for the measurement of orbital angular momentum of light.

only how many terms are in each superposition, but also the weights of all of those terms.

We call this freedom detection-basis control. To measure the OAM of signal photons we first

have to program it on SLMs with fork di↵raction gratings. In the case of incident photons

whose l -values are opposite to the holograms, the di↵racted beam converts into a non-zero

on-axis intensity that can be detected. Figure 6.3 shows examples of these fork di↵raction

gratings or phase masks with OAM values l = ±1 and ±2.

In our experimental device, we use an SLM to program the desired state in which we

want to project the state | f i. This is done through a phase mask pattern with a specific

phase on the hologram, or with a specific superposition of OAM modes. After projection, all

the planes SLM-A, SLM-D, SLM-B and SLM-D are imaged to single-mode fibers (SMFs)

using the group of coupling lenses L400, L100, L400 and an 8 mm lens (AL8). Each

SMF is connected to a single-photon avalanche detector (SPAD, Excelitas) which is in turn

connected to a coincidence detection system (IDQ 800). Since only the fundamental mode
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Figure 6.4: Photograph of the experimental setup. The purple arrows simulate the paths
of the pump beam, and the red arrows simulate the paths of the photon pairs generated
in each BBO crystal. SHG stand for second-harmonic generation, and TM for triangular
mirror.

will couple to the fiber, a detector firing indicates a projection onto the programmed state.

This system allows us to measure the generated hyperentangled state.

The measurements for the observation of hyperentangled states are underway. Figure

6.4 shows a picture of one part of the experimental setup. On the back of the picture we have

the second-harmonic generation (SHG). The purple arrows illustrate the doubled frequency

beam’s path. BBO1 and BBO2 are the two nonlinear crystal that generate entangled photon

pairs via SPDC. The red arrows illustrate the paths of the photon pairs generated in each

BBO crystal.
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CHAPTER VII

OUTLOOK

Our research focuses on spatial degrees of freedom for radial and orbital angular mo-

mentum (OAM) modes. We developed two methods for generating hyperentangled N00N

states with OAM and radial modes. We have found that the optimization process in the

preparation of the input beam is the current barrier to generating hyperentangled radial

N00N states. In the context of generating high-dimensional hyperentangled OAM N00N

states with detection-based control, the optimization process is also the current limitation

to expanding beyond four dimensions.

Ch. III illustrates how the spatial spectrum of the down-converted state can be mod-

ulated by engineering the input beam. However, on the input beam, all the selections on

the number of modes and their weights were made based on inspection. The next step is to

optimize the weights of the input modes used, and take the data to higher dimensions using

more terms to create other states. We also need to minimize the production and detection

of the cross-correlated terms. In experimental settings, decreasing the detection-mode waist

can reduce the detection of cross-correlated terms.

The detection-basis control method enable to project the states of both heralding modes

on any superposition of OAM modes with any dimensionality. For example, we can select

how many modes there are and how much weight they should carry. It is this characteristic

that makes our protocol unique. For the cases we presented in Ch. V, however, all the

selections on the number of modes and their weights were made by inspection. Therefore, the

natural step is to expand to higher dimensions and optimize the weights on the projectors.
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In order to optimize a model, there is a huge parameter space to search, unfortunately.

Despite this opportunity, optimizing in high dimensions is challenging. Not only is it di�-

cult to calculate minimum or maximum values with many parameters, but most distance

concepts converge on similar values in higher dimensions. For example, due to the fact

that projection of one vector onto another involves averaging values over each dimension,

increasing the number of dimensions does not change the average value.

The state presented in Eq. (5.11), as we explained, is theoretically “perfect” and contains

no unwanted terms. Such undesirable terms will almost certainly appear if we generalize over

more dimensions. Some terms are simply noise, while others degrade entanglement, such as

cross-terms between dimensions of the target state, which enable it to partially factorize.

The same applies to our result from Ch. III, Eq. (3.19). For example, noise terms and

cross-terms would not be distinguished by a direct state projection. Furthermore, whatever

optimization process is used, it is essential to find a well-formed and useful metric.

It has been di�cult to prove that states that are closely related to entangled states

themselves share a similar amount of entanglement, but recent advances have made this

possible. A state containing such entanglement is called “faithful”. There has been re-

search recently examining the faithfulness of entanglement [81, 82]. However, deciding the

faithfulness of an entangled state is itself an optimization procedure. Therefore, a double

optimization has to be done for any search to be successful.

Additionally, it may be interesting using other spatial modes, such as Hermite-Gauss or

Bessel-Gauss, for the generation of hyperentangled N00N states. It may be also advanta-

geous to study how pump beams can be controlled to achieve full control over the generated

state, or to enhance the state making it more hyper using other degrees of freedom such as
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frequency or polarization. The search for other entangled states of interest could also be

aided by the application of machine learning techniques, which excel at pattern recognition

and optimization.
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CHAPTER VIII

SUMMARY AND CONCLUSIONS

We provided an overview of photonic quantum systems as a means for processing and

communicating quantum information. We reviewed publications proposing a generation of

hyperentangled states in both multiple degrees of freedom and one degree of freedom. We

also analyzed experimental demonstrations of quantum protocols in low and high dimen-

sions, with a focus on the spatial degree of freedom with radial and OAM modes. All these

works motivated our research and set the theoretical framework.

The first approach was to investigate the Laguerre-Gauss radial modes for the generation

of hyperentangled N00N states. Our findings illustrate how the spatial spectrum of the

down-converted radial state can be modulated by engineering the input beam. We also

found that the generation of radial states is noisy in nature. So cross-correlations are

expected, and this limits the generation of clean, useful entangled states. Another limitation

is the optimization process. There is a need for a better optimization process that controls

the pump in terms of both the number of modes and their amplitudes (weights) based on

down-converted target states.

Our method of generation of hyperentangled radial N00N states is not limited to radial

modes. The method applied to orbital angular momentum modes, and any spatial-modes

of light.

We presented a novel detection-basis control protocol for the generation of hyperentan-

gled N00N states with orbital angular momentum and tunable dimensionality. In our de-

vice, we use two beam splitters and a coincidence detection protocol at their outputs to

detect interference between the optical nonlinearities. A minimum of four dimensions of
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hyperentanglement can be achieved with the down-converted OAM N00N state in this con-

figuration.

Using specific superpositions of orbital angular momentum modes, we can also drasti-

cally alter the structure of output states and tune their dimensionality. OAM superpositions

of two modes, for instance, can produce both two-dimensional entangled OAM N00N states

as well as four-dimensional hyperentangled states by adjusting only their amplitude values.

Consequently, the detection-basis control protocol allows the basis to be any spatial-basis

in the Hilbert space, and creates new access to hyperentangled N00N states not only with

orbital angular momentum, but also with other spatial-modes across a wide range of di-

mensions.

The experimental implementation of our protocol is underway.
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