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Abstract

Maestro en Ciencias - Óptica

Imaging Symmetric and Anti-symmetric Behavior of OAM-entangled States

by Juan Nicolás CLARO

Orbital Angular Momentum (OAM) is a degree of freedom of photons promising for a wide
variety of high-dimensional quantum applications. These states, as any used in future
quantum technologies, need to be manipulated and studied for their use. We use a known
technique for tuning the symmetry of OAM states using dove prisms and study the prop-
erties of their interference in a spatially resolved measurement. We found that fringes
produced depend on the type of symmetry of the state, moreover, we recover the original
Hong-Ou-Mandel interferometers from these spatially resolved measurements and ana-
lyze the consequences of this symmetric/anti-symmetric superposition on the visibility.
Furthermore, we propose two applications of these kinds of measurements, one for high-
dimensional quantum teleportation and another one to achieve an image enhancement
in quantum ghost imaging.
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Introduction
Since the apparition of quantum physics at the beginning of the last century as the most
fundamental theory at that time, great technological and scientific advances have been
made to lead to a better understanding and manipulation of nature. Furthermore, there
are many questions about the quantum character of the systems that remain unanswered.

Many of the most promising applications of quantum physics rely directly on the apparent
paradox presented by Einstein, Podolsky, and Rosen (1) (EPR). According to this, quantum
mechanics must be non-local to be a complete theory, giving the capacity to systems com-
posed of two (or more) isolated parts to be correlated in a way that would be impossible
to describe through classical physics. Around 30 years after, J. Bell formulated a theory,
based on locality and realism, that unleashed the inequalities known by his name (2). This
theory allows us to contrast the results of quantum mechanics with those theories based
on the so-called hidden variables (3). Different experimental tests have been carried out
to confirm or disprove these theories, among them those made by A. Aspect stand out (4,
5) along with those made by B. Hensen et al, M. Giustina et al, and L. K. Shalm et al (6–8),
leaving quantum mechanics as the undisputed winner.

Currently, there are many efforts aimed at the study and application of these quantum
phenomena into new technologies (9–12). Among the most promising applications are
Quantum Cryptography, Quantum Communication, Quantum Information, and Quan-
tum Computing, all of these grounded in the concept of Quantum Bit (Qubit) and the
phenomenon described by the EPR paradox, also known as Quantum Entanglement. For
example, there are many algorithms and protocols based on properties of Qubits such as
Quantum Teleportation (QTP) (13), Entanglement Swapping (ES) (14), Quantum Key Dis-
tribution (QKD) (15), and Superdense Coding (SC) (16).

All these applications require a physical platform in which they can be developed at a rel-
atively low technical complexity, allowing the commercial implementation of quantum
computing systems in the future. In this sense, all the previous knowledge and technology
based on light manipulation made Quantum Optics be one of the firsts and most consid-
ered research areas to carry on this job using the photon as a platform (17).

Decades ago, it was demonstrated that paraxial beams known as Laguerre-Gauss (LG)
modes have a well-defined Orbital Angular Momentum (OAM) (18), which assigns inte-
gers multiplies of ħ in angular momentum per photon to the emission. Since then, it has
been shown that different families of solutions to the paraxial wave equation satisfy this
same property (19).

Notwithstanding that it has been known for decades how to produce OAM-entangled
states, it is until now that many implementations have been proposed in terms of the
possibilities of quantum applications. For example, these paraxial modes can be used to
define a discrete Hilbert space with infinite dimension, allowing the production of high-
dimensional entangled states using non-linear processes such as Spontaneous Parametric
Down-Conversion (SPDC) (20), which is desirable for many of the implementations men-
tioned before (QTP, ES, QKD, and SC)(21, 22). In this way, the possibility of controlling
some properties of these states such as the spiral-bandwidth (23, 24), the density ma-
trix (25), or its symmetry (or anti-symmetry) broadens the possible applications of OAM-
states.

Concerning this last property, a few years ago a way to engineer these paraxial states was
proposed (26). This was possible through the usage of dove prisms which introduce a
relative phase between the photons and tune the symmetry of the state. This idea of
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symmetry-tuning has shown to have the potential to empower the development of high-
dimensional quantum gates (27, 28), along with its usage in ghost imaging (29), among
others.

Despite the potential of the spatial structure of these paraxial modes, there are not many
advances in the spatially resolved measurement of the properties of such states. For ex-
ample, for photons entangled in frequency, the Hong-Ou-Mandel interference shape de-
pends strongly on the properties of the joint spectral amplitude and it is possible to predict
some of the interference properties using spectrally resolved measurements (30). Then, a
lot of information could be hidden into a spatially resolved measurement of the symmetry
and interference of an OAM-entangled state. This could be of interest for future applica-
tions since it would act as an extension for all current applications of the Hong-Ou-Mandel
effect (31) which will be reviewed in the first chapter.

In this thesis, we implement a spatially resolved version of the experiment implemented
by Zhang et al (26). We show the capability to obtain the symmetric or anti-symmetric
Hong-Ou-Mandel interference pattern directly from these spatially-resolved measurements
and propose some possible applications related to Quantum Information and Quantum
Imaging.
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Chapter 1

Theoretical Framework

1.1 Wave Equation

To study the propagation of light, we recall Maxwell’s Equations in free space for the elec-
tric field Ẽ and the magnetic field B̃:

~∇× Ẽ =− ∂

∂t
B̃, (1.1)

~∇× B̃ = 1

c2

∂

∂t
Ẽ, (1.2)

~∇· Ẽ = 0, (1.3)

~∇· B̃ = 0. (1.4)

By taking the curl of (1.1) and replacing (1.2), it can be shown that the complex field Ẽ
satisfies the wave equation:

∇2Ẽ− 1

c2

∂2

∂t 2 Ẽ = 0, (1.5)

similarly for the field B̃, one obtains:

∇2B̃− 1

c2

∂2

∂t 2 B̃ = 0. (1.6)

1.1.1 Paraxial Helmholtz Equation

We can assume a temporal dependence of the fields, leading to the ansatz Ẽ = ξi (r)e iωt êi ,
which can be replaced in (1.5) to derive the scalar Helmholtz equation (19) for each of the
components:

∇2ξi (r)+k2ξi (r) = 0, (1.7)

where k is the wavenumber k = nω/c i.e., the magnitude of the wave vector ~k = ki êi .
The paraxial approximation allows us to introduce considerations about the nature of the
propagation of the light, this is, to assume that the direction of~k is mostly over the prop-
agation axis ẑ, such that kz À kx ,ky . Therefore, the following approximation for kz :

kz ≈ k −
k2

x +k2
y

2k
, (1.8)

leads to an expression for ξi (r) where the factor e i kz z can be written explicitly as:

ξi (r) = u(r)e i kz z . (1.9)
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Replacing (1.9) into (1.7) gives a differential equation for the transverse amplitude distri-
bution u(r):

∇2
t u + ∂2

∂z2 u +2i k
∂

∂z
u = 0, (1.10)

where the sub-index t denotes the coordinate system perpendicular to z. As the trans-
verse amplitude distribution is expected to vary very slow compared to the factor e i kz z ,
the second derivative of u with respect to z can be neglected, showing the paraxial wave
equation (32):

∇2
t u +2i k

∂

∂z
u = 0. (1.11)

1.1.2 Families of Solutions of the Paraxial Helmholtz Equation

There are different solutions to (1.11) depending on which transverse coordinate system
is chosen. For example, in Cartesian coordinates (x, y) the solution is given by a family of
Hermite polynomials, while in polar coordinates, Laguerre polynomials take this place. In
the following, some of these solutions are shown.

Hermite-Gauss modes (HG)

In rectangular coordinates, the solution u(r) can be separated into two parts:

uHG
nl (r) = uHG

n (x, z)uHG
l (y, z) (1.12)

to obtain a solution to (1.11) given by the product of a Gaussian with a Hermite polynomial
(19):

uHG
n (x, z) = B HG

np
w(z)

e
i k x2 z

2(z2
R+z2) e

− x2

w2(z) e−i
(
n+ 1

2

)
ψg (z)Hn

( p
2x

w(z)

)
, (1.13)

where w(z) is the beam waist, ZR is the Rayleigh length, ψg (z) is the Gouy phase, B HG
n is

a normalization constant and Hn is the Hermite polynomial of order n. For future refer-
ences, some of these quantities are shown in terms of the beam parameters as:

ZR = πw2
0

λ
, tanψg (z) = z

ZR
,

w2(z) = w2
0

[
1+

(
z

ZR

)2]
.

(1.14)

Laguerre-Gauss modes (LG)

On the other hand, when the symmetry of the transverse amplitude is cylindrical, the
second-order operator ∇2

t must be expressed in polar coordinates (ρ,ϕ):

∇2
t =

∂2

∂ρ2 + 1

ρ

∂

∂ρ
+ 1

ρ2

∂2

∂ϕ2 . (1.15)

Following a procedure analogous to the previous one, this leads to a solution for u(r) in
the form of a product between a Gaussian and a generalized Laguerre polynomial. This is
(19):

uLG
l p (ρ,ϕ, z) =

B LG
l pp

w(z)

(
ρ
p

2

w(z)

)|l |
e
− ρ2

w2(z) L|l |
p

(
2ρ2

w2(z)

)
e
−i k ρ2 z

2(z2
R+z2) e−i (2p+|l |+1)ψg (z)e i lϕ, (1.16)
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(A) `= 0, p = 0. (B) `= 1, p = 0. (C) `= 2, p = 0.

(D) `= 0, p = 1. (E) `= 1, p = 1. (F) `= 2, p = 1.

FIGURE 1.1: Transverse intensity distributions and phase fronts produced
by beams in LG modes for `= 0,1,2, and 3 with p = 0 and 1.

where l and p are the azimuthal and the radial indexes respectively, and L|l |
p is the gener-

alized Laguerre polynomial. The term e i lϕ is a helical phase that grows with |l | and whose
orientation is determined by the sign of this index. Figure 1.1 shows the intensity distri-
butions produced by the first two LG azimuthal modes. This helical phase gives rise to the
OAM in this kind of beam mode and is going to be discussed in section 1.1.3.

1.1.3 Orbital Angular Momentum of Paraxial Light Beams

As it was mentioned previously, LG modes carry a well-defined OAM due to the e i lϕ factor,
defining an amount of lħ units per photon. Due to the properties of LG modes (complete
and orthonormal) they can be used to define the basis for describing the OAM state of
a single photon. Since all the modes with the same ` value have the same OAM, they
are degenerated in the p index, leading to what is referred to in the literature as spiral
harmonics:

C` |`〉 =
∑
p

Cp,`
∣∣p,`

〉
, (1.17)

so that the state of the photon in the OAM basis is expressed as:∣∣ψ〉=∑
`

C` |`〉 . (1.18)

In other words, LG modes can be used to describe the quantum state of a single photon in
the OAM degree of freedom.

On the other hand, even though HG modes do not have a well-defined helical phase e i lϕ,
it is possible to find a unitary transformation between them and the LG modes (33).

1.2 Quantum Information

In classical information theory, the binary unit or bit is the basic unit of information. This
represents the logical state of a system such as on/off, true/false, up/down, among others.
Quantum information theory is built over a similar concept: the quantum bit or Qubit.
While bits have only two possible values usually represented as 0 and 1, qubits have the
property of superposition inherited by the quantum mechanics, allowing them to a full
continuous spectrum between the two commonly taken values.

bit → 0 or 1 Qubit → ∣∣ψ〉=α |0〉+β |1〉
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One important fact that must be pointed out about qubits and is, again, inherited from
its quantum behavior: when a qubit is measured, there are only two possible outcomes, 0
and 1 with probabilities |α|2 and |β|2 respectively. This means that quantum properties of
qubits are available only before a measurement is performed, afterwards, they behave as
classical bits.

In principle, any quantum system limited to two states can be considered as a platform for
the physical realization of qubits. For example, the polarization of photons (34), electron’s
spin (35), and cold atoms (36) with two levels are some of the commonly used platforms
for applications nowadays.

The concept of qubit can be generalized to higher-dimensional quantum systems, known
as qudits, which can have any number of discrete levels. This generalization leads to a
greater number of possibilities about what can or cannot be done with qubits. For exam-
ple, qudits carry a larger amount of information than qubits, have a lower cloning fidelity,
and lead to stronger violations of Bell’s inequalities (20)

Qdits → ∣∣ψ〉= d∑
i=0

ai |i 〉 .

In this sense, OAM modes can be used as a platform to study qudits since they belong
to a high-dimensional Hilbert space as equation (1.18) shows, depending on how many
` indices are taken. This allows the usage of OAM entangled states for all quantum high-
dimensional applications and is the reason why its study is of interest (20, 37, 38). More-
over, OAM modes contain rich properties derived from their spatial structure and the
study of these properties might allow new theoretical research and novel applications.

1.2.1 Bell States and Superdense Coding

Consider a two qubit system, A and B , which states are given by the general form:∣∣ψ〉
A =α |0〉A +β |1〉A

∣∣φ〉
B = γ |0〉B +δ |1〉B , (1.19)

such that the joint state |Ψ〉 might be expressed as:

|Ψ〉AB = ∣∣ψ〉
A

∣∣φ〉
B

= αγ |00〉AB +αδ |01〉AB +βγ |10〉AB +βδ |11〉AB .

This result suggests that a change of basis can be done between the computational basis
{|00〉 , |01〉 , |10〉 , |11〉}AB and any other as long as dimension is preserved. Among all pos-
sible choices, the Bell-states basis (or just Bell basis) is a usual candidate that has many
properties and advantages for the description of certain (entangled) systems. These states
are: ∣∣Ψ±〉

AB = 1p
2

(|01〉AB ±|10〉AB )

∣∣Φ±〉
AB = 1p

2
(|00〉AB ±|11〉AB )

(1.20)

and they represent four maximally entangled two-qubit states and a complete basis for the
two qubits system. An important fact about Bell-states is that three of them are symmetric
under particle exchange, while |Ψ−〉 is anti-symmetric. The transformation between Bell
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basis and computational basis is defined by:

|00〉AB = 1p
2

(∣∣Φ+〉
AB +|Φ−〉AB

) |01〉AB = 1p
2

(∣∣Ψ+〉
AB +|Ψ−〉AB

)
|11〉AB = 1p

2

(∣∣Φ+〉
AB −|Φ−〉AB

) |10〉AB = 1p
2

(∣∣Ψ+〉
AB −|Ψ−〉AB

)
.

(1.21)

It is straightforward to notice, since the dimension of the two-qubits space d = 4, that the
amount of information contained by the system is log2 d = 2 bits. This is the underlying
concept of superdense coding, a technique aimed to send a two-bits message encoded in
one qubit, as is explained in the original paper by Bennet and Wiesner (16). This protocol
allows us to increase the amount of information per photon in a communication channel.

In summary, the procedure is as follows. Suppose Alice (A) and Bob (B) share an EPR
pair (an entangled pair of qubits) described by one of the Bell-states mentioned before,
and Alice wants to send a message to her partner Bob. As Alice knows some quantum
mechanics, she wants to take advantage of the dimensionality of the two-qubits system
by sending two classical bits to Bob instead of one. As a previous agreement between the
parties, some correspondence rule between Bell-states and the two-bits string is set, for
example: ∣∣Ψ+〉

AB → 00 |Ψ−〉AB → 01∣∣Φ+〉
AB → 10 |Φ−〉AB → 11.

(1.22)

Then, by applying unitary transformations over her qubit, Alice can encode a two-bits
message in the EPR pair without having to manipulate Bob’s qubit. After encoding, Alice
shall send her qubit through a quantum channel to Bob for him to measure on the Bell
basis. Depending on the outcome, Bob will know which one of the two-bits strings was
sent by Alice.

1.2.2 Quantum Entanglement of Orbital Angular Momentum

Consider two photons, A and B, described in their OAM basis:∣∣ψ〉
A =∑

n
An |n〉A and

∣∣φ〉
B =∑

m
Bm |m〉B .

Then, the joint state of the system is then described by:

|Ψ〉 = ∣∣ψ〉
A

∣∣φ〉
B

= ∑
nm

AnBm |n〉A |m〉B

At this point, no assumption has been made regarding the nature of this state. In 2001,
Zeilinger and coworkers showed that OAM is conserved in the SPCD process by pumping
a BBO crystal with a pump having different values of `pump (-1, 0, and 1) and measuring
the OAM of idler and signal photons (39). In consequence, if the photon pair is produced
using the SPDC process, the OAM of the system must be conserved `p = n + m. This
conservation rule implies that all the coefficients AnBm must be zero if `p 6= n+m, leaving
only terms in the form:

|Ψ〉 =∑
`

A`B`p−` |`〉A
∣∣`p −`〉B .
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Since the state must be symmetric under the exchange of photons A and B, the coefficients
must satisfy A`B`p−` = A`p−`B` =C`,`p−`. Then, the previous equation leads to:

|Ψ〉 =∑
`

C`,`p−` |`〉A
∣∣`p −`〉B , (1.23)

where the coefficients C`,`p−` define the spectrum of `modes generated and the so-called
spiral bandwidth of the beam. It is well known from the literature (40, 41) and expected
from intuition (due to symmetries of the system) that coefficients C` are symmetric un-
der interchange centered around `p . In consequence, the previous expansion may be
re-written in terms of one of the Bell-states defined previously including the OAM index∣∣Ψ+

n,m

〉
AB = 1p

2
(|n〉A |m〉B +|m〉A |n〉B ) as:

|Ψ〉 = ∑
`=0

C`,`p−`
∣∣∣Ψ+

`,`p−`
〉

AB
, (1.24)

this state is usually referred to as the SPDC state. It’s important to point out that OAM
conservation brings some experimental considerations such as col-linear or nearly col-
linear emission of the SPDC due to paraxial approximation.

1.3 OAM State Engineering

To visualize symmetric and antisymmetric interference of OAM states, the first step is to
generate them. According to Y. Zhang et al., this can be achieved through a couple of Dove
Prisms (DP) with a relative angle between them (26).

Consider the SPDC state (1.24) in a pair of indices m,n as the initial state:

∣∣Ψ+
mn

〉
AB = 1p

2
(|m〉A |n〉B +|n〉A |m〉B ).

This state can be manipulated to generate symmetric and anti-symmetric contributions
depending on the m and n indices and the angle between the DP’s since they introduce a
complex phase e i 2mφ and e i 2nφ:

∣∣Ψ+
mn

〉→|Ψmn〉 = 1p
2

(|m〉 |n〉e i 2mφ+|n〉 |m〉e i 2nφ)

= e i (m+n)φ

p
2

(
|m〉 |n〉e i (m−n)φ+|n〉 |m〉e−i (m−n)φ

)
= e i (m+n)φ (∣∣Ψ+

mn

〉
cos((m −n)φ)

+i
∣∣Ψ−

mn

〉
sin((m −n)φ)

)
. (1.25)

The AB subscripts have been omitted. Depending on the OAM indices n and m, the ade-
quate angleφ is chosen for the appropriate application (see 4). Since m,n can be replaced
following the indices of (1.24), a more general expression would be:∣∣∣Ψ+

`,`p−`
〉
→

∣∣∣Ψ`,`p−`
〉

= e i (`p )φ
(∣∣∣Ψ+

`,`p−`
〉

cos((2`−`p )φ) (1.26)

+i
∣∣∣Ψ−

`,`p−`
〉

sin((2`−`p )φ)
)

, (1.27)

showing a dependence on the desired angle as a function of `p . This more general ex-
pression could be important for new applications that require entanglement between, for
example, the base mode with `= 0 (a Gaussian Beam) and the first spiral harmonic `= 1.
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FIGURE 1.2: Symmetry distribution of the different states for a given index
` (radial axis) and different values of the angle φ between the dove prisms
(color key). A dot over the y-axis means that, for that particular ` and φ,
the state is completely antisymmetric; while on the x-axis means that it is
symmetric. The index ` = 0 is omitted in both graphs for sake of clarity

(since it would be a dot at r = 0).

Figure 1.2 shows how the state symmetry depends of the index ` and angle φ, for different
values of the pumping index `p . For example, ifφ= 45◦ and `p = 0, all even indices `= 2n
are symmetric while odd indices ` = 2n + 1 are antisymmetric. On the other hand, for
`p = 1 and φ= 90◦, there are only antisymmetric contributions for the output state.

1.3.1 HOM Interferometric Filter

Once the desired state is produced, a Hong-Ou-Mandel (HOM) interferometer (42) allows
us to filter the antisymmetric contribution of a given state (26).

The transformations usually used to describe a HOM interference in a 50 : 50 Beam-Splitter
(BS) are (43):

â† → 1p
2

(â† + b̂†)

b̂† → 1p
2

(â† − b̂†).

We notice that these transformations do not include the ` index change over the reflec-
tion probability. Since the OAM index is changed under every reflection, the usual HOM
transformations must be modified such that this effect is taken into account:

â†
`
→ 1p

2
(â†
`
+ b̂†

−`)

b̂†
`
→ 1p

2
(â†

−`− b̂†
`

),

where the sign change under reflections is represented each time a photon changes its

original path. With the usual BS transformations, the state
∣∣∣Ψ−

`,−`
〉

would be unchanged
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after propagation through the BS leading to a coincidence count:

ÛBS
∣∣Ψ−

`−`
〉 =

(â†
`
+ b̂†

`
)(â†

−`− b̂†
−`)− (â†

−`+ b̂†
−`)(â†

`
− b̂†

`
)

2
p

2
|0〉`−`

= −
â†
`

b̂†
−`− â†

−`b̂†
`p

2
|0〉`−` =− ∣∣Ψ−

`−`
〉

. (1.28)

Now, with these modified BS transformations, it is the state
∣∣∣Φ−

`,−`
〉

the one that remains

unchanged over propagation:

ÛBS
∣∣Φ−

`−`
〉 =

(â†
`
+ b̂†

−`)(â†
−`− b̂†

`
)− (â†

−`+ b̂†
`

)(â†
`
− b̂†

−`)

2
p

2
|0〉`−`

= −
â†
`

b̂†
`
− â†

−`b̂†
−`p

2
|0〉`−` =− ∣∣Φ−

`−`
〉

. (1.29)

Since
∣∣∣Φ−

`,−`
〉

is not an antisymmetric state, it is necessary to map the
∣∣∣Ψ−

`,−`
〉

state into a∣∣∣Φ−
`,−`

〉
state before propagation through the BS, and back to state

∣∣∣Ψ−
`,−`

〉
after it, for the

interferometer to act as a usual antisymmetric filter. This operation is easily achieved us-
ing a couple of mirrors, one before and after the BS, such that reflections are compensated
for each path.

In this point, it is important to point out that interference visibility and pattern will de-
pend on the spatial structure of each ` mode since we are performing a spatially resolved
measurement of this interference.

HOM Interference Dip

In general, the shape of a HOM dip (or peak) will depend on the spectral amplitude func-
tions when the distinguishability of the photons is tuned by a temporal delay. On the other
hand, the symmetry of the state will determine if the coincidence probability decrease or
increase once the maximum interference is achieved. This effect is observed due to a di-
rect alteration of the photon statistics known as bunching, when the two photons take
the same output path, or anti-bunching in the opposite case (44, p. 115). The former is

present when the input state is symmetric (like the
∣∣∣Φ+

a,b

〉
,
∣∣∣Φ−

a,b

〉
, and

∣∣∣Ψ+
a,b

〉
states) since

the photons leave the BS through the same port; while the latter can be seen as proof of

anti-symmetric components of the state (such as
∣∣∣Ψ−

a,b

〉
) since the photons leave the BS

through different ports.

This could sound contradictory if contrasted with (1.29) since the input state is symmetric
but there is a photon on each output. To clarify this apparent contradiction, it is necessary
to remember that BS transformations were modified from their original form, that is why
the anti-symmetric filter must include a mirror before and after the BS to act as a well-
known HOM interferometer.

As an illustrative example, the spectral amplitude function can be modeled as a Gaussian
distribution truncated by a Rect (x) since we are using a ∆λ = 10 nm Band-pass Filter
(BPS). The coincidence probability is then obtained as the Fourier transform of the joint
spectral amplitude (43):
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(1.30)

where ωp is the pumping frequency, σ is the Gaussian width, Γ(z) is the complex error
function and K is a normalization constant such that the spectral amplitude functions
are normalized

∫
dω|φ(ω)|2 = 1. The sign ± is positive if the state is anti-symmetric, and

negative if symmetric. Figure 1.3 shows the time delay dependency of the coincidence
probability given in equation (1.30). We note that when visualizing HOM interference,
symmetric or antisymmetric contributions can be evidenced from the shape obtained as
long as photon bunching or anti-bunching is a signature of the symmetry of the state un-
der interference.
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FIGURE 1.3: Coincidence probability plotted against the time delay be-
tween the two photons. Here we have taken σ = 0.005 ps−1 and ∆λ =

0.01µm

Visibility

From the previous Figure 1.3, a question arises: what happens when the state is neither
symmetric nor antisymmetric? From expression (1.25) is clear that there is no restriction
about the state symmetry but, instead, a tunable mixture can be achieved through the
angle φ. The visibility of a HOM interferometer can be defined as (45):

v = pc (0)−pc (∞)

pc (∞)
(1.31)
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where pc (0) is the coincidence probability at zero path difference τ= 0 and pc (∞) = 0.5 is
the statistical probability of coincidence when τ→∞, meaning no interference between
the photons. Since the state

∣∣Φ−
m,n

〉
is the only one leading to coincidence count in equa-

tion (1.25) after the BS, a theoretical expression for the maximum reachable visibility is
obtained:

v = 2sin2 (
(2`−`p )φ

)−1, (1.32)

where the sign of v indicates if maximum interference corresponds to a dip (negative) or a
peak (positive). If contrasted with Figure 1.2a, this expression clearly shows how the state’s
symmetry or anti-symmetry influences the maximum visibility that can be achieved. If a
state is over the vertical/horizontal axis of this plot, then 100% visibility of the peak/dip
should be reachable. On the other hand, if the state is over a diagonal, then it does not
have a well-defined symmetry and no peak or dip should be visible, which would be the
case of φ=π/4 and `p = 1.

This expression has to be properly adjusted for experimental testing since, experimentally,
perfect visibility |v | = 1 is not easy (or even possible) to reach. In fact, this is only an
approximation that will allow us to explain some of the obtained results since a real and
more accurate expression for v must include a detailed study of the spectral and mode
properties from the SPDC source.

In the next chapter, we show our experimental procedure to achieve the objective of vi-
sualizing the interference behavior of symmetric and anti-symmetric OAM states, taking
into account the concepts embodied in this first chapter.
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Chapter 2

Experimental Realization

We based our experimental set-up on the original one made by Yingwen Zhang et al. (26)
which is shown in Figure 2.1, in there a non-collinear SPCD type-I emission is used as
OAM entangled states source. Path B contains the pair of Dove prisms (DP) rotated, one
respect to the other by φ= 45◦, such that the state:∣∣Ψ+

`−`
〉→|Ψmn〉 = ∣∣Ψ+

`−`
〉

cos
(
`
π

2

)
+ i

∣∣Ψ−
`−`

〉
sin

(
`
π

2

)
, (2.1)

is produced, in which, as it was mentioned in the previous section, even elements stay
symmetric and odd elements become antisymmetric. The usage of Spatial Light Modula-

FIGURE 2.1: Original OAM State Engineering set-up, taken from (26).

tors (SLMs) allows us, along with a Single-Mode Fiber (SMF) and a Single-Photon Avalanche
Detector (SPAD), the experimental implementation of an OAM-state projector depending
on what is displayed on the SLM screen (19). This mode-projector requires imaging the
BBO-crystal plane (intensity and phase) onto the SLM surface to print the correspond-
ing e i lϕ phase into the wavefront. To maximize the collection of light, it is necessary to
map this same plane into the �∼ 6µm core of the SMFs. In principle, changing one of
the mode-projectors for an iCCD would allow us to visualize the corresponding LG mode
along with its interference behavior.

2.1 HOM interferometer

The success of this experiment relies on some key setups. One of these is the HOM inter-
ferometer since it acts like an anti-symmetric filter for the joint state and will trigger the
image acquisition system.
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As a first-step approach, a HOM interferometer (shown in Figure 2.2) was built using a
Type-I non-collinear SPDC source. The latter consists of a BBO (Beta barium borate) crys-
tal pumped by a MOGLabs laser at 405 nm wavelength. The wavefront is first coupled to
an SMF (405 nm) to filter the laser mode, selecting `p = 0 as the OAM pumping index.
Then, after a half-wave plate, the laser light is focused on the crystal by a 1000 mm focal
distance lens with a beam waist w0 ≈ 120µm (see Appendix A).

FIGURE 2.2: Experimental implementation of the Hong-Ou-Mandel interferometer. The red zone
indicates the photon-pairs source. The green zone contains the temporal delay ∆τ and the yellow

zone the interference stage, along with the temporal delay and the coupling to the APDs.

A high-pass and a band-pass filter with∆λ= 10 nm around 808 nm are added to the SPDC
emission to shape the dip/peak width and reach higher visibility. Due to the non-collinear
configuration reached by tilting the crystal from its normal incidence, the photon pairs are
generated with angles around 1.5 ◦ from the pumping propagating direction. This latter
part is important since OAM conservation demands nearly collinear emission to fulfill the
paraxial approximation requirement.

The correlated parts of the cone are overlapped on the semi-reflective face of a 50 : 50
beam-splitter cube by means of a 4f system for each arm, consisting of an f = 150 mm
and two f = 500 mm lenses. This imaging system allows us to collect more light into the
detectors and to interfere the image of the crystal’s plane with itself. The time delay is
tuned by a two-mirror array disposed over a Newport DC motor with a travel range of 25
mm and a minimum incremental step of 100 nm. The photons coming out from the cube
are collected into SMF’s by aspheric lenses of 8 mm focal length, leading to single-photon
avalanche detectors (SPADs) connected to a NIM Id-800 modulus to register coincidence
counts.

It is important to point out that, in this set-up, the OAM index has a passive role since the
coupling to the SMFs allows only Gaussian modes (` = 0) detection. Consequently, the
detected photons are indistinguishable on the OAM basis, allowing an almost complete
interference.

Once that HOM interference is achieved, DPs are introduced at a relative angle φ = 45◦

(as Figure 2.3 shows), such that even OAM-indices stay symmetric and odds become an-
tisymmetric. Due to refraction from DPs glass, an additional delay ∆τ has to be added.
For N-BK7 glass DPs, the added optical path is around 3 cm for each prism, as our delay
is disposed in reflection, the Newport DC motor had to be moved one inch in the optical
table. On the other hand, DPs refraction also affects the optical path inside the 4f imaging
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system, for which the respective f = 500 mm lens had to be moved such that the crystal
image was mapped again into the BS plane.

FIGURE 2.3: Addition of the DPs to our Hong Ou Mandel interferometer set-up.

2.2 OAM conservation in Type-I non-collinear SPDC

Once that the interference point was achieved, it was necessary to ensure OAM conserva-
tion in this non-collinear arrangement. Based on previous works done in our group (46),
we used an SLM and an SMF as mode-projector to trigger an iCCD camera disposed after
a 28 m-long optical delay. An illustrative scheme is shown in figure 2.4.

FIGURE 2.4: Set-up employed to visualize the correct OAM conservation
in type-I non-collinear SPDC.

To achieve the visualization of this OAM conservation, we removed the BS and the DPs but
kept the motor’s position. Using a 4f imaging system, the image of the crystal was mapped
into a HOLOEYE Pluto SLM from the BS plane. The SLM has a 1920x1080 display with
pixel size 8µ;m and is connected to a computer through an HDMI connection, acting as
an extra screen. This SLM reads the green channel from the image displayed and con-
verts it into a phase difference in a non-linear way that has to be characterized to ensure
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the correct performance of the device. This characterization was previously done in our
group.

To measure a photon with a spiral phase e iφ`, it is necessary to transfer an opposite amount
of OAM e−iφ` to the wavefront such that it becomes a Gaussian mode, which is able to
couple to an SMF. This procedure was achieved by displaying previously-calibrated phase
masks into the SLM, known as fork-shaped holograms, which is obtained by the product
of the desired vortex term e iφ` with a phase-ramp e i ksi n(α)x . These holograms produce a
diffraction pattern similar to a common diffraction grating (see Figure 2.5), but in which
each order has an e i mφ` phase transferred to it, with m the diffraction order (47).

FIGURE 2.5: Fork-shaped holograms projected on the SLM display. From
left to right: `= 0,1,2,3.

In this vein, a fork-shaped hologram was displayed on the SLM screen containing the de-
sired phase dislocation. The first diffraction order was sent through a x666 demagnifier
image system to be coupled into an SMF and detected by an APD to trigger the iCCD cam-
era, through a NIM modulus, to detect the idler photon.

An additional feature over the usage of SLM has to be discussed in this section. To transfer
the desired phase to the wavefront, the difference between a pixel and the other in their
green value (the phase difference induced) can not be arbitrarily large, setting a maximum
value for the angleα of the phase ramp. This introduces a limitation in the size of the beam
w0, which is why the SPDC mode has to be at least around 800 µm. On the other hand,
it is known since the beginning of OAM investigations that a miss-position of the phase
mask on the SLM would cause the projection of the mode in a superposition (39). This is
avoided if the mode is large enough such that the phase mask has some pixels of range to
be located properly.

This image acquisition can be done in many planes depending on the image that is sent
across the optical delay. For example, adding a lens before the iCCD allow us to vary from
a close field from the crystal to a far-field. This will also affect the time necessary to define
a properly space-resolved measurement of the LG mode.

2.3 Visualization of symmetric and antisymmetric behavior

Once we ensure the OAM conservation through the mode visualization, the DP’s have
to be added again along with the BS to re-build the HOM interferometer and the anti-
symmetric /symmetric states source. This movement forces us to re-measure the position
on the motor such that τ= 0. To be able to change between the imaging system and the in-
terferometer APDs frequently, the two mirrors just after the BS were disposed on flipping
mounts as shown in Figure 2.6.

Since the idea is to visualize the symmetric and anti-symmetric behavior of the state (2.1),
71 pictures of 30 s long were taken in a far-field of the SPDC emission each 2µm beginning
72µm away from the position for τ= 0. This procedure was repeated for `= 0,1,2,3,4.
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FIGURE 2.6: Symmetric and anti-symmetric behavior visualization setup.
The red zone corresponds to an entangled-pairs source, while the cyan
zone shows the DPs rotated one from the other to produce the state (1.25).
The green zone contains the tunable temporal delay τ and the yellow one
corresponds to the BS. The orange zone constitutes the OAM-mode pro-

jector to signal the image acquisition (blue zone).

2.4 Alignment

Alignment was done by means of an infrared fiber-laser split in two by a PBS. As a conse-
quence of the non-collinear emission, the reference beams had to be directed at 1.5◦ and
−1.5◦ from the pump at the crystal’s plane. To ensure overlapping of the reference beam
and the SPDC emission, close and far-field images were obtained with an Andor iCCD as
shown in Figure 2.7.

(A) Close-field. (B) Far-field.

FIGURE 2.7: Images of overlapping the reference beam (RB) and the SPDC
emission (SPDC-e.) on the (A) close-field and (B) on the far-field. Overlap-
ping on the far-field ensures that the RF and the photons share the same

direction.

A 4f imaging system was introduced (not shown on set-up figures) using two removable
lenses f1 = 125 mm and f2 = 300 mm to map the crystal plane into a variable diaphragm.
this to preserve the alignment and introduce a pre-magnification of the SPDC emission.
This alignment method allowed us to define the image planes (IP) along with a size-controlled
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aligning spot, useful when aligning imaging systems such as the demagnifying telescopes
and the interference on the BS.

Once that the reference beams transmitted from the BS were coupled to the SMFs (right
after the HOM interferometer) a maximum coincidence count of 8000 per second with a
30 mW (measured after the HWP) CW pumping beam was reached just after connecting
the fibers to the APDs. We found that any attempt to optimize this coincidence rate with
the SMFs coupling leads to a lower number of coincidence counts.

An image of the overlapping of the two correlated zones of the SPDC cone is shown in
Figure 2.8. This rotated shape from one of the arms is an additional difficulty since it
is not clear which two parts of the cones are anti-correlated in the OAM index. On the
other hand, the two parts of the cone have to travel as collinear as possible after the inter-
ference, such that both have the same phase transference on the SLM plane and can be
collected by the SMF; at the same time, these anti-correlated zones must overlap on the
image captured by the iCCD. Regarding this last part, it is worth mentioning that high vis-
ibility depends (experimentally speaking) on how well the modes are overlapped on the
BS and, if they do not travel in a collinear way after interfering, interference fringes will
appear in the image taken in coincidences.

FIGURE 2.8: When overlapped, the two diametrically opposite zones of
the SPDC cone draw a cross-shaped image since one of the arms is rotated
by the DPs. This is an additional difficulty to the experiment since it is
not easy to find the exactly two correlated zones to be overlapped while

maintaining acceptable visibility.

In other words, the extra difficulty in this experiment relies on overlapping the SPDC emis-
sion (the crystal plane) in 4 different planes when one of the arms is rotated: the BS plane,
the SLM plane, the SMF plane, and a far-field plane on the iCCD sensor.

In the next chapter, we show the results obtained from the implementation of the experi-
mental methods described in this section.
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Chapter 3

Results and Analysis

3.1 Hong-Ou-Mandel Interferometer

Figure 3.1 shows an example of the two HOM dips obtained after performing the process
embodied in Section 2.1. An experimental data fit was added to each HOM interference
pattern as a guide to the eye. In each sub-figure, the average of coincidence counts is
different, being around 130 and 6000 for 3.1a and 3.1b respectively. This great difference
is explained only by the implementation of the alignment method mentioned in Section
2.4.
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FIGURE 3.1: HOM experimental dips. Yellow points denote the experi-
mental results, while the red line is a fit made from the experimental data
using a Gaussian function multiplied by a Sinc. Results obtained (a) with-

out DPs (b) with DPs.

Since the photons follow a Poisson distribution, the higher the count rate, the smaller the
error in the measurement. This is the reason why the first plot seems to have a greater
dispersion of the experimental data concerning to the fit. Both measurements were made
with an integrating time of 1s, with steps of 1µm in the motor.

These results show that adding the DPs does not affect substantially the width of the HOM
dip, although it was found that reaching high visibility is not as easy as it is when there are
not DPs.
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3.2 OAM Modes Visualization

Following the method explained in section 2.2, coincidence images were taken for 4 differ-
ent values of `s on the OAM-projector. Since the iCCD records on each pixel the number
of coincidences, we do not only get the intensity profile in which the idler photon is pro-
jected, but also a total number of coincidences when summing all over the image. This
feature will be important to obtain the HOM interferometer from the images obtained
through the procedure described in 2.3.

(A) Mode `= 0. (B) Mode `= 1.

(C) Mode `= 2. (D) Mode `= 3.

FIGURE 3.2: Spatial modes of the idler photon when captured in coinci-
dence by the iCCD after the projection of the signal photon on the speci-

fied ` index.

The images shown in Figure 3.2 exhibit the intensity patterns obtained after a 60s integra-
tion. Background subtraction was performed on each image and a noise filter was applied
to eliminate high-valued fluctuations. The coincidence counts decrease as long as ` is
incremented, this is due to the different values of the probability amplitude coefficients
C`,−` from equation (1.24). Since it is not the purpose of this work to reconstruct the pro-
duced state, no further confirmation of the ` index measured was made apart from the
increment of the ring radius size. This experimental implementation was made to con-
firm the OAM conservation in the non-collinear regimen, so that procedure 2.3 could be
implemented.
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3.3 Interference Visualization

The set of 355 images, acquired by the procedure explained in Section 2.3, were analyzed
to recover the corresponding HOM dip/peak. Consequently, the visibility obtained for
each index ` studied is reported.

3.3.1 Symmetric Behavior

The mode LG0 can be chosen as the first symmetric state since its OAM index is not af-
fected by the DPs, then no relative phase between the photons is expected. This is proved
by the image sequence in Figure 3.3, where the coincidence counts decrease as the mo-
tor reaches the ∆x = 0 µm position. A closer look at this sequence of images reveals that
the spot does not turn off all at the same time but, instead, it is turning off in an upside-
down way. This is an effect of the apparition of an interference fringe due to an imperfect
alignment.

FIGURE 3.3: From left to right, the photo sequence of the LG0 mode en-
tering into the HOM dip. The first photo is ∆x =−20µm away from maxi-

mum interference while the last one corresponds to ∆x = 0µm.

This last point allows us to claim that the HOM interference contains a spatial structure
as a more formal HOM theoretical calculation should show. In a sense, this fringed ap-
pearance was to be expected due to the wave description of the photons. An even more
important claim should be that photon bunching has a spatial dependency inherited di-
rectly, in this case, from the alignment.
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After analyzing the images (see Appendix B), we recover the HOM interference directly
from the pictures. The obtained HOM dip is shown in Figure 3.4, where experimental data
is represented by yellow squares while the red line is a fit made from the experimental
data using a Gaussian function multiplied by a Sinc. By using expression 1.31, the visibility
reported is −80.9%, with an estimated uncertainty of ±3% due to its dependence on the
parameters used to process the images.

3.3.2 Anti-Symmetric Behavior

The index `= 1 produces the first anti-symmetric state and then, a peak in the HOM inter-
ferometer is expected. This means that as the motor moves to∆x = 0µm, the coincidence
counts (and then, the mode) must increase its intensity due to photon anti-bunching. This
is proved by the image sequence in Figure 3.5.

FIGURE 3.5: From left to right, the photo sequence of the LG1 mode en-
tering into the HOM peak. The first photo is ∆x = −20 µm away from

maximum interference while the last one corresponds to ∆x = 0µm.

Despite the increasing number of counts as the interference turns on, the mode does not
change its original shape, instead, it becomes brighter as expected. This observation al-
lows us to affirm that HOM interference does not affect mode parameters, such as the
beam waist w0, but only the superposition coefficients. In this particular case, it is not
possible to appreciate any interference fringe despite all measurements were done con-
secutively.
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mental images for the anti-symmetric mode corresponding to `= 1.
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The HOM interferogram obtained after analyzing the series of 71 images is shown in Fig-
ure 3.6. These data clearly show an anti-bunching behavior as the interference becomes
stronger, increasing the coincidence probability. This is proof that the measured state
contains a significant anti-symmetric contribution. As we will discuss below, it is not easy
to ensure that the engineered state is completely anti-symmetric due to the experimental
error introduced when measuring the angle between the DPs.

3.3.3 Interference for Higher Orders

The same procedure as before was repeated for modes ` = 2,3, and 4. An unexpected
(but not surprising) result was found. To introduce these results, let us recall Figure 1.2a
in which we schematically show how the state symmetry depends on the index ` and the
angle between the DPs, φ.

Consider the case φ= 60◦ (red triangles). Depending on each index `, the state symmetry
would produce a HOM interference with poor visibility for every state close to the diagonal
axes. On the other hand, for ` = 3 it would produce a well visible HOM dip since it lies
over the horizontal axis. Tuning the angle between the prisms changes the position of
the dots in a continuous way, ranging from the yellow line (φ = 60◦) to the brown one
(φ = 45◦). These small variations of the angle have a direct consequence on the visibility
of the corresponding dip/peak, and it becomes more important as the index ` becomes
greater (see equation (1.32)).

FIGURE 3.7: HOM interferogram for each corresponding index `.

Following these arguments, the visibility obtained varies from the expected as ` increases
since there is uncertainly in the angle measurement. This can be seen from Figure 3.7,
where the different HOM interferograms are shown for indices from ` = 0 to ` = 4. The
presence of photon-bunching in the even indices (yellow lines) and anti-bunching in the
odd indices (red lines) shows the concept of symmetry-tuning, but it is also possible to see
how visibility decrease as the OAM index increase. This meaning that the angle φ was not
set to exactly 45◦, but some value close to it.
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A way to find this angle is using equation (1.32), introducing a scaling factor for experi-
mental testing:

v = A(2sin2 (
(2`−`p )φ

)−1), (3.1)

and performing a fit from the data to find the adjusting parameter φ. Doing so, we found
the angle between the prism was 47.9◦, obtaining the graph shown in Figure 3.8a. The
polar representation of the state’s symmetry was reproduced for this specific angle and
is shown in Figure 3.8b. In congruence with the arguments given earlier, as ` becomes
greater, the points get more displaced from the horizontal and vertical axes, producing
smaller visibility of the HOM dip/peak.
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FIGURE 3.8: (A) Visibility fit from experimental data. (B) Symmetry distri-
bution of the state for the angle obtained through the data fit.

The sequence of the images taken for each of the OAM indices (as those shown in figures
3.3 and 3.5) can be seen scanning the QR code from Figure 3.9.

FIGURE 3.9: Scan the QR code to see the series of images taken or visit
https://media.giphy.com/media/bqGp1lt60SksIUCLwv/source.

gif.

https://media.giphy.com/media/bqGp1lt60SksIUCLwv/source.gif
https://media.giphy.com/media/bqGp1lt60SksIUCLwv/source.gif
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Chapter 4

Proposed Applications

4.1 Quantum Teleportation

An important application of qubits and their quantum-mechanical properties is known
as quantum teleportation (QTP). By means of this technique, Alice can send Bob the in-
formation contained in a qubit using a classical channel and a previously shared EPR pair,
as presented for the first time by C. Bennet and coworkers in 1993 (13). The procedure is
relatively simple and is explained below.

As it was mentioned before, Alice and Bob share an EPR pair in any of the Bell’s states given
in equation (1.20), for example |Ψ−〉AB . Suppose Alice wants to send the information of a
third qubit, given by Charlie

∣∣ϕ〉
C , to Bob. The joint state of the system may be written as

the product state:

|Ψ〉 = ∣∣ϕ〉
C |Ψ−〉AB

= (
α |0〉C +β |1〉C

) 1p
2

(|01〉AB −|10〉AB )

= 1p
2

[
α (|001〉C AB −|010〉C AB )+β (|101〉C AB −|110〉C AB )

]
(4.1)

where the notation |〉C |〉AB has been reduced to |〉C AB . Realize that the full computational
basis is present between qubits C and A, both belonging to Alice, which leads to the idea
of transformation from computational basis to Bell basis following equations (1.21):

|Ψ〉 = 1

2

[∣∣Φ+〉
C A

(
α |1〉B −β |0〉B

)+|Φ−〉C A
(
α |1〉B +β |0〉B

)
− ∣∣Ψ+〉

C A

(
α |0〉B −β |1〉B

)−|Ψ−〉C A
(
α |0〉B +β |1〉B

)]
.

(4.2)

Several conclusions can be made from this result. First of all, there are four possible out-
comes from measuring this state on the Bell basis, all of them with the same probability.
Depending of the result of the measurement, Alice will know in which of the superposition
states is Bob’s qubit. Even though Bob already has his qubit in a superposition given by
coefficients α and β after Alice’s measurement, the task is not complete until he gets the
original state

∣∣ϕ〉
C . Therefore, Alice must communicate Bob the outcome of her measure-

ment, so that he can perform the adequate unitary transformations over his qubit to get
the desired result. This can be done by establishing a correspondence rule between the
measured Bell state and a pair of classical bits as in Eq. (1.22), or encoding in the first bit
whether the coefficients are swapped (01), in the second if they have an additional phase
between them (10), or both (11).
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There is an important additional aspect of the result (4.2). The initial state shared be-
tween Alice and Bob is also the outcome for which no extra operation is needed for Bob
to recover

∣∣ϕ〉
C . This comes into play at the moment in which the measurement has to

be performed since |Ψ−〉AB is the only anti-symmetric state of the Bell basis and then, the
only one leading to coincidence detection after the HOM filter.

After the anti-symmetric state is prepared, the joint state looks similar to equation (4.2)
written in the corresponding OAM basis:

|Ψ〉C AB = (
α |m〉C +β |n〉C

) |mn〉AB −|nm〉ABp
2

= 1

2

[∣∣Φ+
m,n

〉
C A

(
α |n〉B −β |m〉B

)+ ∣∣Φ−
m,n

〉
C A

(
α |n〉B +β |m〉B

)
− ∣∣Ψ+

m,n

〉
C A

(
α |m〉B −β |n〉B

)− ∣∣Ψ−
m,n

〉
C A

(
α |m〉B +β |n〉B

)]
,

where, once more, is important to point out that if the anti-symmetric state is detected
between photons A and C , no additional operation is needed over B to recover the original
state.

Hong-Ou Mandel interference can be used to measure the anti-symmetric contribution
between A and C of the state |Ψ〉C AB when conditioned to coincidences. This assever-
ation must be made with extreme care because beam-splitter transformations produce
additional terms since there is a three-particle state.

Consider the original joint state in terms of the corresponding operators:

|Ψ〉C AB = 1p
2

(αĉ†
m +βĉ†

n)(â†
m b̂†

n − â†
n b̂†

m) |0〉C AB .

Since the HOM filter acts as a usual HOM interferometer, well-known BS transformations
can be applied:

â†
i →

1p
2

(âi
† − ĉi

†) and ĉ†
i →

1p
2

(âi
† + ĉi

†).

By developing the product, the final state is:

|Ψ〉C AB = 1

2
p

2

(
α(ĉ†

m + â†
m)+β(ĉ†

n + â†
n)(â†

m − ĉ†
m)b̂†

n − (â†
n − ĉ†

n)b̂†
m

)
|0〉C AB

= 1

2
p

2

(
−αâ†2

m b̂†
n +αâ†

n â†
m b̂†

m − â†
n â†

mβb̂†
n + â†2

n βb̂†
m

−αâ†
m b̂†

m ĉ†
n +αâ†

n b̂†
m ĉ†

m − â†
mβb̂†

n ĉ†
n + â†

nβb̂†
n ĉ†

m

+αb̂†
n ĉ†2

m −αb̂†
m ĉ†

m ĉ†
n −βb̂†

m ĉ†2
n +βb̂†

n ĉ†
m ĉ†

n

)
|0〉C AB .

This twelve-terms result seems to have no further conclusion about the state to be mea-
sured, but if only terms involving one photon in each path are considered (coincidence
detection between A,B , and C ), the expression is reduced to just four terms:

|Ψ〉C AB = κ
(
ĉ†

m â†
n(αb̂†

m +βb̂†
n)− ĉ†

n â†
m(αb̂†

m +βb̂†
n)

)
|0〉C AB

|Ψ〉C AB = κ
∣∣Ψ−

m,n

〉
C A

(
α |m〉B +β |n〉B

)
.

The normalization constant κ is added due to the elimination of the non-coincidence
terms. To summarize, if photons A and C are introduced in a HOM interferometer, only



4.2. Quantum Imaging 25

the anti-symmetric contribution of the whole state will lead to coincidence measurements.

By inspection of the previous result, is clear to see that the resulting state on photon B is
the initial state of photon C .

There is an important difference between the procedure shown here and that leading to
eq. (4.2): m and n are any pair of indices satisfying

∣∣Ψ−
m,n

〉
AB as the input state of photons

A and B .

A naive proposal for an experimental setup to implement the protocol described before is
shown in Figure 4.1. It consists of a source of entangled pairs engineered into the

∣∣Ψ−
m,n

〉
AB

state through the DPs. A third photon created by a secondary SPDC emission is projected
into the desired

∣∣ϕ〉
C state by means of an SLM. Photon D is unmeasured. A member of

the entangled pair AB is introduced into the anti-symmetric filter along with the photon
C , such that they are projected by an SLM on the SMFs. If the iCCD camera is triggered by
coincidence counts, then the

∣∣ϕ〉
C state should be visible.

FIGURE 4.1: Experimental proposal for Quantum Teleportation imple-
mentation in the OAM degree of freedom. OD: optical delay.

The experimental proposal includes the possibility of pumping with different OAM in-
dices `p since, as equation 1.26 shows, it is possible to engineer all pairs to be in an anti-
symmetric state by using `p = 1.

4.2 Quantum Imaging

Ghost Imaging (GI) is a technique that exploits the quantum correlations, in position and
momentum, of quantum systems to reconstruct the image of an object (48). The idea is
to exploit these correlations to recreate the image of the object using light that has not
interacted with it, hence the name.

These spatial correlations allow reconstructing the image of the aperture disposed on the
signal photon by scanning the idler, searching for coincidence counts. Since then, there
have been done many studies for reducing the time required for the acquisition of such
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FIGURE 4.2: Original set-up for implementation of GI. Taken from (48).

images, as well as enhance their quality (28, 49, 50). Most of these techniques are designed
to improve GI made using bucket detectors, but, as we count with an iCCD camera, spa-
tially resolved measurements are relatively direct to obtain.

Implementation of GI using OAM-entangled symmetric and anti-symmetric states has al-
ready been done by Bornman et al. (29) using the same experimental set-up implemented
by Y. Zhang et al. to produce and filter this kind of state. It was shown that the image ob-
tained was a double ghost image given by the superposition of reflected and transmitted
light with a relative rotation due to the angle between the DPs. Nonetheless their work,
there is no exploration of the superposition of symmetric and anti-symmetric states, for
which different results could be achieved.

Since we are able to spatially resolve the symmetry of the state in terms of its HOM in-
terference, it should be possible to engineer a phase mask such that it projects a different
OAM state (symmetric or anti-symmetric) depending on each image region. This phase
mask must have a given symmetry due to the rotated superposition of the modes.

FIGURE 4.3: Phase mask proposed as a simple proof-of-concept to imple-
ment spatially resolved measurement of the symmetry of the state.

Figure 4.3 shows an example of a phase mask to test the idea as proof-of-concept. The
region within the circle contains the phase mask used to project the photon into the `= 1
mode, while the external square is made by the ` = 0 mask (without singularity). As the
interference becomes more important, the inner circle should increase its intensity while
the external region darkens, giving place to a double-contrast to define the circle. On top
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of that, we would be performing a spatially resolved measurement of the symmetry of the
state.

(A) ∆x ∼∞ (B) ∆x = 0

FIGURE 4.4: Ghost Imaging of the phase mask displayed on the SLM (A)
Far from maximum interference. (B) With maximum interference.

Using the phase mask shown in Figure 4.3, we got the images inside and far away from the
maximum interference. Figure 4.4 shows these two acquisitions in which differences are
observed in the sharpness with which the circle is defined and the singularity in its inte-
rior. The inner area of the image is illuminated by an LG mode with `= 1 while the outer
area corresponds to a Gaussian mode, as Figure 4.4a shows. Once the interference plays
its role, the circle will increase its brightness (counts) while the zone around it darkens
producing better image contrast and definition.
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FIGURE 4.5: Intensity profiles of images taken. Light colors correspond to
the photo far from the interference, while strong colors correspond to the

maximally interfered image. (A) Horizontal profile (B) Vertical profile.

As the anti-symmetric part of the image increase its counts while the symmetric part de-
creases them, the product is a better definition of the image edges. Figure 4.5 shows the
different profiles extracted from the images shown in Figure 4.4. The blue lines correspond
to the horizontal profile while the green lines to the vertical ones.
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Chapter 5

Conclusions and Future Work

We implemented a spatially resolved version of Zhang’s experiment (26) using an iCCD
camera along with an optical delay. Beyond that, we performed a study of how these engi-
neered states are produced in terms of the pumping index `p and showed that the visibil-
ity can be used as a measurement of the symmetric or anti-symmetric contribution of the
state. We proposed a way to visualize these two contributions using the polar plots shown
in Figure 1.2.

Furthermore, we recovered the HOM interferometer from the pictures taken after building
our setup. The experimental difficulty of this experiment led us to propose an ingenious
form of alignment that proved to be highly accurate.

This study also showed that HOM interference has a spatial structure that has to be re-
viewed theoretically in the way to purpose new applications. One of these studies should
be the theoretical development of the double contrast ghost imaging we implemented ex-
perimentally. On the other hand, we included quantum teleportation as a new application
for these engineered states and we proposed a possible way to do it experimentally.
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Appendix A

Pump characterization

To characterize the pump beam size, 20 pictures were taken in positions 2.5 cm apart
from each other such that the beam waist was in that range. For each picture, a circle that
enclosed the %97.6 (first Airy radius) of the intensity was found. With these data, a fit with
the form:

w(x) = w0

√
1+

(
x −L

z

)2

was performed through Gnuplot to find the fit parameter w0 (see Figure A.1).
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FIGURE A.1: Dots correspond to beam radius. The dashed line shows the
fit to the previous equation.

The beam waist is obtained by the product of the w0 obtained from the fit and the pixel
size.
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Appendix B

Image Processing

An example of a raw image acquired for the LG0 mode by the iCCD can be seen in Figure
B.1a. This picture is made by the number of counts accumulated by the iCCD on each
pixel. Despite the conditioning triggering of the camera, there are around 800 counts per
pixel coming from accidental counts, fluctuations, among others. On top of that, some
points in the image contain high-valued fluctuations that must be removed.

In order to do that, a noise filter was applied to the raw image by finding pixels with values
higher than 1.5 times the mean of a neighborhood defined by a circle of 2 pixels of radius.
The resulting image is shown in Figure B.1b. Some of the most noticeable effects of this
filter can be seen by inspecting two regions. The first one is around coordinates (110,45),
where a high-valued pixel far from the gaussian spot has been removed. The second re-
gion is the fluctuation near to (125,65), where the high-valued spot has been attenuated.

Since the noise filter does not remove the background counts, it is necessary to define a
threshold to distinguish the desired signal from the noise. To do so, we found a circu-
lar region, centered on the mode, that enclosed 35% of the total counts. The average of
the pixels out of that region was computed and subtracted to the signal, negative values
were taken as zero. Figures B.1c and B.1d show the region enclosed by the circle and the
background-subtracted image respectively. Notice that maximum counts still in the same
order as before the background subtraction.

Finally, we defined a region of interest such that it enclosed 85% of the total counts but in
the corresponding dip/peak image. We ensured that this region was large enough for each
studied mode. An example is shown in Figure B.1e. To find the number of coincidences,
we integrate the same region on each image for each corresponding series of 71 images.
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(A) Raw data. (B) Image after the conditional noise filter.

(C) Zone from which background threshold is ob-
tained.

(D) Image after background subtraction.

(E) The Region of interest is defined by the mode in-
tensity on the corresponding dip/peak.
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