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ABSTRACT

The spatial structure of light as a degree of freedom holds great potential for encoding
large amounts of information in both classical and quantum optical communication systems.
Spatial modes such as Hermite Gauss, or Laguerre Gauss modes are embedded in an infinite
dimensional Hilbert space, a feature that can significantly enhance quantum information
processing protocols. In particular, Laguerre Gauss modes, which are associated with discrete
value of orbital angular momentum (OAM), have enabled numerous experimental
demonstrations of high-dimensional quantum protocols that exhibit key advantages such as
improved noise-tolerance or channel capacity in comparison to two-dimensional qubit state
encoding. Quantum states exhibiting orbital momentum entanglement can be generated via
spontaneous parametric down conversion (SPDC) in a nonlinear crystal as a consequence of

momentum conservation during the process.

This thesis we investigate a two-photon state in space and frequency using a Gaussian
pump beam, for SPDC bulk in non-linear crystals, considering a collinear geometry, and
restricting the spectral bandwidth to the narrowband case. We derive analytic expressions for
two- and single photons spectral brightness. We also investigate the role of focusing
parameters. As well as the optimal waist for the pump and the collection modes. A solution
for the pair collection efficiency was previously derived in [1]. However, an analytical
expression for the single photon collection has not been (to the best of our knowledge)
reported, in order to verify that our results are correct, we calculate the heralding efficiency
(given by the ratio of pair collection detection and the detection of a single photon) and
compare our results with the one reported in [2]. For both (pair- and single-photon) collection
probabilities our findings are in excellent agreement with the previous studies. The results
obtained in this work are expected to be useful for designing SPDC sources with high

performance in multiple categories.
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1 Introduction

Quantum communications systems are based on the linearity of quantum theory and the
existence of superpositions of quantum bits (qubits) [3]. When multiple qubits exist in a
simultaneous superposition state, the system is said to be entangled. The photons that
constitute the entangled states are strongly correlated and their entangled nature can be
preserved over large distances. The most common source for generating entangled photon
pairs is by means of spontaneous parametric down conversion, in which a strong field (pump)
interacts with a non-linear crystal, generating a lower frequency photon pair (signal and idler)
that propagates at certain angle [4]. When SPDC is properly engineered, the photon pairs can
be entangled in any degree of freedom for example path [5], time-bin [6], frequency [7], or
spatial modes [8]. The spatial structure of entangled states can be encoded in the orbital
angular momentum (OAM) [9], which provides an infinite-dimensional discrete Hilbert
space [10]. This characteristic is of interest since it can be used to conduct proof-of-principle
demonstrations of quantum protocols whose implementation requires higher-dimensional
Hilbert spaces, such as the violation of Bell inequalities with qutrits [8] and the
implementation of quantum key distribution (QKD) [11], [12]. The spatial structure of the
down-converted bi-photons can be expressed as a superposition of Laguerre-Gauss (LG)
modes of different amplitudes, angular and radial momenta, with the width of the modal

expansion relating to the amount of entanglement of the final state [13].

In general the efficiency of the photon pairs generated by SPDC is very slow, hence
efforts have been made to improve the brightness of the entangled photon sources by
exploring different nonlinear crystals in bulk [14], [15] and waveguide [16] structures,
different phase-matching geometries including type-11[17], [18], type-I [19] and type-0 [18],
[20], [21], and different experimental schemes. Moreover, any experimental detection system
collects only part of the total number of the generated pair, for this reason, it is of our interest
to maximize the coupling efficiency into the single mode fibers. This single mode coupling
efficiency of a pair source is commonly quantified in terms of per-photon probability of
collecting a photon pair, the spectral bandwidth, and the probability of collecting a photon

pair, conditioned on the collection of a single photon.
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Several studies of SPDC [1], [22], [23] have addressed the question of how to focus the
pump and/or collection modes, as well as, the proper sizes of the beam waist of these fields
for a given crystal length can optimize the probabilities for photon pairs generated by SPDC,
and if there is a tradeoff between them. Palacios et. al. [1] have derived an analytical solution
for the pair-collection probability, where one can easily find the optimal size of the pump
and mode collection waist that leads to a maximum value of ~82% under this ideal conditions.
The importance of this result lies on the fact that this value is a universal quantity and it is
independent of the crystal length. The work of Bennik’s [22] gives an extensive analysis
restricted to collinear Gaussian modes for the pump field and collected photon for the peak
spectral density, photon bandwidths, absolute pair collection probability, heralding ratio, and
spectral purity, finding that most of these properties are independent of the crystal length.
But more important, he concluded that higher heralding ratios can be achieved, at the cost of

significantly reduced brightness, by focusing the modes less tightly.

With regard to these previous studies, in the present thesis we have reproduced the
calculation for the two-photons collection probability presented in [1] with the aim of
corroborating the optimal parameters achieved in this article and having a better
understanding of the role of some parameters such as the crystal length and the focusing
parameters. We also have extended the analysis for the single photon collection probability,
finding an analytical solution for this quantity. Using the two analytical solutions given by
the spectral brightness, we could easily calculate the heralding efficiency and compare our
results with previous studies reported on references [2], [22]. Our approach is based on a
periodically-poled nonlinear crystal of length L, illumined by a continuous wave pump beam
in the collinear configuration for SPDC type Il in the narrowband limit. A better
understanding and characterization of both properties (spectral brightness and heralding

efficiency) are then crucial to the development of future quantum technologies [24], [25].

Chapter 2 gives a brief overview of the spatial modes of light, as well as the relevant
concepts for the description of the SPDC process, it also shows the derivation of the main
equations that lay in the foundations of our analysis. Chapter 3 shows the analytical and
numerical results obtained for single-mode fiber coupling efficiency and spectral properties

of SPDC photons after the mode projection, and the discussion regarding our results and
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previous studies. Chapter 4 summarizes the major results of this thesis. We provide a brief
note on the further experiments we plan to perform using spatial modes of light and a mode
sorter. Additional to this, Appendix A presents some experimental configuration for

generation and manipulation of the spatial modes.
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2 Theory

2.1 Wave equation
From the description of Classical Electrodynamics given by Maxwell’s Equations, for
the case of no free charges and currents where the quantities E and H are given in units of

Volt/m and ampere/m respectively, we have that [26]:

V- -¢E=0, 1)
V-uH =0, )
— ~ 9 ~
VXE=-— (uH), and (3)
— ~ 9 ~
V xH=_(¢E), (4)

Using these equations, we can obtain an expression that describes the propagation of the
electromagnetic radiation in a medium. This is well defined by the wave equation [27]:

20 _ e 20—
Vi —pe - =0, )
where ¢ is a scalar function representing the field amplitude and €, p represents the
permittivity and permeability, respectively, which are related to the electric and magnetic

susceptibilities of the medium, y, and y,, as:

€ =¢&¢& = &1+ y.),and (6)

1= rpto = o(1 + xm), ()
here &, and u, are the relative permittivity and permeability, respectively.

In case of a linear, homogenous, isotropic medium and a monochromatic wave (i.e.
sinusoidal time variations in the fields), if the field is polarized in one component £ = E;é;
it is possible to write it as a product of its spatial temporal components E; = T(t)U(r). Now
if we substitute it in Eq. (5) it is straight forward to show that the temporal dependence of the
electric field is:

T(t) = e™*, @)
and the spatial dependence part U(r) is the solution of the time independent wave equation

or Helmholtz equation given by:
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VEU(r) + k*U(r) = 0, 9)
where Kk is the propagation constant (or wave number) defined as:
k=—=w-—, (10)
here V is the velocity of the propagation of the wave V' = \/%_u being c the speed of the light.

Then, we can express the refraction index as:

n=.[eu. (11)
Now, assuming that the propagation of the wave is along the optical axis z and applying

the paraxial approximation we can write U(r) as:

U(r) = u(r)e 2, (12)
As a consequence of the paraxial assumption and using the slowly varying envelope

approximation, we find that:

0%u
922

<k |Z_Z : (13)
Then Eq. (9) becomes [27]:

ou(r) _

Viu(r) — 2ik P 0. (14)

The Helmholtz equation in the paraxial regime can find different families of solutions
and be solved in different coordinate systems.

2.2 Hermite-Gauss modes

For rectangular coordinates system the solution of the paraxial equation are given by the
product of a Gaussian functions and Hermite polynomials and a phase term. The

mathematical representation of Hermite-Gaussian modes is [28]:

1 /2(1‘"“”) V2x V2y\ |
HG VYV, Z) = H | —I\H [im+n+1)§(2)]
wm(%,7,2) w(z) m!m! ™ (w(z)) n (w(z)) € (15)

2

Tt —ikr?
ew?@e 2R e“lkz,

where H,,, and H,, are Hermite polynomials with n, m positive integers. The Term z,

represents the Raylegh range, £(z) is the Gouy phase and w(z) the beam size given by:
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r=.x%+y2, (16)

w(z) = w, /1 + (i)z, a7

R@) = 2|1+ (—R)z] (18)
Wy = Z\/%, and (19)
¢(z) = arctan (i) (20)

Eqgs.(18) and (19) describes radius of curvature R(z) and beam waist w, of the
paraboloidal wave given by Eq. (15). We can notice that the Gouy phase el{(m++DI contains

information regarding the mode order defined as N = n + m.

00
QO

Figure 2.1 Intensity profile: a) HG10, b) HG11, ¢) HG30 and below them their respective phase profiles of
each of these HG modes.

In the Figure 2.1 the intensity and phase profiles for some HG modes are shown. Here
the number of lobes in the x-direction is given by (i + 1) and similarly for the y-direction

where the modes have (m + 1) lobes.
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2.3 Laguerre-Gauss modes

Laguerre-Gaussian modes are the solution of the paraxial Helmholtz Equation in
cylindrical coordinate system where this solution is given by the product of a Gaussian

function with a generalized Laguerre polynomial as [28]:

LG _ @ 2pt _(N2p mLGz 2 (LY | etiep+ie i)
PP 0 2) = 005 n(|l|+p)!<w(z)> pl (W(z)) le 1)

—p2 .
P”_ —ikp? .
X ew?(@) e 2R elile] ,

where LG}, is the associated Laguerre polynomial, [ is the azimuthal index and p is the radial
index. In particular (p, 1) are integer numbers with p > 0 while [ can take both positive or
negative values. The other variables in eq. (21) were described in the section 2.2. The lowest
order of these mode p = [ = 0 is the Gaussian beam (TEMoo mode). Experimentally, both
angular (1) and radial (p) momenta are controlled and converted between one another using
several methods, being the most common the diffractive optical elements (holograms)
displayed by spatial light modulators (SLMs) [See Appendix A].

© 0 of
™ oS

Figure 2.2 Intensity profile and phase of some LG modes: a) LGO01, b) LG11, ¢) LG03 and below their

respective phase profile. LG mode intensity cross section, with | > 0 comprises p+1 concentric rings with a

zero on-axis intensity.
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It is well known that light beams with an azimuthal phase dependence of e[=#¢] as it is
the case of the LG modes, carry an orbital angular momentum (OAM) [29]. The phase front
has a helicoidally pattern along the Z in such a way that the contact between all different
phases in the center of the transverse plane causes that the field intensity vanishes, giving
rise to a phase singularity. The torque exhibited leads to an optical vortex that it is associated
to a number known as topological charge [ that refers to the number of twist of the wavefront
over a distance. This twisting causes a non-vanishing contribution of the OAM [30]. The

intensity and phase profiles of some LG modes are shown in Figure 2.2.

Laguerre-Gaussian modes, as well as Hermite-Gaussian modes, are a complete set of
orthonormal modes both in the radial index when it is integrated over p, and in the azimuthal

index over ¢. Mathematically this is expressed as:

2T 09}
[ o [ o doltGhie.02)[1GE P 0. D] = Sypidu 22)
0 0

Hermite-Gaussian modes are also orthonormal with an analogous condition as in Eq. (22)

but with m and n index, when integrated over x and y, respectively.

2.4 Spontaneous Parametric Down Conversion theory

Spontaneous parametric down-conversion (SPDC) is a non-linear optical process, where
a high energetic pump photon of frequency w, interacts with a non-linear medium and
spontaneously generates a pair of photons of frequency w, and w; (where the subscripts p, s
and i denote pump, signal and idler photons respectively) which have lower energy than the
incident photon. Unlike in classical parametric processes, the fields of the photons signal and

idler are in their respective vacuum sates (see Figure 2.3.a).

Inasmuch as SPDC is a parametric process the phase matching requirements should be

fulfilled, given by the conservation of the energy and momentum as:

Aw = wp — ws — w;, (23)

Ak =k, — ks —k; . (24)
In Eq. (23) energy conservation allows that the decay process to take place in many target
modes (showed it in Figure 2.3.c), while Eq.(24) is known as phase-matching since it

establishes the geometrical configuration of the SPDC (Figure 2.3.b). This condition should
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be satisfied to the conversion takes place into any particular pair of directions. As a result of

these conditions the created photons are strongly correlated in frequency and direction of

emission.
Signal
Pump ) 6 )
ﬁ ’ ’[

tual State —— ————_— —

wp | Pump

Ground State

Figure 2.3 Sketch of the SPDC process. a) A Guassian pump propagating in the z axis incised on a non-linear
crystal producing a pair of photons at angles 65 and 0; to the pump propagation’s direction. b) Conservation of

momentum and c¢) conservation of the energy

2.4.1 Phase matching

Ideally the case that satisfies Eq. (24) for an efficient non-linear parametric process is

reached when Ak = 0, the requirement for this condition to be fulfilled is:

Nz ws niw; MNyw;
k1 + kz == k3 == c == c + c ) (25)

which is not realistic in most of the materials due to the normal dispersion n;(w;) <
n,(w,) < n3z(w3). The refraction index decays when the wavelength increases in the
transparent regime. Nevertheless, birefringent materials [31] which have different refractive
indices along different symmetry axes (two in the case of the uniaxial crystal or three for
biaxial crystals) can be used to satisfy this condition. Uniaxial crystals are characterized by
a particular direction named optical axis (z axis). When the polarization of the light
propagating is perpendicular to the plane containing the vector k and the optical axis, it is
called ordinary polarization. On the other hand, if the light propagates with its polarization
18



perpendicular to the ordinary ray (polarization direction parallel to the optical axis) it is called

extraordinary polarization and the refractive index depends on the angle between k and the
optical axis as:

1 sin®(0) cos?(6)

n,(6)? 72 ng '

where 7, is the principal value of the extraordinary refractive index. In order to satisfy the

(26)

phase matching condition, the angle 6 must be adjusted till n,(8) reaches Ak =0
Depending on the polarization direction of the pump with respect of the optical axis and k
vector (as we describe above) we will have different configuration for SPDC. For the first
configuration called type-0, the pump photon, as well as, generated pair (signal and idler)
have the same polarization, either ordinary or extraordinary. In the second configuration
(type-1) the generated pair of photons can be propagated collinear or non-collinear satisfying
the phase matching conditions and the pair photons will have the same polarization but
opposite to the polarization direction of the pump. In this configuration the photons signal

and idler possess the same refractive index and thus lie on the same cone Figure 2.4.

Pump

\ Signal

N>

Idler

Figure 2.4 SPDC type-I: degenerate, non-collinear case, idler and signal cone are identical.

In Figure 2.4, the generated case is shown, where the wavelength of the photons pair are
double the pump wavelength, by changing the angle of the pump with respect to the crystal
the emission the cone changes its size. For the third configuration of SPDC (type-Il) the
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photons pairs signal and idler have orthogonal polarizations, provoking that the cones created
by the two photons be not coaxial as a consequence of the different refractive index of the
signal and idler photons (see Figure 2.5). Table 2.1 exemplify the SPDC configuration

describe above.

Pump

\ Signal
\

k;}) el

Idler

Figure 2.5 SPDC type-II: degenerate, non-collinear case, idler and signal with non-coaxial cone.

The apertures of the cone are given by the emission angles 6; associated to the
frequencies wg;. In degenerate SPDC, both photons are emitted at the same angle 6; = 6;
and the cones overlap. There are two cases of degenerated SPDC: the collinear in which the
aperture of the cones tends to zero due to the photons pair propagation is parallel to the pump,
and the non-collinear case in which the signal and idler photons are not parallel to the pump

that is the case exemplify in Figure 2.4 and Figure 2.5.
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Table 2.1 Refraction index of each photon (pump, signal and idler) for different SPDC type. In this table we

assume that the pump polarization is in the extraordinary direction.

SPDC type  Pump Signal Idler
Type-0 Ne Ne Ne
Type-1 Ne No No
Type-2 Ne No Ne

When the condition of perfect phase matching Ak = 0 cannot be satisfied, it is possible
to reach phase matching by considering the formation of layers with alternate orientation in
a birefringent material, called periodical poling [27], then the mismatching factor reads:

2
Ak=kp—ks—ki—7n, (27)

where A is the poling period. Even though the phase matching condition defines the main
characteristics of the generated two-photon state, it is necessary to consider other important
factors that allow us to have a better understanding of this phenomena, such as a description
of the mathematical model that give us information about the quantum state evolution inside
the medium, considering the spatial structure of the pump beam and at the generated pair, the
properties of the crystal, as well as, the detection system. The next section describes the two-

photon state mathematically, taking into account all these factors.

2.4.2 Classical non-linear description

The susceptibilities y, and y,,, defined in Egs. (6) and (7),respectively, can be spatial and
frequency dependent. They describe the medium response to the interaction with an external
electromagnetic field. This interaction is in the form of an induced polarization P or

magnetization, M as:

P =eyx.E, (28)
M= y,,M. (29)
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For small field amplitudes, the polarization is approximately linear. We can find a
general expression for the induced polarization by expanding it in a power series to consider
the non-linear contributions of the electric field as [31]:

P(t) = eo[xVEW®) + xPEP @) + x®PED () + -], (30)
where ¥y represents the linear susceptibility and y@®, y® are the second and third order

non-linear susceptibilities, respectively.

As we mention before Eq. (28) is the result of a small field amplitude that allows us to
neglect the rest of the terms in Eq. (30). However, when the amplitudes of the electric field
increases, the higher order terms in the induced polarization become relevant, in such way
that a non-linear responds of the material to the field appears. Some optical non-linear
processes resulting from these interactions include for example, Kerr effect, harmonics

generation, frequency generation, Raman scattering [31].

The non-linear polarization of second order (non-linear) process according to Eq. (30) is
given by:
PO(t) = eqx@PE@ (1), (31)
Non-linear processes are highly inefficient, being y® of the order of 10~12. Therefore
an intense electric field is needed to observe non-linear optical phenomena and they are only

present in non-centrosymmetric media, where, the electronic potential is not symmetric.

Under these assumptions and considering propagating waves of the form:
E,(r,t) = A, (r)eltknz=ont) 4 ¢ ¢ (32)
where c.c is the complex conjugate term and ky, = =~ with n} = ¢ (w,) where the upper

index (1) is the linear part only. If we consider a three wave interaction only [32], [33], which
is the case of the non-linear process of SPDC as well as Second Harmonic Generation (SHG)
we will only take into account the first non-linear for the polarization given by:

2
Pl-NL — gozle(]leJEk' (33)
k

J
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)

with {i,j, k} = {x,y,z} and Xijk the second order term non-linear susceptibility of the

medium. Substituting Egs. (32) and (33) into the wave equation V2E — 1oE_ L o°F we

c2 gt2 £oC? Ot2

can get the following equation:

d2A3 dAg 4‘deff(")3

7 ks = - Ay Aot ko) (34)

C2
where drr = %Xeff- Eq. (34) can be simplified by assuming the slow varying amplitude
approximation (Eq. (13)) which allow us to neglect the first term, now if we integrate the
expression from 0 to L (length of the crystal) and considering that I; = 2cn;&,|4;]? the

solution in terms of the intensity is given by:

8dZrwill AKL
I, = MLzsincz ( >’ (35)

Ny NyN3EC3 2

here Ak = k; + k, — k5 and it is called phase matching parameter.

SPDC is the reverse process of Sum-Frequency Generation (SFG) which is non-
degenerate SPDC, i.e. different wavelengths for the two output photons. In classical non-
linear optics this process is known as Parametrical Amplification in which the conservation
of the energy requires that for every photon that is created at the difference w; = w; — w,,
a photon at the higher input frequency (w;) must be destroyed and a photon at the lower input
frequency (w,) must be created. Thus, the lower frequency input field is amplified by process

of difference-frequency generation (see Figure 2.3).

In the same way we calculated Eq. (34) we can derive the same type of equations for
Parametric Amplification process (that lead to the Manley-Rowe relations [34]) for the case
Ak = 0. Then, we get:

. |wany Az .
A,(z) =1 o, wA”{(O) sinh(az), (36)
A{(z) = A1(0) cosh(az), (37)

(2)
w,nq XefrlAsl
a = f#L (38)
wiNy C
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From these solutions we note that if there is not initial incident power at frequency w,
(A;(0) = 0) the signal and idler photons would not exist and SPDC would not be possible.
SPDC, as stated in its name, is the result of a spontaneous process since no other field
stimulates the transition, except the vacuum fluctuations. For this reason the classical non-
linear optics doesn’t allow us to describe SPDC, a quantum description is needed. We can
treat SPDC as the quantum evolution of a closed system (i.e. the electromagnetic field),

where the Hamiltonian describing the nonlinear interaction determines the state of the field.

2.4.3 Quantum description

In order to derive an expression for SPDC state, we consider that a strong pump laser
propagates along the principal axis of a non-linear crystal of length L, in our case we use the
z-axis. (Figure 2.6). Assuming that the wave-vector distribution of the pump, signal and idler
are mainly around this axis we can separate them into a longitudinal (k*e,) and

transversal g = (qxex + gye,), then the k vector is given by:

k= kf(w,q)e; +q, (39)
being w the angular frequency and the index j = p, s, i represents the pump, signal, and idler

respectively.

z
: kE kp

Figure 2.6 Coordinate system used as reference for the SPDC mode function.

The quantization of the electromagnetic field leads to a quantization of the second order

polarization, so we can express Eq. (31) as:

P — 60)((2)(13"(+)+E(_))(E(+) + E(—))' (40)
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where £ and £ are the positive and the negative frequencies of the electromagnetic field
operators [35]. It is possible to express £ as function of the creation operator af (k) at a

position r, = (x,y) and time t as:

E7(r,t2) = L (z a0 f deyda; (o ;)1 () (41)

X exp(ika(a)j, q;)z+iq;-r, —iwt),
being f(w}) = (hw/2eocm; (a)]-))l/2 a normalization factor. The positive frequency part of
the field is the Hermitian conjugate of the negative one, such that E(r,t,z) =
(E(‘)(rl, t, z)) In Eq. (41) the operator akj(w],qj) creates a photon in the plane-wave

spatial mode with transverse wave-vector q, frequency w;, and polarization unit vector ey ;.

On the other hand, the annihilation operator dk,p(wp, qp) removes a photon from the pump
field. The creation and annihilation operators fulfill the commutator relations given in

reference [35].

To calculate the state of SPDC after the interaction, we consider that the three-photon
interaction is the initial state |;,itiq;) @and begins at a time t1 and finishes at a time to. Then

we can describe the non-linear process with the time evolution operator as:

i
|lpfinal> = exp <_% J;

here H, is the Hamiltonian operator that mediates the SPDC interaction between the pump,

t2

ﬁldt> |Yinitiar)s (42)

1

signal, and idler fields that is defined as:
A = ¢ j AVx@@DEL (ry, t, DES (ry, t, 2)ET (ry,t,2) + Hec, (43)

i2mz
where the spatial dependence of the non-linear coefficient is y?(z) = y@e » with A the

poling period along the crystal axis (z) and H.c stands for Hermitian conjugate.

From the first order perturbation theory [36], [37] ( making a Taylor expansion of the
exponential in Eq. (42) the interaction of an incident field E“p (r,,t,z) onamaterial of volume

V with non-linear polarization P(®), generates a state after the interaction at time tz:
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A R
|1Pfinal) = (1 % f szt) lvacg)vac;) + -+, (44)
t1

where |Yininia) = |vacg)|vac;). Here, we have just considered the first order contribution
that corresponds to the vacuum state and the term related to the photon pair emission, the rest
of the terms in the expansion correspond to the multiple pair emission. Nevertheless in the
present thesis, we are mainly interested in the generation of pair photons. The remaining term
(the two photon contribution) is proportional to the annihilation operator for the pump and
the creation operator for the signal and idler photons, then we rewrite the term that contains
H, in Eq. (44) as:

|l/)>§21)"’ j dqsdqid)(qSl Ws, qi) (*)i)a-l- (qSl ws)a-l- (qi' (*)i) |vacs)|vaci>: (45)

where |1p)§2i) is two photon contribution of Eq. (44). As a consequence of the low efficiency

of the SPDC, it is possible to consider the pump as a classical field and the respective pair

photons as quantum fields, we can express the term ¢(qs, wg, q;, w;) know as the mode

function in terms of the transverse momentum and frequency space as:

¢(qsr Ws, q;, wi)
[ f dzdpdtdwpdqup(qp)Sp(u)p) exp[—i(oop — Wwg — ooi)t]
x expli(ki(qp) — kZ(qs) — kf(q:) — G*) 7]
x expli(q, — qs — i) " -
Eq. (46) contains all the information about the spatial mode (E, (qp)) and the spectral

(46)

profile (Sp(wp)) of the two-photon system, not only about their individual state but the

correlations between them.

2.4.4  Approximation for the SPDC mode function

In order to solve the mode function is necessary to consider some approximations and
assumptions. We assume a pump beam with a Gaussian temporal distribution, then the term

S,(wp) in Eq. (46) takes the form of:
TZ
(oop) exp I—— wpl, (47)
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being T, the pulse duration. In the case of a continuous wave (CW), T, tends to infinity. This
thesis considers the frequency w of each field as the sum of a constant central frequency w®

, and a small deviation from that frequency £, so that = w° + 0.

For the spatial distribution of the pump, we assume an optical vortex with an amount [, of
OAM per photon, so in this way we can project the pump beam in the Laguerre-Gaussian

basis Eq. (21) and since the pump has a Gaussian distribution (I, = 0) E,, (qp) simplifies to:

Ey(q) = \/%eXp <— a 4% ) (48)

Now for solving the integral over the time t we consider that the time is significantly

longer than the time that light takes to travel the length of the non-linear crystal, but not so
large that multiple photons are likely to be generated in a time ¢. In this case the limits of the
integration can be extended from —oo <t < oo, then due to the energy conservation

condition we get as a result:

t o
f dt exp[—i(wp — W5 — a)l-)t] - f dt exp[—i(wp — W — a)i)t]
0 —co

[ 6(a)p — W — a)l-). (49)

To integrate over the volume, we have to consider that the transversal dimensions of the
crystal are much larger than in the region that the pump field is confined. The result of the

integral leads to

f_ dp expli(q, — 45 — q:) - p] « 6(a, — a5 — q;), (50)

and

L
12 dzexpliliy(a,) — k¥ (q0) = kF (@) = 6°) 2] < sine (*

Under this assumptions it is possible to rewrite Eq. (46) as:

i), (51)

(52)

~ (Ak,L
¢(q51 wg, g, wi) = LGEp(qS + qi)Sp ((1)5 + wi)SlnC( 2 )’
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Ak, = (k,(qs + q;) — ks(qs) — ki(q;) — 27”) represents the wave vector mismatch in the z

axis for a periodically poled non-linear crystal with poling period A, w,, is the pump waist at
the center of the crystal. If we use the paraxial approximation around the point of perfect

—.12
collinear quasi-phase matching (Ak,) we get that Ak, = % +0; ...+ G;(2) where k;
14

is the wave number at the central frequency, G; is the group velocity and 2; = w; — a)]‘-) the
angular frequency deviation. Here we have restricted the considerations to the case of single-
frequency continuous wave (CW) pump where 2, = 2; = 2. Then we can express the bi-

photon function Eqg. (48) in terms of (qs, q;, ) as:

+ q;|* w? —q;|°L DQL
a5 +ail p>sinc<lqs ql*L ) (53)

Léw,
®(qs 91, 2) = exp 2 4%0 2
p

V2n

with D the inverse group velocity of the mismatch and & a dimensionless non-linear

coefficient & = o,/F, given by:

5= y@ |Gy (54)
32m2eoc3nyngn;

here F, represents the total flux (photons/s) of pump photons that traverse the non-linear

crystal. For the next calculations we set that F, = 1, such all probabilities are per-pump-

photon probabilities.

We can see from Eq. (53) that the bi-photon mode function is formed by the contribution
of the pump field, which determines the total transverse momentum and the energy storage
for the process, and the phase matching contribution which as we described in section 2.4.1
ensures that the phase between the interacting fields is maintained along the propagation axis.
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3 Theoretical results

In this section we study the general theory for SPDC in bulk periodically poled nonlinear
crystal with emission in the visible spectral range. Here, we are particularly interested in
some properties of the collected biphoton state, such as, the joint spectral density, the two-
and single-photon collection probability, and the heralding ratio (pair/single photon
collection ratio). These properties are calculated analytically and numerically as functions of
experimental parameters, and compared with previous studies that have adopted similar

scenarios.

3.1 Definition

3.1.1 Phase matching function

In an analogous way to the decomposition of an electromagnetic field as a series of plane
waves, it is possible to decompose the field in other basis. The photon pairs generated during
the SPDC process are distributed over a number of spatial modes and they are entangled in
OAM due to the conservation laws of angular momentum. For instance, we can decompose
a quantum state as a sum of Laguerre-Gaussian modes which are especially convenient since
these modes are eigenstates of the OAM operator [29]. The state of a single photon in a LG

mode is given by:

1L,p) = f dqLG(q) at ()]0, (55)

where p represents the number of radial zero crossings and [ the helical structure phase front
around the singularity, and determines the OAM carried per photon in A units; the LGé modes
are given by Eq. (21). In this basis, we can express the SPDC mode function given by Eqg.
(45) as:

ls,1;,
W = Y [ a0 ¢ @t p lhpla)i-ap, (56)
PsDi

As we mentioned in section 2.4, when OAM is conserved (as in the case of collinear

SPDC) the pump beam transfers the total OAM to the photon pair according to [, = s + ;.

In our case, we have assumed that the pump beam is of a Gaussian shape, thus [, = 0 and
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we can calculate the mode amplitude by projecting the bi-photon SPDC state Eq. (53) onto
the target modes (Eqg. (56)):

Cript @) = (1o pos b i[9 o) (57)
or
ot @ = [ dasdai@q auD[L6Ha0)] 165 a0] 58)

The coincidence probability of finding a photon pair in a particular LG mode is giving by the

square of Eq. (58).
3.1.2 Pair collection

As we will explain in further ahead to find the maximum achievable coupling efficiencies
with respect to the focusing condition of the pump, as well as, the collection modes, it is
convenient to express this focusing in terms of a dimensionless representation of focusing

geometry, defined as:

L
§j = Z_Zj' (59)
(L)jz'kj

where z; is the Rayleigh range giving by z; = 5

and the index j = p, s, i represents the
pump, signal, and idler respectively. For a weak focusing strength & <« 1, while for strong

focusing & > 1.

Pair collection probability is the probability per pump photons that a pair is generated in
the crystal, and that both photons of an entangled pair are coupled into their respective single
mode fibers. The pair collection probability is usually given in terms of the focusing

parameters:

PA (&, & &) (60)
3.1.3 Single photon collection

The probability per-pump-photon of collecting a photon in the desired spatial mode,
irrespective of the collection of the partner can be represented as:

P (E,, &, &), and (61)
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AU G (62)
where Ps(l) corresponds to probability for the signal photon and Pl.(l) for the idler photon.
Single-coupling efficiency is useful when maximizing the individual rate of photons present
in the fibers.

3.1.4 Heralding

Heralding can be defined as the probability with which the presence of the signal photon
heralds to the detection of the idler photon in its conjugate spatial mode. According to the

Bayes’ theorem we can write the heralding as:

P® (&80 60)
PV (&8s &)
P® (&, 60,60
P (&6
3.1.5 Total pair and single photon collection probability

Ns (Epr $s,€i) = (63)

ni(fpl ES' El) = (64)

For calculating these probabilities, we will make use of the two photon (S@®(2)) and
single photon (S (£2)) spectral brightness which are described in detail in the next section.
Additional to this, we should consider spectral filter functions of signal H () and idler
photons #; (), thus the total pair-photon and single-photon collection probability in the

presence of varied degrees of spectral filtering are defined as [38]:

P@ = j AQH (D H;(—2)SP (), (65)
P® = [d0#,(2)SD (), and (66)
pY = J d0FH,(2)SD (). (67)

where P represents the pair-photon collection probability and the single-photon collection

probability for the signal and idler is given by P\ and P respectively.

3.2 Theoretical model

The parameters considered for this section are based on typical bulk SPDC sources,

which may be defined to have the following characteristics: the length of the medium is L >
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10 mm, its refractive index is n > 1.5; and emission spectral range, with 4, = 405 nm and

Asi = 24,. We will also consider degenerate type Il collinear SPDC.

3.2.1 Spectral Bandwidth

For the spectral bandwidth in which the detected photons are distributed is necessarily to
consider both the spectral bandwidth when both photons are collected, which is named two-
photon spectral bandwidth (A2)® and single-photon spectral brightness (A2)™ that it is
given by the spectrum of all the photons detected, irrespective the of the photon partner
detection. In certain SPDC experiments, when a pair of identical photons is preferable to a
pair of highly correlated photons, one can narrowly filter the frequency spectrum of the signal
and idler photons. The bandwidth of these frequency filters may be some orders of magnitude

narrower than the natural bandwidth of the down-converted spectrum (A2 < AQsppc).

We consider the extreme case, in which a spatial filter with a narrow passband, centered
around the collinearly phase-matched central wavelengths (2 = 0) limit the number of
detected signal and idler photons. Narrowband spectral filtering can be necessary to ensure
spectral indistinguishability. In this case, the spectral bandwidth of the detected signal is
determined by a passband spectral filter (Af2g), then Eqgs. (65) to (67) can be approximated

to the pair and single collection efficiency, respectively as:

P®@ ~ s@(0)AN, and (68)
PM ~ sMW(0)ANQ. (69)
3.2.2  Spectral Brightness and Collection efficiency

Filtering is one of the most important aspects of photon-pair engineering. Spatial filtering
and more specifically coupling the photon pairs to a single mode fiber, like an optical fiber,
is the first requirement for long-distance communications. The coupling efficiency is then a
crucial parameter, and in order to calculate this parameter we should first determine the
Spectral brightness, two- and single photon density. First, we will derivate an analytical
solution for S@ (), defined as the probability density for collecting a pair of photons per
Hz bandwidth per-pump-photon. This is obtained by projecting the SPDC mode function into
the Gaussian modes p, = p; = 0 and [; = [; = 0, since the spatial mode that propagates

trough a SFM is approximately the fundamental mode. As we mentioned before, the
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coincidence probability of finding a photon pair in a particular LG mode is giving by the

absolute square of Eq. (58). In this way S® (2) will be given by:

s@@) = |20 @)|". (70)
For the calculation of Eq. (70) we have assumed the photons signal and idler are projected
into a common spatial mode (w; = w;). Additional to this, it is necessary to consider the
change of variable g, = q5 + q; and q_ = q5 — q;. In order to simplify the calculation, it is
convenient to change to cylindrical coordinate system as |q.|?> —» p,2 and |g_|?> - p_2.

Integrating Eq. (70) over p, we obtain:

food ex —M sinc |p|2L
, PP 4 410

where we have changed to a cylindrical coordinates system such that p = |q_|. Here, we also

2

2nl?6% wiw?
It e ) (71)

(Zwﬁ + wsz)z

s@@=0) =

have already considered the particular case when 2 = 0. The exact solution of Eq. (71) is

(2L
n
kpw?

For the narrowband limit, it is useful to normalize the collection probabilities with

given by:
B 871(1(3)262(»5(»;‘ 2

s@@=0)=
(ng + wsz)z

(72)

respect to the total number of photons emitted by the nonlinear crystal (total spectral

brightness F) defined as:

P =0) = [ dasdail®(ds 4. O (73)
Substituting Eq.(53) in Eq. (73) and considering the same change of variable as before
q+ = q; T q;, the result of the total spectral brightness is:
_ kpm?6?E, L
e
Using Eq. (72) and Eq. (74) we can obtain the normalized two photon spectral brightness

(74)

$@(0)/F(0). As we mentioned before, since we are considering narrowband filters, it is
possible to approximate the two-photon spectral brightness to the pair collection efficiency

according to Eq.(68). Then, the pair collection efficiency is found to be:
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16 k262 w2w? 2L \T?
PDn=0)= PP tan—1< = 2)] (75)
L (2wZ + w?) kp w3

We would like to note that our result given by Eq.(75) is the same as the one reported in
[1]. According to [22] and [39], a maximum collection efficiency is reached when:

oPt = gJP (76)
In order to obtain a relation between the beam waist of the pump and the collection
modes, we substitute the definition of the focusing parameters, given in Eq. (59) in Eq.(76),

so that;

WPt = V2 wP". (77)
The above equation gives the conditions for the optimal parameters that must be satisfied in
order to maximize the value of the collection efficiency. This result was also obtained by
Palacios et al. [1]. If we substitute Eq.(77) in Eq. (75) this condition will lead to:

Lan-1(a) = (78)

2 1+ a?’

where ¢ = L By solving numerically Eq. (78) we can determine that the value

0r,,0PtN\2"
ky(w,)

opt

of a is a constant and equal to 1.39. In this way, we can clearly see that the values of w,

will depend on the parameter « as:

wt = |—. (79)

Eq. (77) and Eq. (79) are then and as we expected, the optimal values that maximize the
number of generated photons in the SPDC process. Figure 3.1 shows the pair collection

probability defined in Eq. (75) for different crystal lengths, when the value of the pump waist

opt
p -

figure below, 10 mm (pink line), 15 mm (blue line), and 20 mm (green line). As we can

is chosen to be w, = w Three different values for the crystal length are plotted in the

observe, the maximum value we can reach in the three cases is P(?) ~ 82 %, proving that the
pair collection efficiency remains the same as a global maximum being independent of the
value of L, as a consequence of approximating the field of the fiber’s fundamental mode with

a Gaussian function which is in agreement with the results reported on [1].
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Figure 3.1 Pair collection efficiency (P®) in term of the pump waist when is hold wy = a);”t for different
crystal lengths.

We can express the pair collection efficiency (Eq. (75)) as function of the dimensionless
focusing parameters &, and &, according to the definition given in Eq. (59). Figure 3.2 shows
P® as function of £, and &;. In this figure, we have plotted P® for L = 10 mm, since the
behavior of the chart was not affected by changing the crystal length. Notice that there is an
area (dark red) where is possible to get a coupling efficiency (pair collection) close to the
maximum value, this what we call a regimen of good focusing. The fact that this regimen of
a good focusing be broad, gives the advantage of having more options for choosing a set of
parameters that lead us to a high efficiency and not being restricted to a single value as in
Figure 3.1. This range for good focusing can be convenient for experimental work. We have

a global maximum value for P(® is reached when $p = & = 1.39, which is compatible

with the one reported on [2].
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Figure 3.2 Pair collection efficiency P® as a function of the focusing parameters $p.s,i for the narrow band

limit. The maximum value for the pair collection efficiency P ~ 82 % is reached when $p = &, =139

In references [1], [22] it has been reported that the collection probabilities as well as, the
heralding ratios are determined by the dimensionless ratios &,, ¢ & . We can notice that

changing the crystal length has no effect on these parameters if the pump duration and
confocal ranges are also scaled by the same factor. We can observe this behavior from Figure
3.1 and Figure 3.2. In the end, the crystal length just sets the bandwidth of the system.

Analogous to the definition of the two-photon spectral brightness, the single-photon
spectral brightness (S (2)) is the probability density for collecting a single-photon per HZ
bandwidth, per-pump-photon. The calculation of S () is obtained by tracing out the
partner photon’s (in our case the photon idler) as:

2

(80)

s0@) = [ dai| [ das@(as a0 (1685 a)]

Due to the complexity of the direct integration of Eg. (80) it is convenient to use the mode
decomposition Eq. (57) that allows us to simplify the calculation, then we can rewrite the

single-photon spectral brightness as:
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S0 = ) [eop @l (81)
ps=0
The fact that we can write the expression as a sum over ps has its justification in the
conservation of the orbital angular momentum in which for the Gaussian case it must be hold
that [ = —;, in such way, that if the idler photon is being collected in the fundamental mode
l; = 0, then the signal photon should be I, = 0 and the higher order modes (p; # 0) will be

undetected.

For solving the integral given in Eq. (81), we have considered the same change of
variables used for integrating Eq.(70), that is q, = qs + q; and q_ = q; — q;. Where the
transformation to the cylindrical coordinate system will be of the form |q,|?> - p,? and
lg_|?> - p_2. Taking into account these new variables (p, and p_) we can rewrite the

coordinate pg? as:

1

—[ps? +p_% + 2p,p_cos(py — 9 ).

2 =
pi =7 ©2)

In this way, the new integral to solve becomes:

w? —pZw?
Cop, (0 )—¢Jd0+d0—d<p+d<p-dzmp_ eXp< - p)
V21 4
|
k Ps:
Xexp( e )>exp<2k2>kz( VG - (&)

(1.)2 k
X (?S [p+? + p-2 + 2p,p_ cos(@4 — )] )

Note that in this last expression we have substituted the sinc function for its exponential
form. Using the binomial identity we can evaluate the integral in Eq. (83) over the radial
variables and azimuthal angle (p,, p—, @, ¢_) of the transverse component q, we obtain the

following expression for the single-photon spectral brightness:
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- - (—=1)kp,! k! d! wZ\"
Z (ps—k)!(k!)Z(k—n')!n'!(d—l)!l!(?)

2l +n' +2 N3 1+n
F(T) 2(1+(—1)n)”/zr< 2 ) 2d-D+n'+2
T ep wp r(1+%) ' 2 (84)
= S
2(4 + 8) 2
2
L/2

Lo wpw?

whered =k —n'and f = p—

. From this last expression we can clearly see that when
we sum over the first value that corresponds to zero, i.e.p; =0andd — [ + "7 = 0, Eq. (84)

gives as result Eq. (72). On the other hand, when (d -1+ "?’) > 0, the analytical expression

for all the values of p results in:
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- - (—=1)kp,! k! d! wZ\"
Z (ps—k)!(k!)Z(k—n')!n'!(d—l)!l!(?)

r (2“’++2) 2(1+ (~)")wer (1 tn

% 2 )F<2(d—l)+n’+2>
l+n'/2+1 !
(G ) r(i+%) : ()
’ 1,2
—l@-n+% —l@-n+%
(i—LO+w—52 [( )+2]—<—i—l'0+w—52> [( )+2]
y 4k) = 8 | 4k, = 8
l nl ]
z—kg[(d—l)+7

In order to compare our results with previous ones, we select the value of pg = 2, then the
above equation reduce to:
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WpWs | W o _qpo?(@Ws) (Y _ w5 2(_%p
<4 ; 8)Lkp 8kp(8)(4 8)+L( 4)

2\ 2

2
k9 + L2>

As we already mentioned previously, but we wish to emphasize here, an analytical expression
for the single-photon spectral brightness, to the best of our knowledge, has not been reported.
Notice that the first term of Eq. (86) is the same expression that we got for the two-photon

spectral brightness that corresponds to the case when p, = 0.

Let us highlight the importance of having an analytical expression for S We note that
in the expression given in Eq.(83) there are at least for integrals that have to be performed,
which for some of them the integration limits is infinity. This is not convenient from a
numerical point of view, since these kind of calculations are time consuming and it also
represents a high computing cost. On the other hand, having an analytical expression avoids
these issues, and also allows us to see explicitly how each of the free parameters affect the
behavior of the spectral brightness, and based on these observations we can find the optimal
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conditions that maximize the value of single density. For S we have also found a maximum
value when &, = &;; = 1.39. Figure 3.3 shows this probability assuming the condition given
in Eq. (69). In the figure below, we can note that the shape of the plot is also not affected by
changing L and the condition given by Eqgs. (77) and (79) are hold for the single-photon

probability, as well.
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Figure 3.3. Single collection efficiency as a function of the focusing parameters for the narrow band limit,

having a maximum when &, = &;; = 1.39

Once that we have achieved both analytical solutions for the two- and single photon spectral

brightness we can easily compute the next property of interest.

3.2.3 Heralding efficiency

Ideally, the detection of a signal photon is used to indicate the presence of an idler photon,
although the photons are always emitted in pairs, conditions generally allow one photon to
be emitted into a spatial mode, defined by the collection optics while its partner is emitted
into a non-collected spatial mode. For this reason, it is desirable to have a high heralding
ratio, which is defined as the probability of a single-photon state, conditional on a heralding
detector signal, mathematically represented in Egs.(63) and (64). Using narrowband filters,
and the definitions of Egs. (68) and (69), as well as the explicit expressions for the single-

and two-photon spectral brightness, we can rewrite the heralding efficiency as:
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We have found an analytical expression for S, which is valid for different values of
ps, however here we focus on the case py = 3 to compare the behavior of our heralding
efficiency with the one reported in [2]. Then, using the results from Egs. (75) and (85) we
numerically calculated the heralding efficiency form Eq. (87). This is plotted in Figure 3.4,
in terms of the focusing parameters. We would like to highlight that our figure shows the
same behavior as the one obtained entirely numerical in [2] proving the veracity of our

analytical expression in Eg. (85).

narrow-band heralding-efficiency
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Figure 3.4 Heralding efficiency for the narrow band case when 2 = 0 expressed in term of the confocal
parameters.

As the probability of collecting both photons cannot exceed the probability of collecting
one of the photons, the heralding ratio can be at most equal to 1. The most interesting
characteristic observed in Figure 3.4 is that the heralding efficiency can reach values of n
>99% for every value of &, by choosing the correct confocal parameters ¢, ;, offering a
broader range for increasing the detection if we compared with the single value of the spectral

brightness. On the other hand, previous studies [22], [23], [40] have demonstrated that
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without the use of spectral filtering a trade-off between heralding efficiency and pair
collection rates must be consider, i.e. 1 cannot be increased without decreasing S@®, and
vice-versa; while the maximum of the pair rate is obtained for small values of the pump and
collection waist, the heralding increase for large values of waist. However, in the limit of the
narrowband, such as trade is not observed since a maximum heralding efficiency can be
achieved for all the pump values. The veracity of these results was demonstrated
experimentally in [18] where they have evaluated the improvement of the heralding
efficiency by using large beam waist, as well as, spectral filtering showing that restricting the
spectral bandwidth leads to a more beneficial trade-off, improving both quantities the

heralding efficiency and the pair rate.

Finally, in Figure 3.5 the collection probability of finding a photon pair in a particular

LG mode for SPDC |C8,'Ss(9 = 0)|2 (that we can get from (85) without effecting the sum
from pg to oo) is shown in terms of the focusing parameters of the collection modes & ;. for
different fixed values of &,. Each value of &, corresponds to a different focused regimes: we
have considered the values of &, = 0.01 weakly focused, while §, = 1.5 for a regime close
to the optimal focusing; and finally §, = 5 for strongly focusing. In the plot that corresponds
to ps = 0 for a fixed pump of &, = 1.5, note that the highest peak is at P*) ~ 0.82 when
&1 =~ 1.5 which agrees with the results from Figure 3.1 and Figure 3.2. In this figure we can
clearly see how the collection efficiency decrease for higher order of p., finding in all the
cases the higher fraction of emitted photon pairs into the fundamental mode. Note, however,
that a heralding efficiency of n > 99% can be achieved, regardless of the choice of the pump
mode, since mode contributions with p # 0 are suppressed by choosing a correct collection

waist according to Figure 3.4.
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4 Conclusion

In this thesis we have investigated a two-photon state in space and frequency using a
Gaussian pump beam, for SPDC bulk in non-linear crystals, considering a collinear
geometry, and restricted to the spectral bandwidth to the narrowband case when 2 = 0. We
calculated analytic expressions for two- and single-photons spectral brightness. We have
investigated the conditions and parameters such as the crystal length, size of the waist (for
pump and collection modes) and the focusing parameters that maximize the pair- and single-
collection efficiency. In the case of pair collection efficiency, our results are in agreement
with the ones reported in [1]. On the other hand, an analytical expression for the single photon
collection has not been (to the best of our knowledge) reported. We corroborated the veracity
of our expression by calculating the heralding efficiency and comparing it with the one

reported in [2].

In chapter 2, we have shown the essential factors contributing to the two-photon state in
terms of space and frequency by deriving this expression from first principles. We began
with deriving a general Hamiltonian for SPDC processes, and simplified it for the popular

cases of bulk crystals.

In chapter 3, we have discussed how the single-photon and two-photon spectral
brightness is affected by the choice of focusing parameters, and how this choice relates to
heralding efficiency. For the two photons spectral density, we have confirmed that the
optimal parameter that increase the pair collections (P® ~ 82%) is reached when

L
opt — s and wopt

w 0 s
p aky

= V2 wyP* and independent of the crystal length, being in

agreement with the results reported in [1]. We also have found that the value that maximized
the Pair collection function expressed in terms of the confocal parameters is &, = &;; =
1.39. Additional to this, we have calculated an analytical solution for the single photon
spectral density that to the best of our knowledge has not been reported in previous works.
We plotted how the pair collection efficiency varies when we focus the pump weakly, near
to the optimal parameters and strongly finding (as it was expected) high efficiency for the

values close to &, = 1.39 and for the fundamental mode.
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The results presented here, suggests that the presence of narrowband filters leads us to
an improvement in both quantities (brightness and heralding efficiencies) for any values of
the pump by choosing the correct confocal parameters. Understanding the behavior of these
properties are of our interest for their application to experiments that develop bright sources
with high heralding efficiency. Entangled photon sources with high heralding and brightness
will be of particular significance to multi-photon experiments as well as for closing the
detection loophole in fundamental experiments and device-independent QKD with entangled
photons.
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5 Appendix A: Methods for generation and manipulation of spatial

modes

Since the experimental investigation of orbital angular momentum started in the ’90s,
many approaches for creating and manipulating the spatial modes beams have been proposed
and demonstrated. Until now, some of these attempts to design devices for generating such
beams include spiral phase plates [9], computer-generated holograms imprinted onto spatial
light modulators (SLMs) [41], [42], mode converters (array of cylindrical lenses) [43], q
plates (non-uniform liquid crystal plates) [44], and some types of sorters [45], [46], Even
though, these modes of light offer several advantages, the development of devices that allows

us to manipulate and detect of spatial modes stills limited.

In this appendix we will describe some techniques and the experimental configuration
for beam shaping light by the means of digital holography in the configuration of phase-only,
complex amplitude modulation, a mode converter, as well as, the characterization of a
commercial mode sorter (CAlLabs PROTEUS-S-10-1550) based on the technique of
Multiplane Light conversion (MPLC).

5.1 Light modulators and beam shaping

There are different techniques for generating Hermite-Gaussian and Laguerre-Gaussian
beams being the liquid crystal on Silicon Spatial Light Modulators (SLM) [28] the most
commonly used. A Spatial Light Modulator is a pixelated displays that can manipulate
properties of light in which each pixel is an independent birefringent liquid crystal where the
orientation of the optical axis of the liquid crystal is rotated by applying a certain voltage V
(see Figure 5.1). The voltage is addressed by using the grayscale bitmap that is displayed on
the SLM and depending on the orientation of the molecules the refractive index will change
giving rise to a phase shift to the incoming beam with a specific polarization. The calibration
of the SLM is done in such a way that a linear phase response to the incoming beam through
the displayed grayscale image. Usually 8-bit are encoding, and allowing 256 colors, where

black (0) corresponds to a phase equal to zero and white (255) corresponds to a 2w phase.
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Figure 5.1 Schematic of a SLM screen, showing a different rotation of the optical axis in each pixel, therefore,
a different phase modulation per pixel.

There are some difficulties that we should take into account when we use SLMs, among
them it is the diffraction of the light in many directions due to the 2-D amplitude grating
formed by each pixel and the space between them allows some rays of light to reflect without
acquiring the desired phase (zeroth diffraction order) creating interfere with the diffracted
light, which has the desired phase profile imprinted by the SLM, leading to a deterioration of
the quality of the generated beams. To overcome this limitations, one can add a blazed grating
to the generated hologram. The blazed grating has the advantage that a high percent of the
light is diffracted into the desired order by moving the diffracted beam (first order) away
from the undiffracted (zeroth order). Figure 5.2 shows some examples of the phase masks
with blaze for generating HG and LG modes.

YA
s lolo

Figure 5.2 Phase modulation holograms for the generation of the HG and LG modes. In these case: a) HGO1,
b) HG21, c¢) LG30, and d) LG11.
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Generating an arbitrary beam accurately requires phase and amplitude modulation
simultaneously. Since most of the SLM are phase-only modulation, it is necessary to perform
complex modulation (see Figure 5.3). This technique can be performed by making use of a
modified hologram in which we can modulate the phase height of the grating programmed
into the hologram [47]. The amplitude at any point in a plane can be controlled by adjusting
the efficiency of the blazing in the corresponding region of the hologram. One can simply
impose the desired intensity of the beam with some modifications to account for the mapping

of phase height to diffraction efficiency to produce the hologram.

Figure 5.3 Complex amplitude modulation holograms for the generation of HG and LG modes. Where we
have considered: a) HG11, b) HG30, ¢) LG01, and d) LGO-1.

Even though this generation method produces the spatial modes fairly accurately, it has
some disadvantages. The input field is assumed to be a plane wave in its derivation [48], and
even when this is a good approximation for the large Gaussian input beams, the intensity
profile might not be optimally flat. Also, due to the amplitude masking, the method is very

lossy.
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5.1.1 Mode converter from HG to LG

As we mentioned in previous sections, LG and HG modes form a complete set of
orthogonal functions, allowing us to express HG basis in terms of LG basis and vice versa.
Based on the fact that HG modes oriented at 45° can be decomposed into a set of HG mode
that can be rephrased and combine to form a particular LG mode by using an astigmatic mode
converter (two cylindrical lenses) [43]. This HG modes can be expressed in terms of LG
modes and vice versa through the relations:

N

LGl (x,y,2) = i*b(L,p, k) HGy_j 1 (x,v,2) (88)
P .
k=0

where

(N —klkDY2 1 dk
~ Upl2N  kldtk
From Eqgs. (88) and (89) we can observe that the set of HG and LG modes are related to

b(L,p, k) [(1-t)'A+t)P], =0 (89)

each other by:

l=n—m (90)
p = min(n, m) (91)
Moreover, the correspondence between HG and LG modes is fixed by the mode order
N, defined as:

N=n+m=2p+|l| (92)
From this last Eq. (92), it is possible to express the indexes of the HG modes in terms of

the mode order N and the LG modes as:

N +1
_ 93
n 5 (93)
N —1
- 94
m 5 (94)

Experimentally, all these relations can be used to generate LG modes starting from HG
modes emitted by lasers, through mode converters using an arrangement of cylindrical lenses
based on Eq. (88).
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Transformation occurs due to the mode dependence of the Gouy phase obtained by the

HG and LG modes. The cylindrical lens mode converters have two main forms: the g

converter which converts a HG to a LG mode or vice versa, and the m converter which
exchanges the indices of the incoming mode and thereby converts a LG mode into one with
opposite azimuthal dependence. When a beam is non-astigmatic, the Gouy phase is given by
(n+m+ 1)g(2), but for astigmatic beam the Gouy phase is characterized in terms of

different Rayleigh planes xz(Zg,) and yz(Z,) as:

1 z 1 VA
(n + —) arctan (—) + (m + —) arctan | — (95)
2 ZRx 2 ZRy

A diagonal HG input beam that passes through two identical cylindrical placed at a

distance of +d, induces a phase difference [43]:

1
0 = 2 |arctan— — arctanf|, B = (96)

B

The radius of curvature of both the components are equal to restore the beam back to the

original shape (Figure 5.4). To achieve the required phase shift, it was found that the distance

between the cylindrical lenses should be d = Lz with f being the focal lengths of the

cylindrical lenses. To make the beam astigmatic only inside the cylindrical lenses, the mode

matching condition has to be satisfied, which requires the input beam to have a Rayleigh
range of Zp, = f —d = (1— \/%)f and Zg, = f+d=(1+ %)f. These conditions allow
to implement experimentally the g-converter. For m-converter, it is possible to set 6 =«

leading to d = f and as a result a collimated beam.
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Figure 5.4 Sketch of a symmetric mode converter. The dashed curve denotes the Gaussian beam envelope in
the (x,z) plane, and the solid curve in the (y,z) plane, with F is the focal length of the lenses. Here, L1 focuses
the beam only along the y-direction, making the beam astigmatic and L2 restores the beam to the original
shape or vice versa

The advantage of these lenses over holograms is that the optical efficiency of conversion

is much higher, limited only by the quality of the antireflection coating of the lens.

5.1.2 Multiplane light conversion scheme

Although there are some well-known technique, such as “phase flattening ”, where the
incoming mode is allowed to pass through a hologram with its conjugate phase to produce a
Gaussian mode which can be coupled to a single mode fiber [9]. This method is a projective
measurement technique with an efficiency of 1/d being d the dimension of the system.
Experimentally quantum communication would require a device that can map different
spatial modes to specific points in space not only for one-dimension (typically the azimuthal
[) but also that allows simultaneous sorting of both index p and [. This device is known as

the mode sorter based on Multi-Plane Light Conversion technique.

Multiplane light conversion (MPLC) is a mode selective spatial multiplexing technique,
which is performed by a unitary transformation on spatial modes, since it converts a given
mode basis into another one, independent of the mode basis. Theoretically, for any desired
set of N orthogonal spatial modes can be transform into any other set of N orthogonal modes
through a sequence of transverse phase profiles, between the input and output plane,
separated by free space propagation acting as a fractional Fourier transform operation. This
succession of phase profile are usually generated by using SLMs or phase plates. Phase
profiles can be calculated by an algorithm called “wavefront matching” which generates the

phase masks at the different planes in the propagation direction by calculating the overlap of
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the input field and the complex conjugate of the output field at all points in space for a specific
plane (and for each plane). At each step the phase mask is updated to become the phase of
the superposition of the overlap between each pair of the input field (An) and the output
modes (Bn*) at a specific plane (n) where the updated mask is given by ¢, =
arg{¥N_, A,B;}, with N is the total number of modes and A, and B,* are the nth modes in

the forward and backward direction.

The input field is multiplied by the calculated phase at that plane then propagated to the
next one iteratively. The process is repeated until the last plane and then the same algorithm
is used backward propagation (see Figure 5.5) then the iteration is repeated and continued
until both fields (input and output) converge at each plane during the propagation forward
and backward.

¢1 = arg(A,By)
@y = arg(A;B3)

@3 = arg(AsB3)

Figure 5.5 Sketch of the wave-front matching procedure. A(x,y,z) is the input field and B(x,y,z) the output field
(and vice versa), calculating the overlap of these field at an specific plane n (in the figure n=1,2,3) and
updating the phase mask ¢,, = arg{>~_, A, B;:}.

MPLC can be used in the reverse direction, performs the inverse unitary transform
generating the same modes operating as a de-multiplexer. In practice, MPLC is implemented
using a multi-pass cavity, which is formed by a mirror and a single reflective phase plate
where the successive phase profiles are all produced. Nevertheless, the number of phase
profiles required for a given MPLC is a trade-off between the number of modes, the

complexity of the phase and amplitude profile of the modes [49].
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Figure 5.6 Schematic of the multiplane light conversion system [Depiction of the transformation of a
Gaussian mode at the input to any other spatial mode (here HG11) and vice versa]

As we mention before MPLC is one of the most promising techniques since it can
measure full transverse structure of the spatial modes with good efficiency. Recently, a
Laguerre Gaussian mode sorter which can decompose 210 modes into a Cartesian grid of
Gaussian spots was realized by using MLPC and requiring only seven plane [50]. In this
article the MPLC was used to transform a triangular array of Gaussian spots to Hermite-
Gauss modes which later are converted to Laguerre Gaussian modes using an array of
cylindrical lens as a mode converter. The experimental scheme involved the beam
propagating between an SLM and a mirror to perform the required transformation. The screen
of the SLM is split into seven planes where each of the required phase mask is displayed and
the free space propagation is obtained by the successive reflections from the mirror. Figure
5.6 shows a schematic MPLC based mode transformation where a Gaussian mode is
transformed to a particular Hermite-Gaussian mode. MPLC is proposed to overcome several
disadvantages of the already existing spatial mode transformations, specifically OAM
detection schemes as it can perform true two-dimensional decomposition in any spatial mode
basis. However, even though there are some spatial mode sorters of light which are
commercially available [49], this sorting technique still at their early development stage.
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5.2 Experiments

5.2.1 SLM’s Gamma curve characterization

For these experiments we used a SLM-200 Santec which has a display of 1920*1200
pixels and a pixel pitch of 8 um. The value of the phase is related to the value of the gray
level read by the SLM, in this case 10 bits (1024-gray levels). However, even when this is
linear, we had to characterize it due to some irregularities of the SLM for reading the
holograms. For this configuration we required a quarter wave plate (QWP) with its fast axis
at 45° with the horizontal, and a SLM placed parallel to the QWP with its extraordinary axis
parallel to the horizontal one Figure 5.7. This characterization was performed for a

wavelength 4 = 1550 nm.

SLM

Laser Collimator ; QWP

Powermeter

Figure 5.7 Set-up for the characterization of the Gamma curve

A beam propagating through this system impinging at normal incidence is going to see
a QWP at 45°, a phase modulation (6(x,y)) in the horizontal polarization component
proportional to the n, (V) — n,, a reflection from the SLM, and finally, the same QWP but
this time at 135°. Applying the Jones Matrix formalism, this system is described by [51]:

M =R () Jawer (-3 (3 )ssuaek (§)JoweR () 97)

Solving Eq. (97) gives as a results
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(6 (x, y)) <6 (x, y)>
—sin —cos
M = ed&y)/2 : 2 (98)

cos 5(x,7) —sin 5(x,7)
2 2 /

The Jones matrix is given in the terms of a rotation matrix with and extra phase term of

§+ ‘S(xT‘y) with respect to the horizontal. Experimentally we can get this phase factor by

measuring the polarization at an angle ¢.
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Figure 5.8 Gamma curve that represents the value of the phase in terms of the gray level. The purple line is
used as a reference to show how a good calibration of the system should be. The blue line shows the

experimental data obtained by using the method described above.

The use of this method is possible since the incidence angle on the SLM is small. The
polarization rotation is found using a power-meter and a linear polarizer (LP), that is rotated
0 radians, until we find a minimum intensity, which occurs when 8 = §+ Sy g Then,

2

the phase is:

S(x,y) =26 (99)
The value of the phase is found for different values of gray level set in the SLM until

completing a period (from 0 to 2x) as it shown in Figure 5.8.

5.2.2 SML configuration

For the generation of Hermite-Gauss and Laguerre-Gauss beams, the phase masks were

displayed on a spatial light modulator (SLM-200 Santec), the reflectivity of the SLM used in
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our experiments is about 93%. The diffraction efficiency is defined as the ratio of the power
diffracted in the first order with the respective blaze level to the power in the zeroth order
with non-addressed SLM.

For the configuration of phase only modulation of the incident field on the SLM, the far
field diffraction will generate the desired field distribution (Figure 5.9). The modulated beam
is obtained at the focal plane of a lens after the SLM, which is equivalent to propagate the
beam to the far field or performing the Fourier transform. In the case of simultaneous phase
and amplitude modulation scheme, the corresponding field is generated in the near field of
the SLM which it is equivalent to allow selectively the desired field distribution be modulated
in both phase and amplitude to propagate in a specific diffraction order (in our case the first
order). Using a telescopic arrangement is used to detect the desired field at the image plane
of the SLM, by placing a spatial filter at the focal plane of the first lens to spatially filter the

unwanted diffraction orders (Figure 5.11).

Laser Collimator “ \/
InGaAs / )

Ca_mer; / /’
Sk

A’/

J

Figure 5.9 Add figure of phase only generation and the generated beams.

SLM

Phase only modulation does not provide beam profiles as it is desired due to the fact that
the holograms do not account for exact amplitudes. This feature exhibits in the form of the
spreading intensity in the lobes of the Hermite-Gauss beams in Figure 5.10. We could
observe some inhomogeneity in the intensity of the lobes, related to the imperfect phase front
of the beam incident on the SLM. Another possible reason could be inaccurate positioning
of the beam profiler (Thorlabs BP209-IR/M) exactly at the Fourier plane of the lens.
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Figure 5.10 Intensity profiles in phase modulation only for: a) HG,,, b) HG,q, C) HG3q, d) HG14, €) HGy4, f)
HGyy, 9) HGys, h) HG,q, i) HGy,
To obtain the desired HG, LG modes more precisely, the incident field should be
modulated in both phase and amplitude. Figure 5.12 shows the generated modes at the image
plane of the SLM.
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Camera i %
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Figure 5.11 Add figure of complex amplitude modulation and the obtained beam.

The intensity profiles of the Hermite-Gauss modes using the amplitude modulation
matches well with the expected intensity profiles. Figure 2.1 shows some of the other beams
generated using amplitude modulation technique. Even though the intensity profile of the
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generated beam matches well with the theoretical predictions, this technique is extremely
lossy as we are allowing only the required intensity patterns from the input beam to diffract
into the first order.

Figure 5.12 Intensity profiles in amplitude modulation for: a) HG,,, b)) HG,,, C) HG3o, d) LG, €) LGZ, f)
LG§, ) LGE, h) LGP, i) LG

5.2.3 Multiplexing scheme

The mode sorter (CAlLabs PROTEUS-S-10-1550) works as a multiplexer by performing
a transformation in the Gaussian spots at each spatial position into a corresponding Hermite-
Gauss mode by MPLC. The CAlLabs PROTEUS-S-10-1550 is designed to perform these
transformations for the first 10 modes of the Hermite-Gauss mode family. In this device, the
Gaussian spots are fiber coupled and can act as a spatial mode multiplexer if we couple into
the single mode fibers simultaneously. The experimental configuration to characterize the
transmission efficiency of each of the channel for multiplexing is shown in Figure 5.13. A
collimated beam from a diode laser emitting at 1550 nm (QSDIL-500) is coupled to a single
mode fiber, which is connected to each of the fiber ports of the mode sorter to measure the
corresponding efficiency of the port, on the other side of the device (playing the role of the

output) there is a multimode fiber and at a distance of approximately 3 mm the aspheric lens
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was placed. In order to see the output of the sorter, we placed and InGaAs camera in front of
the MMF.

=)
e \ — =

Mode Sorter

InGaAs
Camera

\Jﬁ( Q—l_@__m_

Figure 5.13 Experimental setup for multiplexing characterization.

During the characterization of this device we found that the intensity profiles of the
modes where not matching, since when light propagates through a MMF experiences spatial
distortions that scramble the intensity profile. We attributed this problem to the fact that when
we excite a mode at the input, we are also exciting the "degenerated” modes of the optical
fiber as it is explained in [52]. In our experiment, as we can see in Figure 5.14 when the
HGO03 mode propagates, we observe at the output the following modes: HGy3 + HG;, +
HG,, + HGs, as a result of modes from the same group mixing inside the fiber provoked that
input and output were different. This can happen in only a few meters but the distance in our

experiments is small.
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Figure 5.14 HG modes with the mixing modes problem.

As a solution to overcome this issue it is a free space output which will allow us the
possibility to retrieve our input information because, without a fibered output we can delete

this mixing phenomenon.

5.2.4 De-multiplexing scheme

The aim of the characterization of the device as a de-multiplexer was to understand how
efficiently it can be decomposed arbitrary beam shapes in the Hermite-Gauss basis. For this,
we generated HG beams and LG beams using a spatial light modulator as is show in Figure
5.15 experimental setup for the de-multiplexer characterization.

Since the SLM is polarization dependent, the collimated incident beam from a 1550 nm
laser is split into orthogonal polarizations using the PBS and in this way the beam will only
acquire the phase displayed on the screen of the SLM. We obtained a nearly Gaussian beam
with an approximate beam diameter of 0.6 mm, which is then expanded to nearly 4 mm using
the pair of lenses L1 (f=100 mm) and L2 (f=200 mm) before being incident on the SLM. The
first order diffracted beam from the SLM is modulated in phase and amplitude and passes
through the telescopic system consisting of L3 (f=100 mm) and L4 (200 mm). An iris
aperture was placed at the focal plane of the lens L3 in order to eliminate the diffraction
orders other than the first propagating through the system. After lens L4 was placed the

InGaAs camera to make sure that our desire mode was generated properly. Lenses L3 and
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L4 were chosen such way that the beam diameters of the Gaussian beams match at the image
plane of the SLM. The lens L5 (f= 100 mm) was placed at a distance equal to its focal length
from the image plane of the SLM, L5 was used to match the beam waist of the generated HG

beams from the SLM with the mode sorter.

Mode Sorter

Figure 5.15 Experimental setup for de-multiplexing characterization.

It is possible to achieve the required beam parameters by making appropriate changes in
the phase masks displayed on the SLM, in our case we have chosen a beam waist parameter
of 1 mm for the beams which gets de-magnified after passing through the telescope in such
a way that it can match with the beam from the sorter at the image plane of the SLM.
Unfortunately, regarding to the same problem that we mentioned in the section above the
propagation of the generated HG and LG beams through the device and the measurement of
the coupling efficiency as well as cross talks between the channels was not possible to

achieve.

5.3 Conclusions

In this work, we also have studied the sorting of spatial modes with the aim of using them
in quantum optical experiments, specifically in analyzing the correlations between the photon
pairs in their spatial modes. We selected a laser diode emitting at 1550 nm for the
experiments, which is in the telecommunication spectral range. Nevertheless, we could not
complete the characterization of the device due to the phenomenon of mode mixing inside

the multimode fiber included in the sorter. Our next step would be the full characterization
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of the sorter in free space to delete the effect and allows us to compare its efficiency compared
with other methods with the aim of use the MPLC based mode sorter for generating modes
with OAM that can be used for high dimensional QKD experiments for a wavelength of 1550

nm.
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